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SUMMARY 


This research program has dealt with the theoretical development and computer implemen- 
tation of reliable and efficient methods for the analysis of coupled mechanical problems that 
involve the interaction of mechanical, thermal, phase-change and electromagnetic subprob- 
lems. The focus application has been the modeling of superconductivity and associated 
quantum-state phase-change phenomena. In support of this objective the work has ad- 
dressed the following issues: (1) development of variational principles for finite elements, 
(2) finite element modeling of the electromagnetic problem, (3) coupling of thermal and 
mechanical effects, and (4) omputer implementation and solution of the superconductivity 
transition problem. 

The research was carried cut over the period September 1988 through March 1993. The 
main accomplishments have been: (1) the development of the theory of parametrized and 
gauged variational principles, (2) the application of those principled to the construction 
of electromagnetic, thermal and mechanical finite elements, and (3) the coupling of elec- 
tromagnetic finite elements with thermal and superconducting effects, and (4) the first 
detailed finite element simulations of bulk superconductors, in particular the Meissner 
effect and the nature of the normal conducting boundary layer. 

The grant has fully supported the thesis work of one doctoral student (James Schuler, who 
started on January 1989 and completed on January 1993), and partly supported another 
thesis (Carmelo Militello, who started graduate work on January 1988 completing on 
August 1991). Twenty-three publications have acknowledged full or part support from this 
grant, with 16 having appeared in archival journals and 3 in edited books or proceedings. 
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1. INTRODUCTION 


Many engineering applications of interest to NASA require the solution of coupled me- 
chanical problems. A coupled problem consists of two or more subproblems that can be 
separately characterized by virtue of their physical nature. Simulation of coupled problems 
is complicated by the two-way nature of the interaction between the subproblems. This 
interaction has to be considered when seeking steady-state or transient solutions. The 
treatment of subproblems as a coupled problem, as opposed to considering them as a sin- 
gle, indivisible problem, arises from the different physical nature of each subproblem. Such 
differences encourages customized treatment, from modeling through computer implemen- 
tation. Examples of coupled problems in aerospace are: design of propulsion systems 
(coupling structures, flow, thermomechanics and combustion), active vibration control of 
space structures (coupling structures and control), prediction of flutter in turbomachinery 
(coupling structures, combustion, and gasdynamics) and airplane wings (coupling struc- 
tures and aerodynamics). 

The work reported here deals with coupled problems that contain an electromagnetic field 
as one of their subproblems. The research has addressed both theoretical and application 
components. The theoretical component deals generally with methods for finite element 
modeling of electromagnetic, thermal, mechanical and phase-change effects individually 
and then considering their interaction in coupled problems. Because the domain of appli- 
cations that lead to such problems is extremely wide and as yet remains largely unexplored, 
the application component of the research was focused on the particular problem of super- 
conductivity. 

Superconductivity involves primarily the interaction of electromagnetic and thermal fields. 
It may secondarily interact with mechanical effects such as motion or couling fluid flow. 
Transition from normal to superconducting state is a phase change phenomenon that in- 
volves quantum-mechanics effects. For conventional Type I and II bulk superconductors 
transition is largely controlled by magnetic field intensity and temperature. Consequently 
the transition problem displays three of the four effects addressed in the theoretical com- 
ponent of this work. 

The following narrative outlines the main developments and accomplishment of this re- 
search project. Details are provided in the attached publication material. 

2. DEVELOPMENT OF THERMOMECHANICAL ELEMENTS 

Initial effort over the period September 1988 through February 1989 was focused on the 
variational basis for constructing high-performance mechanical and thermal elements. This 
primarily theoretical effort was carried out by one of the P.I.s (CAF) with the assistance of 
Carmelo Militello (a doctoral graduate student mainly supported by a research fellowship). 
The point of departure was previous research, funded by ONR and NRL, on the free- 
formulation variational principles reported in References [1-3]. 
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A more general variational formulation for the mechanical elements, which includes the 
assumed natural strain (ANS) formulation, was established and reported in References [5- 
7,9]. One key byproduct of this work was the Assumed Natural Deviatoric Strain (ANDES) 
formulation, which is as a modification of the ANS that satisfies a priori the patch test. 
The ANDES formulation was reported in References [5,10,18]. It became eventually a 
focus of Militello’s thesis [15], and the basis for constructing several high-performance 
mechanical plate and membrane elements [14,20-22], 

New representations of thermal fields were not addressed as standard formulations were 
considered adequate for the coupled-field phases of this research. The framework of 
parametrized variational principles was extended, however, to encompass incompressibility 
[16,17], micropolax elasticity [23,24] and electromagnetodynamics [25]. 

3. DEVELOPMENT OF ELECTROMAGNETIC ELEMENTS 

3.1 Theoretical Developments 

Early in this research phase it was decided to base the development of electromagnetic 
(EM) finite elements on variational principles that utilize electric and magnetic potentials 
as primary fields rather than on the EM field intensity and/or fluxes (as done in most 
of the existing EM finite element technology). It was felt that this choice provides for a 
generality of application that encompasses both normal and superconducting materials as 
well as taking care automatically of boundary and interior interfaces. These advantages 
more than compensate two difficulties: no general variational formulation of this finite 
element class existed, and potential fields are less physically meaningful than intensity and 
flux fields. The first obstacle was effectively removed by the developments outlined below. 
The difficulty with physical meaning of potentials impacts primarily a priori understanding 
on how to specify boundary conditions, and can be overcome by solving a range of practical 
problems. 

Early work on this subject, carried out by one of the P.I.s (CAF) from September 1988 
through August 1989, was exploratory in nature. The scalar potential formulation of acous- 
toelastic fluid fields, which satisfy the same governing equations as the electric-potential 
field, was investigated in collaboration with R. Ohavon of ONERA (France). This re- 
search, reported in References [4,8], did clarify the way to obtain general potential-based 
variational principles than can be procedurally translated to the far more complex EM 
case, which involves vector potentials. 

3.2 Normal-Conducting One-Dimensional EM Elements 

On January 1989 James J. Schuler, a first-year graduate student, started his Ph. D. research 
in electromagnetic finite elements with full support from this grant. By late 1989 a new 
class of electromagnetic finite elements based on a four-potential variational principle had 
been formulated and tested. The development steps are summarized below, and described 
more fully in a journal article [11]. 
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A variational statement for the electromagnetic equations (Maxwell equations) in an arbi- 
trary material was obtained. The primary variable of this principle is the four-potential, 
which integrates the scalar electric potential with the vector magnetic potential. The 
principle derived here generalizes those previously published in the literature, which are 
restricted to free space. Because of its generality, it can serve as a basis to model 
ferromagnetic, semiconductor and superconducting materials. The principle was ini- 
tially constructed using the canonical decomposition method formerly validated for the 
acoustoelastic-fluid potential by Felippa and Ohayori [4,8]. A simplified formulation for 
non-polarizable materials was found later “working backwards” from the general principle 
and is the one presented in Reference [11]. 

The variational principle is applicable for one, two and three space dimensions. It is 
applicable to both static and dynamic analysis under harmonic or transient loading. To 
quickly validate the application to finite elements, the principle was specialized to normal 
conductors with one-dimensional axisymmetric geometry. A finite element model with 
lin ear variation of the radial potential component in space was developed and implemented 
in straightforward fashion. The development of the forcing function, however, was more 
involved. The resulting implementation was tested on the static problem of the field 
associated with a cylindrical conductor and excellent agreement with the analytical solution 
was obtained [11]. 

3.3 Normal-Conducting Two-Dimensional EM Elements 

Extension of the methodology outlined in 3.2 to multiple space dimensions brought sur- 
prises. In two and three dimensions it was found that the Lorentz gauge constraint was 
not automatically enforced by the finite element shape functions. The constraint was 
added through a Lagrangi;in multiplier, thus producing the so-called “gauged potential 
variational principle” presented by Schuler and Felippa [13]. The modification delayed the 
development of multidimensional EM elements for several months while several ways of 
discretizing the gauged potential were tried and evaluated. Eventually it was decided to 
treat the multiplier as an element-level degree of freedom that enforces gauge interaction 
in a mean sense over each element. 

The multidimensional EM elements were incorporated into a program that can solve prob- 
lems with arbitrary axisymmetric geometry. The program is restricted to treat static 
(time-independent) problems with a known current density distribution. Excellent results, 
reported in Reference [13], were obtained for two problems of simple geometry. 

3.4 Current Predicting EM Elements 

For the envisioned extension to superconductivity it was realized that the problems de- 
scribed in Sections 3.2 and 3.3 were overly restricted in that the distribution of the electric 
current is assumed known a priori and is uniform throughout a conductor. In general, 
temperature gradients within a conductor and a conductor’s geometry cause the current 
distribution within a conductor to be non-uniform and therefore unknown. To accurately 
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capture the effects of thermal-electromagnetic coupling it was therefore necessary to con- 
struct an electromagnetic finite element that could predict electric current densities given 
the total electric current. This task was started on June 1991 by Schuler and Felippa and re- 
quired further modifications of the four-potential variational principle. A one-dimensional 
time-independent axisymmetric geometry element was tested on a variable current prob- 
lem with known analytical solution. Values for the current density as computed by the 
finite element method agreed well with analytical predictions. These developments are 
reported in References [19,25,26]. 

3.5 Superconducting EM Elements 

This task also started in 1991. The generality of the previously outlined four-potential 
variational formulation allowed for the straightforward extension of this method to Type 
I and II bulk superconductors treated by the Ginzburg- Landau model. Only the time- 
independent one-dimensional case was explored because of the extremely nonlinear nature 
of the problem and the presence of extremely high gradients that necessitates highly graded 
meshes to treat boundary layers. The nonlinearities are in part due to the boundary type 
behavior of the current density stream that occurs within a bulk superconductor. 

Initial attempts using the potential based variational approach predicted desired EM quan- 
tities but numerical problems surfaced that caused the investigators to suspect the validity 
of the numerical solutions. These problems and the original formulation of the problem 
are described in a preliminary report [18]. These numerical difficulties were eventually 
overcome through the use of a highly graded finite element mesh, a reformulation of the 
quantum mechanical wavefunction tp, and a four-part scaling scheme. The resulting fi- 
nite element was eventually thermally coupled through temperature dependent material 
parameters as discussed in Section 4 below. 


4. THE COUPLED PROBLEM 

4.1 Thermomechanical Interaction 

One of the P.I.s (IvCP) contributed his expertise in partitioned analysis methods to the 
development and testing of an unconditionally-stable, second-order accurate, staggered 
time integration procedure for treating thermomechanical coupling. This research was led 
by Professor C. Farhat, who was supported by other sources, and is reported in Reference 
[12]. The method described in this article is the basis for ongoing work in thermomechanical 
coupling for supersonic atmospheric and reentry vehicle structures. 

4.2 Thermoelectromagnetic Interaction 


On May 1992, work on a suitable finite element model for thermal conduction in a normal 
conductor was started. A conventional heat conduction finite element was used and heat 
convection boundary conditions were assumed. The main difference with respect to usual 
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heat conduction analysis is that material properties of the normal conducting finite element 
were allowed to be temperature dependent, the temperature of the conductor, and that 
the internal heat source is coupled to the EM current intensity via by Ohm’s law. The 
conducting wire problem was used as test for the computer implementation. Insertion of 
actual values for material properties gave a highly ill-conditioned system of equations for 
the independent variables. The ill-conditioning was overcome by use of a specialized finite 
element mesh and matrix scaling techniques. These techniques as well as results for the 
thermal elements axe discussed in Reference [25]. 

4.3 Modeling of Quantum-State Phase Changes 

After developing EM finite elements for the normal and superconducting phases of a con- 
ductor and adding thermal effects to each element separately, they were used to form a 
comprehensive program that could choose the correct quantum-state (QS). The correct 
state is determined by checking whether the critical temperature of the conductor and 
the critical magnetic field have been exceeded. If they are, the program uses the current- 
predicting element discussed in Section 3.3, coupled with the thermal element of Section 
4.2. Otherwise the the program uses the Ginsburg-Landau superconducting finite element 
discussed in Section 3.5. In the most general case these conditions hold over different 
regions of a partly-superconducting system. 

4.4 Analysis of Fully Coupled Problem 

The coupled EM-thermal-QS finite element models were first tested on a one-dimensional 
time- independent Type I superconductor cylindrical wire carrying a specified total current. 
Even for this highly idealized situation there is no available analytical solution. The 
finite element performed extremely well in that several important physical phenomena 
were predicted. First and f >remost was the identification of the Meissner effect, which is 
the almost total expulsion of the magnetic field from the superconducting interior of the 
conductor. The phenomenon is caused by the current density stream traveling in a thin 
(skin) boundary layer at the conductor’s surface, an expected physical behavior that was 
also clearly displayed by the finite element solution. The value of the magnetic field at the 
conductor’s surface can be determined by analytical means and the finite element model 
correctly predicted that condition. 

Finally, the finite element model of the foregoing problem was tested using a variety of 
temperature and current loads. These tests also followed expected physical behavior — 
as either the current load or the temperature of the system was increased, the depth 
of the boundary layer increased to accommodate the increasing energy of the system. 
The complete program performed well and determined the correct equilibrium state, as 
expected, for a varity of thermal and current loadings. These results, as well as the 
tracing of the nonlinear equilibrium path using incremental-iterative solution procedures 
with arclength control are are discussed in detail in Schuler’s thesis [26]. 

The main shortcoming of the one-dimensional model is that it cannot determine the actual 
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distribution of EM quantities at the transition point when the partly-superconducting wire 
suddenly transitions to being a normal conductor. At such a branching point, the system 
effectively becomes two-dimensional thus transcending the modeling capabilities of the 
one- dimensional finite elements. Time constraint on the reported research activity did 
not allow for the extension of the one- dimensional elements to include this case. Such 
an extension is to proceed under separate (NSF) funding as paxt of a Grand Challenge 
Applications project. 


5. CONCLUSIONS 

The main accomplishment of this research can be summarized as follows. 

1. A general variational framework to construct finite elements for a wide range of ap- 
plication problems (mechanical, thermal, fluid and electromagnetic) was developed. 

2. A comprehensive set of electromagnetic finite elements for normal and superconduct- 
ing media was developed and validated. This set includes thermal coupling and 
current-prediction effects. 

3. The first detailed simulation of partly superconducting bulk superconductors by finite 
element methods. Key physical effects, notably the Meissner effect and the changes 
in the depth and distribution of the normal-conducting boundary layer were clearly 
identified. 

These accomplishments open the door to the application of the finite element method 
to more complex coupled EM problems. In particular: more spatial dimensions, time 
dependency, frequency-state-dependent material properties, high- temperature supercon- 
ductivity, and EM interaction with mechanical effects. 
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PARAMETRIZED MULTIFIELD VARIATIONAL 
PRINCIPLES IN ELASTICITY: I. MIXED FUNCTIONALS 


CARLOS A. FELIPPA 

Department of Aerospace Engineering Sciences, and Center for Space Structures and Controls, University of Colorado. 

Boulder, CO 80309-0429, U.S.A. 


SUMMARY 

A one-parameter family of mixed variational principles for linear elasticity is constructed. This family 
includes the generalized Hellinger-Reissner and total potential energy principles as special cases. The 
presence of the free parameter offers an opportunity for the systematic derivation of energy-balanced 
finite elements that combine displacement and stress assumptions. It is shown that Fraeijs de Veubeke s 
stress-assumption limitation principle takes a particulary elegant expression in terms of the parametrized 
discrete form. Other possible parametrizations are briefly discussed. 


GOVERNING EQUATIONS 

Consider a linearly elastic body under static loading, occupying volume V. The body is bounded 
by the surface S, which is decomposed into S', SaUSi. Displacements are prescribed on Sd> 
while surface tractions are prescribed on S,. The outward unit normal on S is denoted by n a n„ 
The presence of internal natural or artificial interfaces is not treated in this paper. 

The three unknown volume fields are displacements u a u,-, infinitesimal strains e a e-,, and 
stresses a a otj. The problem data include the body force_ field b a in V, prescribed 
displacements d a <?, on S<i, and prescribed surface tractions t a t, on S,. 

The relations between the volume fields are the strain-displacement equations 

e = }(Vu + V T u) = Du or e iy = j(u;. y + uj , ,) in V (1) 


the constitutive equations 


a = Ee or o,j = Eijktekt in V 


( 2 ) 


and the equilibrium (balance) equations 

- div a = D*ct = b or a; y , y + b, = 0 in K (3) 

in which D* = - div denoies the adjoint operator of D = !(V+ V T ). 

The stress vector with respect to a direction defined by the unit vector n is denoted as 

On ~ <X.n, Or On, — 0,jTi j (4) 

With these definitions the traction boundary conditions may be stated as 

On = t or Oijrij = ti on S, (5) 

and the displacement boundary conditions as 

u = d or u, = di on '>d (6) 
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NOTATION 

Field dependence 

In variational methods of approximation, we do not of course work with the exact fields that 
satisfy the governing equations (l)-(3), (5) and (6), but with independent (primary) fields, 
which are subject to variations, and dependent (secondary, associated, derived) fields, which 

are not. The approximation is determined by taking variations with respect to the independent 
fields. 

An independently varied field will be denoted by a superposed tilde; for example u. A 
dependent field is denoted by writing the independent field symbol as superscript. For example 
if the displacements are independently varied, the derived strain and stress fields are 

e" = f(V+ V T )u = Du, <r" = Ee" = EDu (7) 

An advantage of this convention is that u, e and a may be reserved for the exact fields. 


Integral abbreviations 

Volume and surface integrals will be abbreviated by placing domain-subscripted parentheses 
and square brackets, respectively, around the integrand; for example 

i/)r ' S/ dK l/b-J/dS, [/Is." /dS (8) 

If f and g are vector functions, and p and q tensor functions, their inner product over V is 
denoted in the usual manner as 

(f. g)*' = f.g dV= \ v f‘g> d^, (P. q)v d == p.q dV= j p^dV (9) 

and similarly for surface integrals, in which case square brackets are used. 


Domain assertions 
The notation 


(a - b) v, [a - b)s, [ a = b]s [<7 = 6] Vi , (10) 

is used to assert that the relation a = b is valid at each point of V, S, S d and S,, respectively. 

THE HU-WASHIZU PRINCIPLE 

There are several essentially equivalent statements of the Hu-Washizu functional of linear 

elasticity The starting form used in this paper is the four-field functional presented by 
Washizu: 7 

nW(u, e, a, t) = 1 (ff f , e)^ + (a, e" - e)i^ - P' (H) 

where P 1 is the ‘forcing’ potential 

P‘(u, t) = (b, u)r + [t, u — d]sa + [t, ujs, (12) 

The functional (1 1) will be called (-generalized (traction-generalized) in the sense that the 
volume fields u, e, a and the surface field f are subject to independent variations, whereas in 
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the conventional form of the principle the relation [1= *»]•*, >s enforced a priori. The 
superscript t is used to distinguish it from the d-generalized variant 

riw(u,e,ff,d) 

in which the surface displacements d are varied independently from the volume displacement 
held u. Functionals of the form (13) require the introduction of internal interlaces and 
studied more extensively in a sequel paper. - 
Application of the divergence theorem 

(<r,e"V= -(div a,u)i-+ [ff„,uls (14) 

to transform the (a, Se") term yields the hrst variation of ( 11 ) as 


5nW = (o e - a, 5e)i- + (e" - e, ba)v - (div a + b, 5u), 

- [t - <x,„6u].si - [u - a,6t)sd - [t - ff,„5u]sd 


(15) 


Setting 6 nW = 0 yields the Euler field equations and boundary conditions satisfied by the exact 
solution: 

(u = Ee)K, (e«e“V, (div a + b = OV, [a„ = t] s ,. [a„ = t]s„, [u-d] Sj (16) 


A PARAMETRIZED MIXED VARIATIONAL PRINCIPLE 

Constraining the Hu-Washizu functional by selectively enforcing field equations and boundary 
conditions a priori yields six functionals listed in Chapter 4 of Oden and Reddy’s monograph. 
Of particular^ interest for ihe present study are the t-generalized Helhnger-Reissner functional 

n' R (u,ff,t)= - ](u, e°)i/ + (a, e")v - P' (17) 

and the t-generalized potential energy functional 

n'p(u, t) = 2 (u'\ e")i - P‘ (l8) 

In addition, Oden and Reddy list an ‘unnamed’ functional whose t-generalized version is 

nij(u,ff,i) = (<Ae")v- !(ff,e°)k- (a,e")i-- P' (19) 

These three functionals are special cases of the following parametrized form: 


riUu, d, f) = J(1 — 7 )(®*,e")i- - + 7(*. “ p ' 


(20) 


where 7 is a scalar. For y - 1,0 and - 1 we obtain the functionals rT R , n' P and nl, respectively. 
The first variation of (20) is 


STIi, = v(e" - e", 5a)y - (div a‘ + b,6u), 

- [t - al„ 5u]s, - [t - a'h, 6u)].y tl - |u - d,6f|v„ 


(21) 


<r« = f yo-i + (1 - y)o"< 


in which o y and at, denote the 7 -weighted stresses 

a ,d = yo + (1 - y)a“, o 

If y ?£ 0, the Euler equations and natural boundary conditions are 

( e u = e < ’’i - , (div o' + b = 0)i-, [ffi = t)s.,, [u = d]s.i 

The constitutive equations do not appear since they are enforced a priori in U' y . If 7 = 0, the 
first Euler equation drops out. 


( 22 ) 


(23) 
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Distances 


ENERGY BALANCING 


a ' ^KmwiSgyd^Tor' the S,rai " en " 8y 1SSOC,aIed wi,h Seld E - We "Write (20) a s 


because 


n;-n^. 

y/2 


n; = nj> - 7 (/(e u - e") 


= (ff, e° - e") - (5- a", e")> 


(24) 


(25) 


= (<x" - a, e" - e>« (Ee" - Ee", e" - t°) v 
If E is positive-definite, U(e" -e°)>0 and consequently 

•— C ” 

With 7 < 0 have limited practical interest 7 * ThUS PnnC ' PleS associated 

Let ri(u) denote the exact potential energy 

n( u ) = i(<7,e) v -(b,u)v- [t,u]s, ( 27 ) 

admissible and thuT satisfies^! jf CSS then th* 1 " ^ respectively - If * « kinematically 
functional (27) is (Section 34 of Gurtfn 4 ) 6 dlStance from to the exact 


n)> - IT = ](a" - a, e" - e)K = f/(e"-e) 


(28) 


Optimal approximation 

To derive an energy balanced’ approximation we impose the condition n; = IT, which yields 


-v._. = - ( e " ~ gl _ (a" - a , e" - e) 

^“-e’)'(7-M“- e «) 


(29) 


Ll7'T' ^ " aSSUTO ,ha ‘ "" SIr '““ “ d '« halfway between the approxi- 


then 


Topi — 4- 


ff-](ff" + a), e = J(e" + e") 


(30) 


To construct a three-field 
globally, f 


THREE-FIELD DISCRETIZATION 
finite element approximation based on FT!,, 


it is assumed that. 


(u-Nq),,, (a = AaV, [f=Ss] Sj 


(31) 


re.’sss “ s s« i s*° ,b ° r • ^ 1 


arranged as column vectors. 
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Here the matrices N, A and S collect generalized displacement shape functions, internal stress 
modes and boundary traction modes, respectively; whereas the column vectors q, a and s 
collect generalized displacements,! stress mode amplitudes and surface traction amplitudes. 


respectively. The derived fields are 

(e u = DNq = Bq)v, (a" = EBq)i/, (e ff = E' 'a = E" *Aa)k (32) 

Inserting these expressions into n!y, we obtain the algebraic form 

n!y(a, q, s) = fO — 7 )q T K„q ~ fya T Ca + yq T Qa - q T f<, - s T Rq - s T f s (33) 

The matrices K u , C, Q and R that appear in (33) are called the displacement-stiffness, 
compliance, leverage and boundary-dislocation matrices, respectively, and are given by 

K„ = (B r EB)„, C = (A t E"V, Q = (B t AV, R=[S t N] s * (34) 

Both K u and C are symmetric. The forcing vectors are 

f ? = (N T bV+ [Nils,, fj = — [S T d]s„ (35) 


The vector f, contams generalized forces (conjugate to q), whereas f, contains generalized 
displacements. Making (33) stationary yields the linear system 


I 

n 

o 

H 

0 

1 

f a l 


r 0 ' 

7Q (1 ~ 7)K u 

-r t 


1 1 



0 -R 

0 

1 

I s > 

1 1 

UJ 


The first matrix equation is the discrete analogue of (e" = e"V > n (23), and expresses internal 
compatibility. The second one is the discrete analogue of the next three relations, and expresses 
equilibrium. The last relation is the discrete analogue of [u = u]s„ and enforces boundary 
compatibility. 

Since there is no force term in the first matrix equation, the stress amplitude vector a can 
be readily condensed out if C is nonsingular, and we obtain 

' K -R 1 ] 

-R 0 J 

where 

K = (1 - 7 )K„ + 7 QC"'Q t ==(1 - 7 )K k + 7 K,, (38) 

is the effective stiffness matrix. This is a y-weighted combination of the displacement assumed 
stiffness matrix K„ and the stress-assumed stiffness matrix K« = QC"'Q t . If the assumed 
displacements satisfy !fi = d]s d , the contribution from [t, u-d)s d vanishes and we are left 
with the conventional stiffness equations 

Kq = f, (39) 



LIMITATION PRINCIPLE 

The famous limitation principle of Fraeijs de Veubeke 5 takes on a particularly striking 
algebraic representation in terms of the parametrized matrix system (36). This principle applies 


t if q are nodal displacements. N contains conventional shape functions, but for the present purposes we need not 
specialize to that level. 
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when the derived stress field a" is contained in the assumed stress field a: 

ar 3 a" = EDu (40) 

This inclusion can be expressed in matrix form as 

a = Aa = EBa, + A r a T = [EB A,] (41) 

Here a„ contains the same number of entries as q whereas A r contains ‘excess’ stress modes. 
Inserting (41) in (36) and with Q, = (B T A r )^ and C„ = (Aj E‘ 'AJk, we obtain 


— 1 
1 

* 

1 

0 

* 

* 

0 
1 



r o) 

-yQl -yCxx yQl 0 


| a T ( 

0 

yK„ yQx (l-y)K„ -R t 

j 

) q 1 | 

1 f " 

0 0 -R 0 

1 

^ s J ' 

uJ 


The first two matrix equations give a 9 — q and a* = 0. Dropping the equations associated with 
the extra stress modes reduces (42) to 


1 

© 

1 



(l-7)K„ -R t 


! 1 

II 

-R 0 

1 

L« J 

to 


( 43 ) 


which obviously condenses to (37) with K = K„ for any y. The solution (q,a,s) becomes 
independent of y. In other words, it is useless to inject additional degrees of freedom in the 
stresses beyond a" if the three-field variational principle is used. Furthermore, if a" a j there 
is no point in using anything other than the potential energy principle y = 0. 

In fact the limitation principle expresses nothing more than the algebraic identity, valid for 
any 7, 


■-7X -yY yX 


f x l 

\ 

r o') 

-y\ T -yZ T Y T 


0 


: 0 

7X 7 Y (1-7)X_ 

i 

r 1 

i“i 

L Xx y 


where X is symmetric, and Y and Z are arbitrary. 


Constant stress assumption 

If the derived field 0" varies over V, assuming a constant stress field a for a is a safe way 
to get around the limitation principle. In this case it is convenient to take a =0 and A = I (the 
identity matrix) in (31) so that (0 = a) v . Then the stress-assumed stiffness matrix is 

K 0 = vB r EB (45) 

where u denotes the total volume v = (1 )k, and B and E are the volume averaces 

B = (B) ( '/i\ E _, = (E ~')v\v (46) 

The effective stiffness matrix (38) is a weighted average of K„ and K„. Since K„ is typically rank 
deficient, 7 = 1 is excluded. 
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TWO-FIELD DISCRETIZATION 

If the relation [t = a„ | * is imposed a priori as an essential boundary condition, t is no longer 
an independently varied field, and n 7 becomes a two-field functional. The last finite element 
assumption of (31) is replaced by 

[f-a.-A.aU ( 47 > 

where A n denotes the normal projection of A on Sd, and the finite element equations become 


■ -yC TlQ + PHfa] _ [M 

(48) 

7 (Q + P) (l-7)K M JUj Ud 


P=[N t A„] S j , F a = [N T d].s\, 

(49) 


A range analysis such as performed in the previous subsection reveals that the limitation 
principle does not generally apply if [u * d]s„. The effect of the additional stress modes is to 
improve the satisfaction of boundary compatibility. But if the assumed displacements satisfy 
[u = d]s„, P and f 0 vanish and the limitation principle again holds. 


RELATED FINITE ELEMENT MODELS 

The parametrized functional n 7 may be used to construct finite element models by treating each 
element as a body of volume V and the element boundary as S. These elements differ from 
conventional ones in the appearance of the parameter y. The element type will depend on the 
number of independent fields and the interelement continuity imposed on them. The most 
useful combinations are listed in Table I. 


NUMERICAL EXAMPLE 

The application of the preceding theory to finite element development is illustrated with a 
simple two-dimensional element that belongs to the first class listed in Table I. Consider a 
rectangular 4-node plane-stress element referred to the x = Xi and y — xi axes located along 
the rectangle sides. The element has constant thickness h, jr-dimension L and ,v-dimension 
H=pL , and is made of isotropic elastic material with elastic modulus E and Poisson’s ratio 
v. The internal displacement field (usui, v = ui) is constructed by the usual bilinear 
assumption, which satisfies interelement continuity. The internal stress field (a xx s <Tu, 


Table I. Some finite element models derivable from n' 7 


Number of 
independent 
fields 

Intereiement 
continuity ont 

u c t 

Connected 

freedoms 

Condensed 

freedoms 

Resulting 
FE model 

Limitation 
principle applies? 

2 

c t X 

q 

a 

Stress relaxed 
displacement 

Yes 

2 

d t 1 

s 

q 

Continuous-stress 
traction-connected hybrid 

No 

3 

due 

s 

q .a 

Discontinuous-stress 
traction-connected hybrid 

Yes 


t c = continuous, d = discontinuous, x = not needed, I = linked to a via equation (47). 
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Oyy » ^ 22 . Txy * ffi 2 , others zero) is constant. An independent surface traction field is not 
needed. The question investigated here is the value of 7 that optimizes the behaviour of the 
element in pure in-plane bending along the x axis. 

The element freedom arrangement is 

q T = <«, « 2 wj W 4 u, u 2 vj t/4 >, a T = < o xx a yy Txy ) 

The exactly integrated conventional displacement stiffness is given by 


(50) 


K„ = 


where 

k\ = f~ (1 ~ " + 2 P 2 ). 

6p 

k*~ ~ jr-0 - "-p 2 ), 

6p 

*7 = ~ ^ (1 + I'), 


£/i 


kx k 2 

kj k 4 k$ 

k(y 

ki 

k% 


k\ 

kt k-, ks 

ki 

k 6 

k$ 



k i k 2 ki 

ks 

ks 

k(i 



kx k 6 

ki 

k% 

ki 



k 9 

k io 

k \ i 

k 12 




k 9 

k 12 

k\ i 





k 9 

k \ o 


- 

symmetric 



k 9 


, Eh 
k 2 = 

12p 

(1 - v-4 p 2 ). 


ki = 

-^d 

12 p 


(51) 


*5 = -y (1+0, 

Ars = - ^ (1 + 3 p), 


/fl0= -^(l-d-^P 2 ), *..= “7^(2 + (1 -" )p 2 ), At,2= -^(2-(1-,)p 2 ) 


^6 = - ^ (1 - 3 l >) 


Eh 


k» = - — (2 + (l 

bp 


(52) 


6p ' "■ 12p 

The stress-assumed stiffness K„ is given by (45), in which 

’-I 1 1 -1 

0 0 0 0 

.-i/p -l Ip l Ip l/p 

l v o’ 

"1 0 , v = hHL = phL‘ 

LO 0 J(1 - v)_ 


B = — 

2L 


E = E = 


0 

- 1 /p 
-1 


0 o 

- 1 /p 1 /p 

1 1 


0 

1/p 

- 1 


1 - V ; 


(53) 


and K is the weighted combination (38). The test displacement field is that of pure bendine 
about x : 


i. 


U=-XX y, V = ( 54 ) 

where x is the deformed beam curvature under the displacement field. Calculation of the energy 
ratio (29) over the element through MACSYMA yields 


1 - V 


(55) 


7 ° pl “ 1 , 2 
1 - v + 2p 

For a square element, p = 1 and 7op , varies from ] to ‘ as v changes from 0 to [. This result 
was checked by solving the classical 4:1 cantilever beam problem (Reference 6, p.49) for v = 0 
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Table II. Computed/exact tip-displacement ratios 
for cantilever problem (v = 0) 


Mesh 

7 

Constant moment 

End shear 

1 X 4 

0*0 

0-6666 

0*6631 


1/3 

1 0000 

0*9794 


2/3 

2 0000 

1*9291 


1*0 • 

<x>t 

oof 

2x8 

0*0 

0*8889 

0*8841 


1/3 

1-0000 

0*9911 


2/3 

1*1142 

1*1280 


1*0 

1*3333 

1*3118 


t Rank deficient. 


with meshes of square dements. The values listed in Table II pertain to the two load cases of 
pure bending moment and parabolically-varying end shear, and are reported as the ratio of the 
computed to the exact tip displacement. It is seen that this ‘stress relaxed’ displacement mode 
verifies (55) in that y — ' yields significantly better accuracy. However, the fact that the optima 
7 depends strongly on the element aspect ratio makes this ‘weighted stiffness approach of 
dubious practical value for elements of arbitrary shape. The formulation discussed in Part II 
attacks the optimal-element problem in a more general way through field decomposition and 
energy orthogonality arguments. 


OTHER PARAMETRIZATIONS 

A one-parameter family of strain-displacement mixed variational principles derived from the 
Hu-Washizu functional (11) by eliminating the stress field can be represented as 

nj}(u,e, f)«i(l - /3)(a",e")- \0(oUh + /3(<r',e"V- P l (56) 

where 0 is a scalar. For 0 = 0 we recover Tip, whereas if 0 = I we obtain the Reissner-type 
strain-displacement principle listed in Oden and Reddy 3 , generalized with an independent t: 

ris(u,e, t)= - Jfff'.e) + (a f ,e")y- P' ( 57 ) 

Continuing along this path, a two-parameter, four-field family that embeds both IT, and n!, 
is easily constructed: 

nL ( u , e , <r, t) = 2 <l -| 3 - 7 )( ff ". e ")^ + ( 1 (58) 

+ (l-7)/3l(a",e")v-l(o ? .e)H-/ > ' 


This functional yields stress-displacement principles for 0 = 0 and strain-displacement 
principles for 7 = 0. Finally, the Hu-Washizu principle itself may be embedded in a three- 
parameter form: 


n l at i y = (i - conw + odi 


(59) 


which obviously reduces to flw for a — 1 and to for a 0. 

The superiority of one parametrized form variational principle over another as regards the 
construction of energy-balanced finite elements is not clear at this time. 
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CONCLUDING REMARKS 

The parametrization (20) of the stress-displacement variational principles provides a unifying 
framework for the development of finite elements. This framework embodies the potential 
energy and Helhnger-Reissner principles, and encompasses displacement-assumed elements 
conventional mixed elements and traction-connected hybrid elements. But it does not cover 
developments such as displacement-connected hybrid finite elements, incompatible elements or 
t e free formulation. To accomplish that one has to continue the process by introducing a 
d-generahzed version of (20), internal boundaries, internal field energy-orthogonal splitting, 
and selective kinematic constraints. These extensions are covered in a sequel paper. 2 
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PARAMETRIZED MULTIFIELD VARIATIONAL 
PRINCIPLES IN ELASTICITY: II. HYBRID FUNCTIONALS 
AND THE FREE FORMULATION 


CARLOS A. FELIPPA 

Department of Aerospace Engineering Sciences and Center for Space Structwes and Controls, University of Colorado, 

Boulder, CO 80309-0429, U.S.A. 


SUMMARY 

A one-parameter family of d-generalized hybrid/mixed variational principles for linear elasticity is 
constructed following a domain subdivision. The family includes he d-generalized Hellinger— Reissner 
and potential energy principles as special cases. The parametrized principle is discretized by independently 
varied internal displacements, stresses and boundary displacements. The resulting finite element equations 
are studied following a physically motivated decomposition of the siress and internal displacement fields. 
The free formulation of Bergan and Nygard is shown to be a special case of this element type, and is 
obtained by assuming a constant internal stress field. The parameter appears as a scale factor of the 
higher-order stiffness. 


INTRODUCTION 

This paper continues a study, initiated in Part I 1 , of parametrized stress— displacement 
variational principles in linear elastostatics. The boundary value problem is as follows. We 
consider an elastic body of volume V and surface S: Si U Sa. Surface tractions t are prescribed 
on St, whereas displacements d are prescribed on Sa. The internal (volume) fields are 
displacements u, stresses a, strains e and given body forces b. The internal field equations are 
e = Du, a = Ee and D*a = b in V, where D = 1 ( V + V T ), D* = - div and E is the elastic modulus 
operator. The boundary conditions are u = d on Sa and a„ = t on S t . 

The reader is referred to Part 1 1 for additional notational conventions. In Part I the following 
parametrized functional was introduced: 

nUu,*. 0 = 10 -7)(ff".e")v-h(ff.e , ')k + 7(*.e"V ■- p ' 0) 

where y is a scalar, and P' ts the forcing potential 

P'(u, t) = (b, u)c+ [t, u-u] vu+ [Luis, ( 2 ) 

In this functional the volume fields u, e and a and the surface field t are subject to independent 
variations. 

This functional ‘interpolates’ the t-generalized Hellinger- Reissner and total potential energy 
functionals ITr and LIp, which are obtained for y= 1 and y = 0, respectively. The qualifier 
‘t-generalized’ means that the surface traction field f is varied independently whereas in the 
conventional form of those principles, the constraint [t = o n ]v is enforced a priori. 
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Figure 1. Example of imernal interface 


internal interfaces 

dis'placCTnCTits°d ‘cm ‘beTac^l in which »°“"dary 

aw£S« as TsrssKh tss 




c irn * 

such as Sun iF.gure | to s p»o Rides’, called S,* and Sr , which idemify S, viewed as bZdary' 
opposhe dlLions y ' S "’° 0,h P °' mS ° f S the "»™“ k "* and p„ int * 

I • — » Figure 

,y) " L / d ( ' + L /dv <4) 

An integral over S f includes two contributions: 

t,u 'L*' d M s is) 

where g* and g~ denote the value of the inteeranri » „„ c^- e- 

vaiuea may he differen. if f is discontinuous or involves a pr“ec«„„ "’° 


PARAMETRIZED d-GENERALIZED MIXED PRINCIPLE 


Variational principle 

The d-generalized counterpart of ril is 

n^(u, a, d') = j(l - 7) (a", e")(/ - } 7 (a, e°) v + 7 (*, e u )y- P d 


( 6 ) 


PARAMETRIZED MULTIFIELD VARIATIONAL PRINCIPLES-!! 

This agrees with (1) except for the forcing potential, which is 

P d (U, <7, d) = (b, U)^+ [ffn, U-d]Sd-t" “I*. f [<Tn,U-d]s, 

Defining the 7 -weighted stresses 

a t d l f 7 j + (1 _ y)a" in V, al d = ya n + {l - y)o‘n on S 

the Euler equations and natural boundary conditions for y * 0 are found to be^ 

( e “ = e < ’V, (div a 1 + b = 0)v, [<Tn = t[s,, [<r n = <rX] s d » [u-d]s„ 
[aV + On =0]si» [ar+an =0]s„ [u + =u-=dls„ K + <r„- = 0],. 

If 7 = 0 the first equation, (e‘ = e'V, drops out. 
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(7) 

( 8 ) 

(9) 


Modified forcing potential 
Substituting d for u in the potential (7), 

P d (U, ff,d) = (b, U)^+ [<7 n , d - d] Sd + [L dls, + [Sn, U - d] Si 


( 10 ) 


is not variationally admissible because incorrect Euler equations result. A correct potential that 
resembles (10) can be obtained in two stages. First, surface terms [<r„,u 1 st 
q _ J] Sd are added and subtracted to produce 

P d (u, 5 ,d) = (b,u)i + ( 5 »,d-a]sd+ [ 5 n-t,u]s,+ [t,d] s , + [a„,u-d] s (H) 

Second, t is assumed to be in the range of S„ and the condition [5„ = t]s. satisfied a priori, 
reducing ( 11 ) to 

P d (u, o> d) - (b, ii)^ + [a n , d - d] 5 <j + [U d] + [<r n , u - d] s 0^) 

This expression differs from ( 10) in that all-important surface dislocation integral is taken over 
?™hc, Z s' Further simplification result, if the displacement boundary condmons 

[d = d]sd are exactly satisfied: 

P d fu. a. d) = (b, uW+ [t, d] 5, + [a„,u-d]s (13) 


This expression of P d is used below, as modifications required to account for the case 
[d * d]sd are of minor importance. 


FINITE ELEMENT APPROXIMATIONS 
In this section the finite element discretization of n d is studied. Assume formally 

(u = Nq)K, (5= Aa)v, [d = Vvj s . 


(14) 


Here the matrices N, A and V collect generalized displacement shape functions, internal stress 
modes and interface displacement modes, respectively; the column vectors q, a and v 'collect 
generalized internal displacements, stress mode amplitudes and generalized interface 
displacements, respectively The assumed volume fields need not be continuous across S„ The 

derived fields are 

(e" = DNq = Bq)v, 


(a" = EBq)v, 


(e n = E"'ff = E-'Aa^ 


(15) 
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Inserting these expressions into IT? with the lotting potential (13), we obtain the algebraic form 
n;<a,q,s) - id - y )q r K„q - j-ya T Ca + 7 q T Qa - q T p a + , T La - q T f, - v ' f (16) 

where 


K, ( = (B t EB)k=K,T, C = (A t E“'A)k = C T , Q=(B t A ) v 
L = [ V T A n ] 5 , P = [N T A„] s, f,, = (N T b)p-, f v =[N T t] 5l (17) 


e matrices K,„ C, Q, L and P are called internal-displacement-stiffness comDiiance 

leverage, force-lumping and boundary dislocation matrices, respectively ’ Making Tit) 
stationary yields the linear system respectively. Making (16) 


' -yC 7 Q T -P r l t - 

(V 


fO') 

tQ-P (1-7)Ki, 0 

q 

= 

f 7 

r 1 

o 

0 

1 

V V J 

1 < 

f 

JyJ 


(18) 


The first matrix equation is the discrete analogue of the first, fifth and eighth relations in (9) 
and express interna! and boundary compatibility. The third equation is the discrete analogue 

discte .. ni ? I" 9) ’ “ d eXPr "” S EqUil ' br,Um acro “ *• T "= second eqnndon isT 

eSt inm We'no "T""" 8 re ' a,, ° nS <9) - and “»«»= internal and boundary 
quihbnum. We now proceed to reinterpret these equations in terms of hybrid elements. 


HYBRID ELEMENTS 


Approach 

The preceding treatment is relevant to the construction of displacement connected hvbnd 

by Tr“and » wotte ° n ^ f™'" f um|,,ions «*" originally constructed 
□y nan ana co workers. The principal features of the hybrid approach are: 

0) The domain is subdivided into elements before the variational principle is established 
on inuity requirements across element boundaries are relaxed by introducing boundary 
tractions or boundary displacements as Lagrange multiplier fieldl § " 

1,1 ^nH? eSS , and in ‘ ernal - dls P lacemen t degrees of freedom are eliminated (bv either static 
condensation or kinematic constraints) at the element level. 

Feature (i) says that hybrid functionals are effectively mesh-dependent since the domain 
subdivision process introduces element boundaries which must be treated as internal interfaces 

« reSret °H- '"q b ° U " dary portlon «• Previous development remain vflid if 

^.erele^nTboundary' ‘ ' m ' M ' ' VOl “ me ' “ ' e " mem a " d *■*•«• as 


Continuity and connectors 

dis^rLtho;^. lrbLL“„TieT s fr n,s n ThE bound ^ 

adjacent elements. This conditions may be satisfied if d o^'an InLte sen” a , 'ngZ eTem ? 
is uniquely interpolated by nodal values as entries of v, which SSZSJS 
of connected node displacements or connectors. 
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FIELD DECOMPOSITION 

In this and subsequent sections we work with an individual element, unless otherwise noted. 
The element volume V and the dement surface is S : Sd U S, U S,. The v subvector contains the 
element-connector degrees of freedom; q and a contain internal freedoms. To gain further 
insight into the structure of the element equations and to link up eventually with the free 
formulation, we proceed to decompose both internal element fields as follows. 


Stress decompostion 

The assumed stress field a is decomposed into a mean value, d, and a deviator: 

a = ff-t-CTh = <7 + AhUh ( * 

in which 

<7 = (<j)i//u, (Ah)i ,:= 0 (20) 

where u = (lV denotes the element volume. The second relation in (20) is obtained by 
integrating (19) over V and noting that ah is arbitrary. 


Internal displacement decompostion 

Next, the u assumption is decomposed into rigid body, constant strain, and higher-order 
displacements: 

Q = N r q r + N c q c + N h qh 


Applying the strain operator l) = 1(V + V T ) to u, we obtain the associated strain field: 

e" = DN r q r + DN c Qc + DNhQh = B r q r + B c q c + Bhqh 

But B r = DNr vanishes because N r contains only rigid-body modes. We are also free to select 
B c = DN C to be the identity matrix I if the generalized coordinates q c are identified with the 
mean (volume-averaged) strain values e". Then (22) simplifies to 

e" = e" + ei; = e“ + B h qh ( 23 > 


in which 

q c = e“ = (e“)yju, (Bh)v = b 


(24) 


Equation partitioning 

Assume that all elastic moduli in E are constant over the element. The degree of freedom 


partition 



Q = 


(10 

e" 


a = 


(25) 
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induces the following partition of the element 


equations: 


- yvE~' 

0 

-PI 

yvl - Pj 

-Pi 

l t ' 


r a^ 

0 

~7Ch 

-PL 

— P he 

yQi-PL 

Lh 


an 

~Pr 

yvl - P c 

Phr 

Phe 

0 

0 

0 

(l-y)vE 

0 

0 

0 

0 

■4 

q r 

► 

\ e H 

-Ph 

7Qh ~ Phh 

0 

0 

(l-7)*qh 

0 


qh 

L# 

L h 

0 

0 

0 

0 




'■(p 


fa 


where 


Ch = (A?E~ 'Ahlt', Qh = (BhAh)^, K<,h = (BhEBh)|/ 
P r = [Nj n ].s, x = r, c, h, Ph,= [NjA hn ] s , x=r, C ,h 
L_fVjls * L *>= [V T A hn ] V) f„, = (NjbV, jr-r.c,. 


f<7C 

f«7h 

f, 


J 


( 26 ) 


(27) 


Integral transformations 

Application of the divergence theorem the work of the mean stress on yi e lds 
(a, e") y = (a, e" + B h q h )r = va T e" + d T (B h Vq h = V a T e" 

= fffn,uls=[a 0 ,N r q r + N 1 ..e'' + N h q h ] v = d T (P7q r+ Pje'' + Pfq h) 

Hence, 

Pr = 0, P 0 = Vi, p h = 0 


(28) 


(29) 


matrices unless a h is di ve^nct-fr^X Thkh^case ^ ^ ^ S ‘ mpie f ° rmS f ° r the ?hx 


Phr = 0, P he = 0, P hh = Q h 

Assuming (30) to hold, the element equations (26) simplify to 


(30) 


-yuE 1 

0 

0 

-(1 -y)vl 

0 

L 


0 

“70, 

0 

0 


o — (1 — y)vl 

0 0 

0 0 

o (1-7 )vE 


-d-7)Qh 0 

L h 0 


0 

0 


0 

l t 

r 

cr 


"0" 

-7)Qf 

L h T 

ah 


0 

° 1 

° J 

q r 


for 

0 

0 ' 

e u 

- = « 

1 fyc 

' 7)Kqh 

0 

qh 


f,h| 

0 

0 



<fj 


Y (31) 


kinematic ,ra„s,„™aiio„ ,ha‘t T ° —• * « 

interface motion is constructed: ngld b ° dy mot ' on from the element 

q f = H,v 


( 32 ) 
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where H r is a rectangular matrix (derived in the Appendix). Elimination of a, a h and q r gives 


where 


- — 1 vE 0 

7 

0 ( 1 - 7)K<7h + 7K 0 h 

- LE K qvh 

7 


-- — ^ EL t 

7 

K&* 

7"'K u 


r*n 1 

i f? ) 

qh r i 


to ' 

Uv + hjO 


Koh = Ql Ch 'Qh> K qvh — ^ LhCh Qh« 

7" y 

K v = y~'LEL T , Krt-LhCiJ'U 


K(/ — K|/ + K,./, 


(33) 


(34) 


Mean strain elimination 

The subvector e" may be eliminated in two ways. Static condensation gives 

(1 - 7)K<,h + yKah K qvh 

K qv h Ku + 7 l Kt^ 

On the other hand, if e M is eliminated through the kinematic constraint e M = H c v derived in the 
Appendix, we obtain a similar equation but with Ky replaced by 

Ki = y-'Kv + (tiHjEHc - H C T EL T - LEH C ) (36) 

7 

and the force subvector f, c premultiplied by Hj. The two methods furnish identical results if 

Hc = tr‘L T (37) 

As discussed in the Appendix, this relation may be obtained from the first matrix equation in 
(30) if either 7 = 0, or e" = e ’ = E~ 'a. The last condition is obtained in the limit of a converged 
solution, as verified by the patch test analysis mentioned below. 

Patch test 

A constant-stress, canceiling-tractions patch test performed on a two-element configuration 
(V + , V~ ) illustrated in Figjre 1 shows 5 that this element class passes the test for any value 
of 7 . 


l v i l f 


f<7h 






(35) 


THE FREE FORMULATION 

The free formulation of Bergan and Nygard 6 was originally conceived as an incompatible 
displacement model that passes a cancelling-tractions version of the patch test which Bergan 
and Hanssen called the individual patch test 7 . Here the formulation is reinterpreted in the 
context of a displacement-connected hybrid variational principle. 

First, assume that the internal stress field is constant , so there are no an parameters. Then 
(35) reduces to 

(1 — y)K^ h 0 fdh] _ f f<?n 

0 K„J ( v J [L + HXTtT'Lf, 


( 38 ) 
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The equation for q h uncouples. Consequently static condensation of q h will not change the 
solution. We have run into a displacement limitation principle. This leads to the second 
assumption: the higher-order internal displacement modes are eliminated by kinematic 
constraints that link qh to the boundary displacements: 

Qh = H h v p9) 

The matrix H h is derived in the Appendix. Application of this constraint to (38) furnishes the 
final stiffness equations 

Kv = [Kb + (1 - 7 )Kh]v = f ( 40 ) 

where 

K b = K t ,, Kh = HhKqhHti, f = fo + H7f‘ , r +i;" l Lf (7c -i-H h f (?h (41) 

In the free formulation, K„ and K h are called the basic and higher-order stiffness matrices, 
respectively. A j scaling of K h derived from energy-balancing studies was recommended by 
Bergan and Felippa for a plane stress element. This corresponds to taking 7 = 5 

Extensive numerical results using the scaled form of the free formulation are reported in 
References 8 and 9. 


CONCLUDING REMARKS 

It is known 8 that the basic-stiffness part of the free formulation can be interpreted as a 
constant-stress hybrid element. But the interpretation of the higher-order stiffness within a 
variational framework has been difficult. A key result of this paper is that this can be 
accomplished by a parametrized mixed-hybrid variational principle. Note that the free 
formulation cannot be obtained within the d-generalized Hellinger-Reissner principle (7 = 1) 
since then the higher-order stiffness vanishes and K = K„ is generally rank deficient And 

choosing 7 = 0 does not account for the fact that the higher-order stiffness can be scaled by 
a nonzero coefficient. 

The variational framework is important because it allows consistent extensions of the free 
formulation that are not obvious from a physical standpoint, for example : allowing more 
internal displacement degrees of freedom than boundary freedoms, i e 
>n = dim(q) - dim(v) > 0. Examinations of (35) shows that m additional higher-order 
divergence-free stress fields have to be retained so that the coupling stiffness K qvh does not 

vanish. The reduction of q h can be then performed by a combination of static condensation 
and kinematic constraints. 
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APPENDIX: KINEMATIC CONSTRAINTS 

of le expansion « - Nq on the element boundary S establishes the transforma.ton 

v = Gq (42) 

where the matrix G is senate. Furthermore, suppose that G is nonsingular and ean be inverted: 

q = G“ 'v = Hv (43) 

or, in partitioned form 


q = 



H r 

H c 

Hh 


(44) 


The first matrix equation (the discrete compatibility equation) in (18) can be presented as 

7 ( e“ - e“, A ), = L T v - Q T q = (L T - Q T H )v = (L t G - Q T )q ( 45 > 

Setting y = 0 forces the constraint 

L t = Q t H or L t G = Q t (46) 

be satisfied. The same 

ZSStSS — ‘dUnee-free higher-order sr, esses so tha, (30, holds, the 
constraint (46) partitions as 


G 


l t 

H l 


t/I 

0 


0 

Q l 


Hr 

He 

HhJ 


or 


\V 

l ; 


[Gr Gc Ghl = 


0 

0 


tl 

0 


0 

Ql 
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l t g„ = o 


from which follows the relations 

L T G r = 0, L t G c = vl, U=uH c , 

LhG r = 0, LhG c = 0, U=QfHh, UG h = Qf (48) 

The fim four relations were obtained through other means by Bergan 10 and Berean and 
Nygard who called them the force orthogonality conditions on account of the physical 
interpretation of L as a ‘boundary nodal force lumping’ matrix. 
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The Extended Free Formulation of 
Finite Elements in Linear Elasticity 

The free formulation of Bergan and Nyghrd (1984) has been successfully used in the 
construction of high-performance finite elements for linear and nonlinear structural 
analysis. In its original form the formulation combines nonconforming internal 
displacement assumptions with a specialized version of the patch test . The original 
formulation is limited , however , by strict invertibility conditions linking the as- 
sumed displacement field to the nodal displacements. The present paper lifts those 
restrictions by recasting the free formulation within the framework of a mixed- 
hybrid functional that allows internal stresses, internal displacements , and boundary 
displacements to vary independently. This functional contains a free parameter and 
includes the potential energy and the Hellinger-Reissner principles as special cases . 
The parameter appears in the higher-order stiffness of the element equations. 


1 Introduction 

Bergan and Nyglrd (1984) have developed the so-called free 
formulation (FF) for the construction of displacement- based 
incompatible Finite elements. This work consolidated a decade 
of research of Bergan and co-workers at Trondheim, 
milestones of which may be found in Bergan and Hanssen 
(1976), Hanssen et al. (1979), and Bergan (1980). The products 
of this research have been finite elements of high perform- 
ance, especially for plates and shells. Linear applications are 
reported in the aforementioned papers as well as in Bergan 
and Wang (1984), Bergan and Felippa (1985), and Felippa and 
Bergan (1987); whereas nonlinear applications are presented in 
Bergan and Nygird (1985) and Nyglrd ( 1 986). By ‘‘high per- 
formance’* it is meant that solution of engineering accuracy 
can be obtained with coarse meshes of simple elements, and 
that those elements exhibit low distortion sensitivity. 

The original FF was based on nonconforming displacement 
assumptions, the principle of virtual work and a specialized 
form of Irons’ patch test that Bergan and Hanssen (1976) 
called the individual element test. A key ingredient of the FF is 
the separation of the element stiffness matrix into the sum of 
two parts, called basic and higher-order stiffness, respectively. 
The basic part is constructed for convergence and the higher 
order part for numerical stability and (in recent work) 
accuracy. 

An intriguing question has been: Does the FF fit in a varia- 
tional framework? This was partly answered by Bergan and 
Felippa (1985), who showed that the basic stiffness part was 
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equivalent to a constant-stress hybrid element. But persistent 
efforts by the present author to encompass the higher-order 
stiffness within a hybrid variational principle were unsuc- 
cessful until the development of parametrized mixed-hybrid 
functionals in Felippa (1989a, 1989b). With the help of these 
more general functionals it is possible to show that the FF is a 
very special type of mixed-hybrid element which does not Fit 
within the classical Hellinger-Reissner principle. In retrospect, 
the classification of FF elements as hybrids is not surprising. 
Under mild conditions studied in the Appendix, hybrid 
elements satisfy Irons’ patch test a priori , and the FF develop- 
ment has been founded on that premise. 

To encompass the FF within the hybrid framework, the 
following assumptions must be invoked. 

(1) A speciFic hybrid functional, identified as in the se- 
quel, is constructed. This functional depends linearly 
on a parameter 7 . 

(2) Three fields are assumed over each element: 

(a) a constant stress field, 

(b) an internal displacement field u deFined by n q 
generalized coordinates collected in vector q, and 

(c) a boundary displacement field d defined by n v 
nodal displacements collected in vector v. Both d and u 
must represent rigid body motions and constant strain 
states exactly. 

(3) The number of generalized coordinates, n q , equals the 
number of nodal displacements, n v , and the square 
transformation matrix G relating v = Gq is 
nonsingular. 

In Felippa (1989b) it is shown that substituting the Finite ele- 
ment expansions into 1 TJ, rendering the functional stationary 
with respect to the degrees-of- freedom, and eliminating both 
internal fields by a combination of static condensation and 
kinematic constraints, leads to the FF stiffness equations in 
terms of the nodal displacements v. The parameter 7 appears 
as a coefficient of the higher-order stiffness. These stiffness 
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equations can be readily implemented into any displacement- 
based finite element code. 

This variational pathway to FF is of interest for two 
reasons. First, it explains the behavior of FF elements as 
regards convergence, stability, and accuracy. Second, it opens 
up the door to extensions that are not obvious from a physical 
standpoint. Two such extensions involve: retaining higher- 
order stress fields, and allowing more internal displacement 
modes than nodal displacements, that is, n q > n v . The main 
purpose of this paper is to study these two extensions, which 
are shown to be closely related. The resulting framework for 
deriving finite elements in elasticity is called the extended free 
formulation (EFF). 

2 Governing Equations 

Consider a linearly elastic body under static loading that oc- 
cupies the volume V. The body is bounded by the surface S, 
which is decomposed into S: S d U S,. Displacements are 
prescribed on S d whereas surface tractions are prescribed on 
S,. The outward unit normal on S is denoted by n ■ n,. 

The three unknown volume fields are displacements u ^ u,, 
infinitesimal strains e ■ e, r and stresses a ■ <j y . The problem 
data include: the body force field b ■ b, in V, prescribed 
displacements d on S d , and prescribed surface tractions t ■ t 
on S,. ' 

The relations between the volume fields are the strain- 
displacement equations 

e = ~r ( Vu+ V r «)»Du or ej-yiUij + Ujj) in V, (i) 
the constitutive equations 

<r=Eeor o tJ = E , jk ,e k , in V, (2 ) 

and the equilibrium (balance) equations 

- div a = D*<r = b or <r w + b , , » 0 in V, (3) 

in which D* = - div denotes the adjoint operator of D = 1/2 
(V + V r ). 

The stress vector with respect to a direction defined by the 
unit vector v is denoted as o L =a.v, or <r„ = a,.v.. On S the 
surface-traction stress vector is defined as 


a„=<7.n, or <r m =a, y n y . 

(4) 

With this definition the traction boundary conditions may be 
stated as 

o n = t or Ojjnj = /, on S„ 

(5) 

and the displacement boundary conditions as 


u = d* or u, = d, on S d . 

(6) 


3 Notation 

Field Dependency. In variational methods of approxima- 
tion we do not work, of course, with the exact fields that 
satisfy the governing equations (l)-(3), (5)-(6), but with in- 
dependent (primary) fields, which are subject to variations, 
and dependent (secondary, associated, derived) fields, which 
are not. The approximation is determined by taking va:._ ^ is 
with respect to the independent fields. 

An independently varied field will be identified by a super- 
posed tilde, for example, u. A dependent field is identified by 
writing the independent field symbol as superscript. For exam- 
ple, if the displacements are independently varied, the derived 
strain and stress fields are 

( V + V r )u = Du, <r" = Ee“ = EDu. (7) 

An advantage of this convention is that u, e, and a may be 
reserved for the exact fields. 

Integral Abbreviations. Volume and surface integrals will 



be abbreviated by placing domain-subscripted parentheses and 
square brackets, respectively, around the integrand. For ex- 
ample: 

w," w-,,- 

If f and g arc vector functions, and p and q tensor functions, 
their inner product over Kis denoted in the usual manner 

(f . g V=' j^f.gdF= \jigidV, 

(P.Q)t'= f P .qdV= j v p u qijdV, (9) 

and, similarly, for surface integrals, in which case square 
brackets are used. 

Domain Assertions. The notation 

(a = b) v , I a = b] s , [a = b] Sd , [a = i] v (10) 

is used to assert that the relation a — b is valid at each point of 
K S, S d , and S,, respectively. 

Internal Interfaces. In the following subsections a varia- 
tional principle is constructed, in which boundary 
displacements d can be varied independently from the internal 
displacements n. These displacements play the role of 
Lagrange multipliers that relax internal displacement continui- 
ty. Variational principles of this form will be called 
displacement-generalized , or ^-generalized for short. 

The choice of d as independent field is not variationally ad- 
missible on S d or S,. We must therefore extend the definition 
of boundary to include internal interfaces collectively 
designated as S,. Thus, 

S: S d \JS,USj. (11) 

On Sj neither displacements nor tractions are prescribed. A 
simple case is illustrated J n Fig. 1, in which the interface S, 
divides Finto two subvolumes: V* and V~ . An interface such 
as Si on Fig. 1 has two “sides” called S* and S~ which iden- 
tify Sf viewed as boundary of V* and V ~ , respectively. At 
smooth points of Si, the unit normals n + and n“ point in op- 
posite directions. 

The integral abbreviations (8)-(9) generalize as follows, us- 
ing Fig. 1 for definiteness. A volume integral is the sum of in- 
tegrals over the subvolumes: 

{f) “\v+ fdV+ \v - fdV • (12) 
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An integral over S, includes two contributions: 

[g) Si =\* + dS+\ g dS. (13) 

J Sj J 

where g+ and g~ denotes the value of the integrand g on S* 
and respectively. These two values may be different if ^ is 
discontinuous or involves a projection on the normals. 


4 The Hu-Washizu Principle 

There are several essentially equivalent statements of the 
Hu-Washizu functional of linear elasticity. The starting form 
used here is the four- field functional 

n^(u,e,M) = -^o*,eV + (d f t u -e) K -P*, (14) 

where F* is the “forcing” potential 
P d (u y d i d) = (b,u) y + [& n ,d-d] Sd + [t,u] S/ +[*„,u-d] s ..(15) 

The function II Vis called //-generalized in the sense that the 
volume fields u, e, d> and the surface displacement field d are 
subject to independent variations, whereas in the conventional 
form of the principle the relation [d=u] SrfUSf is enforced a 
priori. The superscript d is used to distinguish it from the /- 
generalized variant 

nV(u.e,ff,t) = -^(<r < ,e) v ,+ (*,e“ - eV-P', (16) 

in which the surface tractions t are varied independently from 
the internal stress field a. This is the starting form in the 
classical textbook of Washizu (1968). Parametrized versions 
of (16) are studied in further detail in Felippa (1989a). 

Functionals that are not d or /-generalized will be called 
conventional. The three versions differ only in the forcing 
potential term. 


5 Parametrization 

Constraining the Hu-Washizu functional (14) by selectively 
enforcing field equations and boundary conditions a priori 
yields six functionals listed (in their conventional form) in 
Chapter 4 of the monograph of Oden and Reddy (1983). Of 
particular interest for the present study are the //-generalized 
Hellinger-Reissner functional 

ri£(u,M)= -4- (ff,e«) K + (a,e")„-/* (17) 

as well as the //-generalized potential energy functional 

ri£(u,d" )=-Lio»,tr) v - p*. (18) 

These two functionals are special cases of the following 
parametrized form 

n?(i,<r,d) = 4-(l- 7)(<Ae u V 

-4- 7 (ff,e'% + 7(a,e“) K -P‘*, (19) 

where 7 is a scalar. If 7 - 1 and 0 we obtain the functionals 
Il d R and II£, respectively. Parametrized forms, such as (19), of 
the elasticity variational principles were studied by Chien 
(1983). 

First Variation. Defining the 7 -weig hted stresses 
< 7 7 <Je f 7 ^ + (l ~y)a u in V, ya n +- ( 1 - 7 )<r“ on S (20) 
the first variation of (19) can be written 


5U d = y{e -e a , 5 a)^-(div o'* -fb, 6u) v 

-[t-<r>, 6 Q]s r -[ff„-oJ. 6 u] Stf -[u-d‘,5ff„] Srf (21) 

- [a„ - - [u - d, 6 *„] s . - \a„ ,5d] s . . 

Since d is unique on S, whereas u and d are generally discon- 
tinuous on it, the interface integrals in ( 21 ) split as follows: 

[a„ - ffj ,6u] S; = o y „* + Is, . + [ d n~ 5 V .<5“ ' l s .-. 

[u - d,5tf] s . = [u * - d",<5a;]^+ [u “ - d",oa;]^_ , ( 22 ) 

[<v 5 d\ = [a;.5d'l + = [*;-<r n -,Sd] v 

Setting the first variation to zero and taking (22) into account, 
the Euler equations and natural boundary conditions for 7 ^0 
are found to be 

(e u =e a ) v , (div o y + b = 0) Kl [<r>=t] Sf , 

K=<] s d < i«= kr -<=°is,. (23) 

[ffj -ff„- = 0 ] v [u + =u- = d] s . , [<r;-a n - = 0 ] s .. 

The constitutive equations do not appear since they are en- 
forced a priori in II*. If 7 = 0 , the First equation (e u = e a ) Vi 
drops out. 

Modified Forcing Potential. Substituting d in lieu of u in 
the forcing potential (15) 

/^(u,ff,d) =(b,u) K + [a„,d-d] Srf + [t,d] s . + [a n ,u-d] s . (24) 

is not variationally admissible because incorrect Euler equa- 
tions result. A correct potential that resembles (24) can be ob- 
tained in two stages. First, surface terms [a nJ u-d) Sf and [a n , 
u - d] Sf are added and subtracted to produce 

P*(u,<M) = (b,u ) y + [a n ,d - d] Sd - [9 n - t,u] Sf + [a^u - d] s . 

(25) 

Second, t is assumed to be in the range of a n and the condition 
[a n = t ] Sf satisfied a priori, reducing (25) to 

/*( u,d,d) =(b, d) y + [d nt d- d] Srf + [t\d~] Sr + [a„,u-dl s . (26) 

This expression differs from (24) in that the all-important sur- 
face dislocation integral is taken over S rather than S . Further 
simplification results if the displacement boundary conditions 
[d = d\ are exactly satisfied: 

/* (u,M) = (b,u ) v + li.dJs, + I9 n ,u - d] s . (27) 

This expression of F ** is used in the sequel, as modifications 
required to account for the case [d^d] 5 ^ are of minor 
importance. 


6 Energy Balancing 

Distances. Let U(e)= 1/2 (Ec,e) v denote the strain energy 
associated with field e. We may rewrite (19) as a potential- 
energy deviator 

n d = n d P -yU(e“-e), (28) 

because 

nd _ ud 
7/2 

= (a u -d,e u -e a ) y = (Ee* - Ee J ,e u -e tf ) r . (29) 

If E is positive definite, U (e u - e a ) > 0 and, consequently, 

n?<II % if 7 >0. (30) 

If u is kinematically admissible, fTp exceeds the exact potential 
energy as will be shown. It follows that to improve solutions in 
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energy, we expect to take 7 > 0. Thus, principles 
with 7 < 0 have limited practical interest. 

Let n(u) denote the exact potential energy 


associated 


n(u)--i-(j,eK '“(b,u)^-[t,u] v ( 31 ) 


j" -yC yQ T ~P T 

j yQ-P o-7)K u 


L 0 



fa" 


f°] 


q 

► = < 

q i 


. V J 


l f, J 


( 39 ) 


riwkf "i?"- e denotes the exact stress and strain field, respec- 
ively If u is kinematically admissible and thus satisfies 
then the energy distance from n$(u) to the exact 
functional (31) is (see, e.g.. Section 34of Curtin (1972)) 

n£-n = -i-(o"— e) y =U(e u - e). (32) 

Adjusting 7. To derive an “energy balanced” approxima- 
tion we impose the condition II* = n, which yields 

^(e“-e) (<r" — <T,e" — e) 


T»=- 


(33) 


(/(e“ — e") ( <r“ — a,e“— e") 

n^L e i X f ampl K’ ' f We assume that the exact stresses and strains 
lie halfway between the approximate fields, 


* = 4-(<r“ + d), e = -J-(e < ’ +e"), 


(34) 


S- 7 ! u BUt ’ “ the exact stresses and strains for the 
elasticity problem are not generally known in advance, the 

determinatlon of 7 * has been based on application of 
(33) to dement patches” under simple load systems, as 

B'Wntmi) CTgan ^ FdiPPa U985) and FeIippa and 

Error Estimates. The strain difference e“ - may be used 
as a pointwise measure of solution accuracy and the 

measure for applications such as adaptive mesh refinement. 


7 Finite Element Discretization 

In this section the finite element discretization of n* is 
studied. Following usual practice in finite element work,\he 
components of stresses and strains are arranged as one- 
dimensional arrays whereas the elastic moduli in E are ar- 
ranged as a square symmetric matrix. The FE assumption is 
globally written 

(u = Nq) K , (d = Aa)| / , (d = Vv] s . (35) 

Here, matrices N, A, and V collect generalized-displacement 
shape functions, internal stress modes, and interface displace- 
ment modes, respectively, whereas column vectors q, a, and v 
collect generalized internal displacements, stress mode 
amplitudes, and generalized interface displacements, respec- 
tively. The assumed volume fields 5 and u need not be con- 
tmuous across S,. The derived fields are 

(e“ = DNq = Bq) k , (<r“ = EBq)>,, (e” = E 'a = E 1 Aa ) y . 

(36) 

Inserting these expressions into U d with the forcing potential 
(27), we obtain the algebraic form 

II? ( a,q,s) = ~y< 1 - 7)q r K„q - -Ly* r C a 


fifth, and eighth relations in (24), and expresses internal and 
boundary compatibility. The third matrix equation is the 

™ e cc an xil 08 ° f th f laSt reiation - and expresses equilibrium 
across 5,. The second matrix equation is the discrete analog of 

the remaining relations, and expresses internal and boundary 
equilibrium. * 

It is shown later (in Section 9) that if the assumed stress 
™' n H i are divergence free (self-equilibrating), then 
™ * Q> and (39) simplifies to 


r -7C — (1 ~ 7 >Q r L r ' 




r 0 " 

1 

1 

0 

1 

* 

c 

o 

^ j 

k 

> = < 

l fq 

L L 0 0 J 


LvJ 


u. 


These results are now reinterpreted in terms of 
elements. 


(40) 


hybrid 


8 Hybrid Elements 

Approach. The preceding treatment is relevant to the con- 
struction of displacement-connected hybrid elements. Hybrid 
elements based on more restricted assumptions were originally 
constructed by Pian and co-workers (see Pian, 1964; Pian and 
Tong 1969; Pian, 1973). From current perspective, the prin- 
cipal features of the hybrid formulation are: 

(A) The domain is subdivided into elements before the 
variational principle is established. 

(£) Continuity requirements across element boundaries 
are relaxed by introducing boundary tractions or boundary 
displacements as Lagrange multiplier fields. 

(Q All stress and internal-displacement degrees-of- 
treedom are eliminated (by either static condensation or 
kinematic constraints) at the element level. 

(A) says that hybrid functionals are effectively mesh- 
dependent, because the domain subdivision process introduces 
element boundaries which must be treated as internal inter - 
Jaces, and therefore become part of 5,. Previous develop- 
ments remain valid if one reinterprets “body” as “individual 
element,” “volume” as “element volume,” and “surface” as 
intereiement boundary.” 


Continuity and Connectors. The internal Helds d and u 
may be discontinuous across elements. The boundary 
displacement field d, however, must be continuous on S , i.e., 
it must have the same value on adjacent elements. This condi- 
tion may be satisfied if d on an interface separating two 
elements is uniquely interpolated by nodal values on that inter- 
yflce. It is natural to take such nodal values as entries of v 
which automatically becomes the vector of connected node 
displacements or connectors. 


+ 7q r Qa-q r Pa + v r La-q r f ? — v r f„ (37) 

where 

K u = (B r EB) K = Kj, C = (A'E~'A) K = C r , Q = (B r A)„, 

L=[V^AJ s , P = [N r AJ s , f, = (N r b)y, f„ = [N r t] v (38) 

The matrices K„, C, Q, L, and P are called internal- 
displacement stiffness, compliance, leverage, nodal-force 
lumping, and boundary dislocation matrices, respectively. 
Making (37) stationary yields the linear system 


9 Kinematic Relations 

In this and subsequent sections we work with an individual 
element unless otherwise noted. The element volume is Kand 
the element surface is S: S, U S, U S*. The v subvector con- 
tains n v element-connector degrees-of- freedom, whereas q and 
a contain n q and n a internal freedoms, respectively. We shall 
assume that n q > n v . 

The first matrix equation (the discrete compatibility equa- 
tion) m (39) can be interpreted as the dislocation-energy 
balance statement 
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-p^.e" -e‘ , )^-a 7 '(P r q-L r y),. =0. (41) 

Setting 7 = 0 and observing that a is arbitrary, (41) forces the 
kinematic constraint 

P r q = L r v (42) 

to be satisfied. The same relation emerge i if 7^0 but the ele- 
ment displacements are forced to obey 

(d,e u -e a )v = 0 (43) 

as an optimality condition which says that the work of the 
strain error over the assumed stress field vanishes for arbitrary 
element motions. The constraint (42) plays a key role in subse- 
quent derivations. An immediate consequence is that the first 
matrix equation in (39) reduces to the equivalent of (43), 
namely ya r ( - Ca + Q r q) = 0, thus, if 7 0 , 

a = C _ 1 Q r q, or a = C~ *L r v f PaQ. (44) 

Next, suppose that q and v are connected by the linear 
algebraic relations 

v = Gq, (45) 

q = Hv, (46) 

where G is a x n q transformation matrix and H is a n q x 
n v transformation matrix. The determination of these 

matrices and their connecting relationships is discussed later. 
Using (45)-(46) the constraint (42) may be stated in two ways: 

P r = L r G, P'H = L T (47) 


Internal Displacement Decomposition. Next, the u 
assumption is decomposed into rigid body, constant strain, 
and higher-order displacements: 

“=N,q r + N f q f + N*q*. (53) 

Applying the strain operator D = 1/2 (V + V r ) to u we get 
the associated strain field: 

e" = DN,q, + DN c q c + DN^q* = B r q, + B,q c + B^q,. (54) 

But B r = DN r vanishes because N r contains only rigid body 
modes. We are also free to select B c = DN C to be the identity 
matrix I if the generalized coordinates q c are identified with 
the mean (volume-averaged) strain values e w . Consequently, 
(54) simplifies to 

e «=e“+eS=e u +B^, (55) 

in which 

q c =e u = (t u ) y / v y (B„)„ = 0. (56) 

Equation Partitioning. Assume that all elastic moduli in E 
are constant over the element. The degree-of- freedom parti- 
tion 



- -N 

a 


C (\r~) 

a= < 


ii 

cr 

t U 


.a* . 


v. ^ 


induces the following partition of the general element equa- 
tions (39) 


-yvE~ 1 

0 


yvl-f; 

-n 

L T 


a 


" 0 ^ 

0 

-yc h 

-p L 

-PL 

yQl — p£* 

U 


a * 


0 

-t 

-p* 

0 

0 

0 

0 

■< 

q r 

► = - 

iqr 

> 

yvl-P c 

-Phc 

0 

(1- 7 )wE 

0 

0 


e u 


he 


7Q*-P»,* 

0 

0 

1 

* 

■Q 

> 

0 


q ^ 



L 

L* 

0 

0 

0 

0 j 


^ V V 


f 

■ y J 


Elimination of a and q in (39) through (44)-(46), with account 
taken of the second of (47), yields the external stiffness equa- 
tions 

Kv = f , (48) 

in which 

K = 7 [LC- ! Q r H + H r QC ‘1/-LC l L r | 

+ (l- 7 )H r K,H, f-f„ + H%. (49) 

If P ^ Q, system (40) reduces to (48) but vith 

K = 7 LC’ l L r + (l - 7 )H 7 K,H. (50) 

10 Internal Field Decomposition 

To gain further insight into the structure of the element 
stiffness equations (48) and eventually link up with the free 
formulation, we proceed to decompose both internal element 
fields as follows. 

Stress Decomposition. The assumed stress field, a, is 
decomposed into a mean value, a, and a oeviator: 

a = a + a h = a + Aj,a*, (51) 

in which 

d — (d) y/ v, (Af,)j/ = 0, (52) 

where v = (l)j, denotes the element volume measure. The 
second relation in (52) is obtained by inregrating (51) over V 
and noting that a* is arbitrary. 


where 

C* = (AfE 1 A*) Qf, = K qh = (BfEB*)^, 

P, = [Nm] s . x=r,c,h, P /Lr = (N r r A^] x , x = r,c,h , 

L = (V n H s , L* = (V r A,„] s> f,* = (Njb)^, x=r,c,h. (59) 

Integral Transformations. Application of the divergence 
theorem to t he work of the mean stress on e" yields 

(d,e“) K = (d,e u + = va T e u + ^ r (B^ ) K q^ = va T e u 

= = l^n»N r q r + N c e u + N A q„]s 

= a r (P r q r + P f e“+P,q A ). (60) 

Hence, 

P,=0, P c = i>I, P„=0. (61) 

A similar analysis of the stress-deviator work {a h , e u ) v does 
not yield simple forms for the matrices unless a h is 
divergence’ free, in which case 

P* r =0, P„ c = 0, P**=Q,. (62) 

Hence, P m Q as claimed in Section 7. Inserting (61)— (62) into 
(58) yields the partitioned form of (40): 
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> ( 63 ) 


- 71/E “ 1 

0 

0 

-0-7)01 

0 



a 


" 0 " 

0 

yC* 

0 

0 

1 

1 

0 

U 


a h 


0 

0 

0 

0 

0 

0 

0 




V 

-0-7)01 

0 

0 

(1 -y)vE 

0 

0 


e u 


f 

l QC 

0 

-0-7)Q* 0 

0 

0-7** 

0 




V 

L 

L„ 

0 

0 

0 

0 


. v J 




Orthogonality Conditions. If the higher-order stresses are 
divergence free so that P ■ Q, the relations (47) partition as 

0 vl 0 

.0 0 QZ_ 


4 j 


IG, G c C*] f 


Invertible G. Matrix G in (45) is constructed by nodal col- 
location , that is, by evaluating the expansion u = Nq at the ele- 
ment boundary nodes. This establishes the transformation 



H r 




9r 

0 vl 0 




■ L r ' 

v = Gq = [G r G r G„]< 

e u 

.00 Q[ j 


H* . 


. Lf. 

• (64) 

L Q/i 


whence the relations 

L r G, = 0, L r G c = t/I, L T G h =0, U=v H c , 
L*G r = 0, UG c = 0, UG* = Q£ 


According to the assumptions listed in the Introduction, 
matrix G is square and nonsingular so inverting (68) we get 

(65) q = G''=Hv or 


The first four were obtained through other means by Bergan 
(1980) and Bergan and Nvgird (1984), who called them the 
force orthogonality conditions on account of the physical in- 
terpretation of L as a “boundary nodal force lumping” 
matrix in the free formulation studied next. 

If the higher-order stresses are not divergence- free, the last 
four of (65) are replaced by 

UG r -P l, Lfo-Pjt, tfG*-P&, 

LI=PI, H, + PiH c + P£H*. 




H r 


H ' 1 

e" 

> = 

H r 

V = 

tr'L 7 ' 



_H„. 


1 

a 

1 


The FF Stiffness Equations. Eliminating a and q from 
(67) yields the FF stiffness equations 

Kv = [K„ + (l- 7 )K*]v = f, (70) 

where 


11 The Free Formulation 

The free formulation of Bergan and Nyg&rd (1984) was 
originally conceived as an incompatible finite element 
displacement model that passes a cancelling-tractions version 
of the patch test which Bergan and Hanssen (1975) called the 
individual patch test. Here the formulation is reinterpreted in 
the context of the hybrid principle (19). The assumptions that 
lead to the FF are listed in the Introduction and will be studied 
in further detail. 

Constant Internal Stress. The internal stress field is con- 
stant. Consequently, there are no a A parameters, reducing (63) 
to 


- 71/E” 1 

0 

-0-7)01 

0 

L T 


r a 

0 

0 

0 

0 

0 


Qr 

“ (1 — 7)1/! 0 

(1 -7)t/E 

0 

0 

< 

e" 

0 

0 

0 

0-7** 
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Q* 

L 

0 

0 

0 

0 


^ v j 


0 1 


‘gc 


t- (67) 


. f, , 


K A = u-'LE-'L r , 

f = + H r r f flr + v~ x Lf gc + H h f qft . (71) 

In the free formulation, and K/, receive the name basic and 
higher-order stiffness matrices, respectively. A 1/2 scaling of 
K h derived from energy-balancing studies was recommended 
by Bergan and Felippa (1985) for a plane-stress element. This 
corresponds to taking 7 = 1/2. But in general the value of 7 
can be expected to be dependent on the type and geometry of 
the element. 

As K b is rank-deficient (except for the simplex elements) 
choosing 7=1, which corresponds to the ^-generalized 
Hellinger-Reissner functional (17), is not admissible. 

12 The Extended Free Formulation 

In the extended free formation (EFF) the number of internal 
displacement freedoms, n q = dim(q), is allowed to exceed the 
number of nodal displacement connectors n v = dim(v). We can 
esu.w h the relation (68) as before, but matrix G will now be 
rectangular and cannot be directly inverted. One way of cir- 
cumventing this difficulty is to retain n q -n v = dim(a A ) higher- 
order stress modes; an alternative procedure is discussed in 
Section 13. The stress modes are assumed to be divergence- 
free so (62) holds. The available relations are 

v-Gq, C*a**Lfv = Qjfq*, (72) 

which can be combined to form the matrix system 
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The matrix on the right side is square* and invertible if G, C h , 
and Q a have full rank. Solving for q and eliminating a* one 
obtains 



H r 


H r 

H r 

V = 

H c 

. H* + J*C* 'Q* _ 




where H* and J* result from the inversion process. Since 
G h + J* C* 1 Ql = I, we can express H A as 

(75) 

Having H available* replacing into (48) (50) we obtain the 
EFF stiffness equations 

Kv « [K* + K* + < 1 - 7 )K*]v = f, (76) 

where K ft , K*, and f are the same as in (71) and 

K bh =L h C;'Lf. (77) 

Is 7 — 1 now admissible? If K & +■ K bb has correct rank, yes! 
Curiously enough* if the body force field b vanishes and y = 
1, (76) are precisely the stiffness equations for the original 
equilibrium-stress-assumed hybrid elements of Pian (1964), 
which can, of course* be constructed without any internal 
displacement assumptions. 


point* several constraints become immediately apparent. The 
extended FF releases the most troublesome one at the cost of 
buying more complicated stress assumptions* or additional 
hierarchical connectors. So it is fair to state that the admirable 
goal of absolute freedom has not yet been attained. 

The development of the EFF as reported here was motivated 
by difficulties encountered in the construction of the following 
elements: 

3- Node Plane Stress Triangle with Nodal Rotations. 
Similar to the element constructed by Bergan and Felippa 
(1985), but with a fully quadratic internal displacement field. 
Thus* n v = 9, n q = 12 and three additional self-equilibrating 
stress fields are needed. 

4- Node Tetrahedron with Nodal Rotations. The extension 
of the previous element to three dimensions has n v = 12, n q » 
18 and six additional stress fields are needed. 

Assuming fully-quadratic internal displacement fields 
eliminates the higher-order mode selection difficulties dis- 
cussed by Bergan and Felippa (1985). Progress in the deriva- 
tion of these elements will be reported in subsequent papers. 
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13 Hierarchical Connector Augmentation 

An alternative approach to building an invertible transfor- 
mation such as (73) consists of augmenting v with n q - n v con- 
nector degrees-of- freedom collected in subvector v*. These 
must be selected to give a square transformation of the form 


IQ. J 

If this approach is followed* it is important to choose v Y in 
hierarchical fashion so that the expanded G has the structure 
just shown. In other words* y x must not be “excited” by rigid 
body or constant strain motions . Otherwise the interelement 
compatibility of boundary displacements is generally violated 
for such motions, and the patch test discussed in the Appendix 
fails. 

Inversion of (78) provides the H matrix. The FF stiffness 
equations (70) can be constructed with the strain-energy con- 
tribution from \ x flowing to the higher-order stiffness K*. 
Finally, the v t freedoms can be statically condensed. 

Which EFF approach is better? The decision seems to be 
element-dependent. The choice primarily hinges on whether it 
is easier to choose divergence-free stress inodes than hierar- 
chical connectors while preserving element invariance. If both 
approaches appear equally feasible* there is not presently 
enough experience to decide which one is ^referable. 

14 Concluding Remarks 

The qualifier free in ‘‘free formulation” was meant to em- 
phasize “freedom from conformity requirements” that are a 
pervasive part of the conventional displacement formulation, 
and the possibility of constructing the basic and higher-order 
stiffness contributions through largely independent assump- 
tions. But when the FF is studied from a variational stand- 


G r G c G h 

0 0 G. 


(78) 
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APPENDIX A 
The Cancelling-Traction Patch Test 

It is instructive to study whether this element class passes the 
patch test for an arbitrary 7 . To investigate this question we 
use the sketch of Fig. 1 and view the subvolumes K + and V~ 
as two elements connected along S f with an external traction 
boundary S r Both elements are in a state of constant stress a 0 . 
The prescribed surface tractions are [t = <r 0 J s and the body 
forces b vanish. 

First, take (63) to be the governing discrete equations for the 
two-element assembly. The only nonzero forces are f v = 
[V r t] Sf . The key observation is that 

t-[V3,-lVa Sfi (79) 


because the integral over S { vanishes as (V + =V _) 5 on ac- 
count of the interface compatibility conditions stated in Sec- 
tion 8 , and n + = — n" . Now, for any 7 it can be verified that 
the solution of (63) is that demanded by the patch test, namely 

a = <r 0 = d" , a* = 0 , q r = arbitrary, 

e“ = E-'d 0 , q*=0, v = L r fr 0 +G r q r . (80) 

In checking this assertion one finds that the following rela- 
tions, listed in (65), must be satisfied: 

L'G r = 0 , L T G c = vh UG c = 0 , L*G r = 0 . (81) 

If instead we take the more general equations ( 59 ), verification 
of the solution (81) demands that 

P r = 0, P c — vi* P*=0, Pjt-LfG,, 

P£-LfG ff P^-LfG*. (82) 

The first three follow from the divergence theorem as shown 
in (60). But the last three, listed in ( 66 ), are a consequence of 
the kinematic constraint (43), which is thus directly correlated 
to satisfaction of the patch test. 

As noted by Fraeijs de Veubeke (1973), the physical mean- 
ing of this form of the patch test is that the interface virtual 
work is zero when the element patch is in a constant stress 
state. 


Primed in U.S.A. 


8 


T ransactions of fhe ASM E 


DEVELOPMENTS IN VARIATIONAL METHODS 
FOR HIGH PERFORMANCE PLATE AND 
SHELL ELEMENTS 


C. A. Felippa and C. Militello 
Department of Aerospace Engineering Sciences 
and Center for Space Structures and Controls 
University of Colorado 
Boulder, Colorado 


ABSTRACT 

High performance elements are simple finite elements constructed to deliver engineering 
accuracy with coarse arbitrary grids. This paper is part of a series on the variational founda- 
tions of high-performance elements, with emphasis on plate and shell elements constructed 
with the free formulation (FF) and assumed natural strain (ANS) methods. In this paper, we 
study parametrized variational principles that provide a common foundation for the FF and 
ANS methods, as well as a combination of both. From this unified formulation a variant of 
the ANS formulation called the “assumed natural deviatoric strain” (ANDES) formulation, 
emerges as an important case. The first ANDES element, a high-performance 9-dof trian- 
gular Kirchhoff plate binding element, is briefly described to illustrate the use of the new 
formulation. 

1. INTRODUCTION 

For 25 years researchers have tried to construct “best” finite element models for problems 
in structural mechanics The quest appeared to be nearly over in the late 1960s when high 
order displacement elements dominated the headlines. But these elements did not dominate 
the marketplace. The overwhelming preference of finite element code users has been for simple 
elements that deliver engineering accuracy with coarse meshes. These will be collectively called 
high performance elements , or HP elements. 

1.1 Attributes of HP Elements 

Approaching that general goal gives rise to a myriad of more concrete requirements which 
are supposed to be addressed in some degree during element, development. Such requirements 
are listed in Table 1. 

Some of these requirements are obvious. For example, low distortion sensifivttfy is a 
consequence of trying to achieve satisfactory accuracy with arbitrary meshes. But other 
items listed in Table 1 call for some explanation. 
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Table 1 - Target Requirements for High-Performance Elements 


• Simple: few freedoms, all physical, preferably at corners only 

• Convergent 

• Frame invariant 

• No locking 

• Rank sufficient: no spurious modes 

• Balanced stiffness: not too rigid, not too flexible 

• Stresses as accurate as displacements 

• Low distortion sensitivity 

• Mixable with other elements 

• Economical to form 

• Easily extendible to nonlinear and dynamic analyses 

• Effective local error estimator for mesh adaptation 


The first and foremost requirement is that the element be as simple as possible. This 
is in sharp contrast to the “baroque FE period” of 1965-1975 that lauded luxuriantly ornate 
elements and culminated with the development of very complex models, including elements 
with nonphysical degrees of freedom. One source of this retrenchment has been feedback 
from users of general purpose, finite element programs. As use of these programs expanded 
to more engineers without deep knowledge of “what’s inside the black box” the trend in 
finite element model construction veered toward the “simplest elements that will do the job.” 
Further impetus is provided by the gradual realization that high accuracy of complex elements 
in linear elastostatics does not necessarily carry over to dynamic and nonlinear analyses. 

The balanced stiffness requirement also deserves comment. It follows from the goal of 
attaining reasonable accuracy with coarse meshes. This is illustrated in Fig. 1, which shows 
a convergence study of a classical model problem: the bending of a simply supported square 
plate under a concentrated central load. The mesh contains 2 x N X N triangles over a plate 
quadrant. A target “accuracy band” of ±1% is taken, somewhat arbitrarily, as representative 
of engineering accuracy for this rather simple problem. The convergence characteristics of 
several triangular elements are taken from the extensive study reported in Ref. 2. Although 
most elements converge, some are too stiff, while others are too flexible, and generally do 
not enter the accuracy band until the mesh is fairly refined (N > 8). On the other hand, 
the results labeled ‘FF’, obtained with a plate element based on the free formulation (FF) 
discussed later, lie within the band for all meshes. 

The balanced stiffness requirement should not be confused with fast asymptotic conver- 
gence for fine meshes. Simple elements cannot effectively compete with higher order elements 
in this regard, and are not effective in applications demanding very high accuracy. What is 
important is how good are the results for coarse meshes. 
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Fig. 1 - Convergence study of several plate bending triangular elements 
as reported in Ref. 2. The FF results are from Ref. 8. 


1.2 Constructing HP Elements 

The search for HP elements began seriously in the mid-1970s and now represents an 
important area of finite element research in solid and structural mechanics. Many ingenious 
schemes have bet;n tried: reduced and selective integration, incompatible modes, mixed and 
hybrid formulations, stress and strain projections, the*' (FF) formulation, and the (ANS) 
formulation. Many researchers are developing such elements. The common theme of the 
investigations is: 


Abandon the conventional displacement formulation 


Several techniques researchers use in their quest to buila setter elements are itemized 
in Table 2. Many of these were introduced over 20 years ago, but only recently a concerted 
effort has been made to com6ine several tools to produce HP elements. For example, the 
present work dn.ws on items 1, 2, 3, 8, 10, 11, and L2 of Table 2. 
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Table 2 - Tools of the Trade 



Technique 

Year Introduced 

1 . 

Incompatible shape functions 

early 1960s 

2. 

Patch test 

1965 

3. 

Mixed and hybrid variationai principles 

1965 

4. 

Projectors 

1967 

5. 

Selective reduced integration 

1969 

6. 

Uniform reduced integration 

1970 

7. 

Assumed strains 

1970 

8. 

Energy balancing 

1974 

9. 

Directional integration 

1978 

10. 

Limit differential equations 

1982 

11. 

Free formulation 

1984 

12. 

Assumed natural strains 

1984 


1-3 Objective of Present Work 

This paper is part of a series (Refs. 9-12, 15-16) describing how several HP element 
construction methods can be embedded within an extended variational framework using 

parametrized hybrid functionals. Particular attention is focused on merging the last two 
items m Table 2. 

... ge " er f i P la ?,° f attack for this unification is flowcharted in Fig. 2. Box connections 
indicated with dashed lines are not dealt with in this paper. The variational extensions, shown 
on the left of Fig. 2, involve parametrization of the conventional elasticity functionals and 
treatment of element interfaces through generalizations of the hybrid approach of Refs. 20-23. 
«. . , „* e^ive construction of HP elements relies on devices, sometimes derisively called 
tricks or “Variational crimes,” that do not fit o priori in the classical variational framework 
The range of tricks spans innocuous collocation and finite difference constraints to more dras- 
tic remedies such as selective integration. Despite their unconventional nature, tricks are an 
essential part of the construction of high-performancoelements. Collectively, they represent 

enjoyaWe^task 163 mgred ' ent ^ keepS the derivation of HP finite elements a surprisingly 

The Present treatment “decriminalizes” kinematic constraint tricks by adjoining La- 
pange multipliers, hence setting out the ensemble on proper variational foundations. Placing 
formulations within a variational framework has the great advantage of supplying the general 
structure of the stiffness matrices and forcing vectors of high performance elements, and pro 
viding theoretical coherence for the systematic derivation of element classes by a combination 
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Fig. 2 - Program of attack on the variational formulition of HP elements 


2. THE ELASTICITY PROBLEM 

Consider a linearly elastic body under static loading that occupies the volume V . The 
body is bounded by the surface 5, which is decomposed into S : Sd U S\. Displacements are 
prescribed on whereas surface tractions are prescribed on S*. The outward unit normal 
on S is denoted by n = n v 

The three unknown volume fields are displacements u = infinitesimal strains e = 
and stresses a = <r tJ . The problem data include: the body force field b = 6 t * in V t prescribed 
displacements d = dy on 5^, and prescribed surface tractions t = ft °n 

The relations between the volume fields are the strain-displacement equations: 


e = i(Vu f- V r u) = Du 
the constitutive equations 

or Ci ? = + uy,«) in K, 

(i) 

(7 — E e or 

(7|j = Eijkl^kl m V) 

(2) 
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which will be assumed to be invertible, and the equilibrium (balance) equations: 

— div o = D V = b or + 6 t = 0 in V y (3) 

in which D* = -div denotes the adjoint operator of D = I(V + V r ). 

The stress vector with respect to a direction defined by the unit vector v is denoted as 
<r v = o.\, or = OijVj. On S the surface-traction stress vector is defined as 

On = o.n, or O n i = OijTlj. (4) 

With this definition the traction boundary conditions may be stated as: 

e n = t or OijTij = ti on S u (5) 

and the displacement boundary conditions as 

u = d or u; = d x on S d . (6) 


3. NOTATION 


3.1 Field Dependency 

In variational methods of approximation we do not, of course, work with the exact fields 
that satisfy the governing Eqs. 1-3 and 5-6, but with independent (primary) fields, which are 
subject to variations, and dependent (secondary, associated, derived) fields, which are not. 
The approximation is determined by taking variations with respect to the independent fields. 

Following the notation introduced in Refs. 9 and 10, an independently varied field will be 
identified by a superposed tilde, for example u. A dependent field is identified by writing the 
independent field symbol as superscript. For example, if the displacements are independently 
varied, the derived strain and stress fields are: 

e u = i(V + V T )u = Du, <r“ = Ee“ = EDu. ( 7 ) 

An advantage of this convention is that u, e and a may be reserved for the exact fields. 

3.2 Integral Abbreviations 

Volume and surface integrals will be abbreviated by placing domain-subscripted paren- 
theses and square brackets, respectively, around the integrand. For examp le: 

{f)v = Sv fdV ' i f \s=J s fdS, jjdS, |/U d = J fdS. (8) 

R f and g are vector functions, and p and q are tensor functions, their inner product over V 
is denoted in the usual manner: 

( f , g) v = f J v £g & = J v fiSi dV, (p, q) v =' p.qdV = p„- 9iy dV, (9) 
and similarly for surface integrals, in which case square brackets are used. 
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Fig. 3 - Internal interface example. 


3.3 Domain Assertions 
The notation: 

(a~b)y> [a = 6)^, [a = 6js rfl (a=6]s t , (10) 

is used to assert that the relation a = b is valid at each point of V, S, Sj and St, respectively. 

3.4 Internal Interfaces 

In sections 4-5 we construct hybrid variational principles in which boundary displace- 
ments d can be varied independently from the internal displacements u. These displacements 
play the role of Lagrange multipliers that relax internal displacement continuity. Variational 
principles containing d will be called displacement-generalized, or “d-generalized” for short. 

The choice of d as independent held is not variationally admissible on Sd or St. We 
must, therefore, extend the definition of boundary to include internal interfaces collectively 
designated as S,*. Thus: 

S:S d US t USi. (11) 

On 5, neither displacements nor tractions are prescribed. A simple case is illustrated in 
Fig. 3, in which the interface Si divides V into two subvolumes: V + and V~. An interface 
such as 5,- on Fig. 3 has two “sides” called S+ and which identify Si viewed as boundary 
of and V ~ , respectively. At smooth points of S{ the unit normals and n“ point in 
opposite directions. 

The integral abbreviations of Eqs. 8-9 generalize as follows, using Fig. 3 for definiteness. 
A volume integral is the sum of integrals over the subvolumes: 

[f)v d = f fdV+[ fdV. (12) 

Jv+ Jv- 

An integral over 5, includes two contributions: 

(*i« “= [ g + dS+ [ g~dS , (13) 

J s+ Js- 

where g + and g~ denote the value of the integrand g on S+ and respectively. These two 
values may be different if g is discontinuous or involves a projection on the normals. 

The appearance of Si is a consequence of allowing elements with discontinuous displace- 
ments. Following a finite element discretization, the union of interelement boundaries becomes 
Si . This boundary is generally nonphysical because it depends on the discretization. 1 

1 If there are physical internal interfaces — for example, a sadden thickness or material change 
— it is common practice to select the mesh so that these natural interfaces are also intereiement 
boundaries. 
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4. THE ELASTICITY FUNCTIONALS 

The variational principles of linear elasticity are based on functionals of the form: 


n mU-P, (14) 

where U characterizes the internal energy stored in the body volume and P includes other 
contributions such as the work of applied loads and energy stored on internal interfaces. We 
shall call U the generalized strain energy and P the forcing potential . 

The functionals in this section include t ndepe ndentiy varied displacements . The class 
of “equilibrium” functionals without independent displacements, such as the complementary 
energy, are briefly covered in section 5.5 for completeness, but are not required in the finite 
element developments of sections 6-11. 

4.1 Generalized Strain Energy 

The generalized strain energy has the following structure: 


U - 2Jn(^e^)v+ii2(^e)v+ii3(^e u )v + |i22(^e)v+j23K,e u ) v + ^33(^ tt ,e u )v (15) 


where j lx through j 33 are numerical coefficients. For example, the Hu-Washizu principle 
is obtained by setting j X2 = — 1» 3 13 = 1* J 22 = 1* all others being zero. The matrix 
representation of the general functional Eq. 15 and the relations that must exist between the 
coefficients are studied in section 5.1. 


4.2 Hybrid Forcing Potentials 

Variational principles of linear elasticity are constructed by combining the volume in- 
tegral of Eq. 15 with the forcing potential P . Two forms of the forcing potential, called 
P and P in the sequel, are of interest in the hybrid treatment of interface discontinuities. 
The d-generalized forcing potential introduces, as described in section 3.4, an independent 
boundary displacement field d over S<: 

P d (u,£,d) = (b,u)v + - d } Sd + [t,u]s f + [<r n ,u - d] s< . (16) 

The t-generalized (traction generalized) forcing potential introduces an independently 
varied traction displacement field t over S,*: 


P*(u,£,t) - (b,u)v + (t, u - d } Sd + [t,u]s; + (t,u]s t .. (17) 

The conventional form P e of the forcing potential is obtained if the interface integral 
vanishes and one sets (t = o n \ s . If so P l and P d coalesce into P c , which retains only two 
independent fields: 

P c (u,cr) = (b,u)^ 4- [c n ,u - d]s d + [t,u]5 t . (18) 


4.3 Modified Forcing Potentials 

Through various manipulations and assumptions detailed in Ref. 10 the forcing potential 
P d may be transformed to 


P d (u,<r, d) = (b,u)y + (t,d]5, +[<r n ,u-d]5. (19) 

where the all important surface dislocation integral is taken over S rather than S',. One of 
the assumptions is that displacement boundary con-. r ^*s, Eq. 6, are exactly satisfied on 
This expression of P d is used in the sequel. A similar technique can be used to adjust P*, 
but that modified formula will not be required in what follows. 
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4.4 Complete Functionals 


Complete elasticity functionals axe obtained by combining the generalized strain energy 
with one of the forcing potentials. For example, the d and t generalized versions of the 
Hu-Washizu functional axe: 


n tv = u w - p d , = u w - p*. (20) 

where Uw is obtained by setting J 22 = J 13 = 1* j\2 = — 1, others zero, in Eq. 15. 

5 , MATRIX REPRESENTATION OF ELASTICITY FUNCTIONALS 

The generalized strain energy of Eq. 15 can be presented in the matrix form: 


r 

in 

J 12 

Jl3 

f 1 

U= \\ <# <r* <r“) 


J 22 

J23 


tv 

symm 


J33 „ 

l e “ J 


(21) 


The symmetric mati ix 2 



V 11 

Jl2 

Jl3 

J = 

J 12 

J22 

J23 


.Jl3 

J23 

J33 . 


(22) 


characterizes the volume portion of the variational principle. Using the relations a* = Ee, 
<r w = EDu, e^ = E“ l <r, and e w = Du, the above integral may be rewritten in terms of the 
independent fields as: 





fi) 


‘in*- 1 

J 12I 
.JiaD r 


Jl2l 

J22E 

J«D r E 


j 2 aED 
J33D r ED 



dV. 


(23) 


5.1 First Variation of Generalized Strain Energy 

The first variation of Eq. 15 may be presented as: 


6U = (Ae, 6a) v + (A<r,£e)v - (div <r', <5u) v 4- [<r ; n ,£u|s, (24) 

where 

Ae « juG? 4- y 1 2 « + ii 3 e u , 

— Jl2^ 4* J22* C + J23^“» (25) 

O* — Jl3<7 4* l23^ C + J33^ U - 

The last two terms combine with contributions from the forcing potential variation. For 
example, if P = P c , the complete variation of II C = U — P c is: 


STl c = (Ae,6cr)v 4* (A.r,<5e)v - (diva 7 + b,<Su)v 4- [<r f n - t,<$ujs t - [u - d,£* n | 5 j. (26) 

Using P d or P* does not change the volume terms. The first variations of II * and 11* 
are studied in Refs. 9-11 for a more restrictive class of functionals, namely 11^. The Euler 
equations associated with the volume terms 


Ae = 0, Act = 0, div a 1 + b = 0, (27) 


2 To justify the symmetiy of J note, for example, that jia(£,e‘)v = ^Ji 3 (£,e*)v--l- < £;i 3 (e <r ,< 7 *)v' l 
and so on. 
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are independent of the forcing potential. A ‘"weighted residual” interpretation of Eqs. 27 in 
terms of the field equations is given in section 5.4. For consistency of the Euler equations 
with the field equations of section 2 we must have Ae = 0, A<r = 0 and a f = a if the assumed 
stress and strain fields reduce to the exact ones. Consequently, 


Jn + J 12 + Jl3 — 0, 

J\2 + J22 +J23 = 0, (28) 

Jl3 + J23 + J33 = 1. 


Because of these constraints, the max im um number of independent parameters defining 
the entries of J is three. 


5.2 Specific Functionals 


Expressions of J for some classical and parametrized variational principles of elasticity 
are tabulated below. The subscript of J is used to identify the functionals, which are listed 
roughly in order of ascending complexity. The fields in parentheses after the functional name 
are those subject to independent variations in V. 

Potential energy (u): 


Jp = 


0 0 0 

0 0 0 . 

0 0 1 


(29) 


Stress-displacement Reissner, also called Hellinger-Reissner, (<r,u): 




-i o r 
0 0 0 . 
1 0 0 


Unnamed stress-displacement functional listed on p. 116 of Ref. 18 (£,u): 


Ju = 


1 0 - 1 ‘ 

0 0 0 . 

-10 2 


Strain-displacement Reissner-type as listed on p. 116 of Ref. 18 (e,u): 


(30) 


(31) 


J 5 


0 0 o' 

0 - 11 . 
0 1 0 


(32) 


Hu-Washizu 3 (£,e,u): 



-1 1 

1 0 . 

0 0 


(33) 


One-parameter stress-displacement family (ff,u) that includes U P , U R and U v as special 
cases (Refs. 8-10) 


J 7 = 


-7 

0 

7 


0 

0 

0 


7 

0 

1-7 


(34) 


There are several functionals that carry this name, transformable from one to another through 
integration by parts. That corresponding to J w is the third form listed in section 2.3 of Ref. 24. 
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Fig. 4 - Graphical representation of the J Q ,? 7 functionals 


One-parameter strain-displacement family (e,u) that includes Up and Us as special 
cases (Ref. 9): 

[0 0 o - 

0 -0 0 . (35) 

.0 0 l ~ 0 m 

Two-parameter family (<r, e, u) that includes Up and U 7 as special cases (Ref. 9): 


J/j-r » (1 - 0)3-t + (1 - l)3p - (1 - 0 - 7 ) Jp 

'-^(1-0) 0 7(1-0) 1 ( 3 6 ) 

= 0 -0(1-7) 0(1-7) 

. 7(1-0) 0(1-7) 1-0-7 + 207. 

Three- parameter (a, 0 , 7 ) family (£, e, u) that includes Uw and as special cases 
(Ref. 9): 


3<x0~! — oJiv + (1 — a)J^ 7 

-7(1 -0)(l -a) -a ot+7(l-0)(l-a) ] / 37 ) 

- -a a — 0(1 - 7)(1 — a) 0(l-^)(l-a) 

_a + 7(l — 0)(1 — a) 0(l-7)(l-a) (1 - 0 - 7 + 20tt)(1 - a) 


The last form, which contains three independent parameters, supplies all matrices J 
that satisfy the constraints of Eq. 28. It yields stress-displacement functionals for a = 0 — 0 , 
strain- displacement functionals for a = 7 = 0 , and three-field (stress-strain-displacement) 
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functionals otherwise. A graphic representation of this functional in (a,/},' y) space is given 
in Fig. 4. 

The specialization = 1, /? = 0 of is of particular interest: 


J a 


a — 1 —a 1 

— a a 0 

1 0 0 


(38) 


The associated functional II a might be called the generalized Hu-Washizu functional 
because it reduces to J w for a = 1. But because of its special relation with the ANDES 
formulation covered in section 8-11, n o will be herein referred to as the ANDES functional. 

5.3 Energy Balancing 


A prime motivation for introducing the; coefficients as free parameters is optimization 
of finite element performance in the balanced stiffness sense of Table 1. The determination of 
“best" parameters for specific elements relies on the concept of energy balance. Let lt(e) = 
j(Ee,e) y denote the strain energy associated with the strain field t. If E is positive definite, 

U{t) is nonnegative. We may decompose the generalized strain energy into the following sum 
of strain energies: 


(39) 


U = U(e u ) + wiU^ - e) + tv 2 U{e - e tt ) + w 3 tt(e u - e*), 
where &/>(e u ) = Up is the usual strain energy, and 4 

w l = 2 0ll+j22“j33+l), W 2 = ^(~J11+J22+J33“1), W 3 = 5 (ill -J 22 + J 33 - l). (40) 
Eq. 39 is equivalent to decomposing J into the sum of four rank-one matrices: 


J = 


0 0 0 
0 0 0 
0 0 1 


4- wi 


1-10 
-1 1 0 

0 0 0 


- W 2 


0 0 0 

0 1 -1 

0 -1 1 


+ U>3 


1 0 -1 

0 0 0 

-1 0 1 


(41) 


Decompositions of this nature can be used to derive energy-balanced finite elements by 
considering element “patches” under simple load systems. This technique is discussed for the 
one- parameter functionals generated by J 7 in Refs. 6 and 8-11. It is important to note that 
the j coefficients may vary from element to element . 

5.4 Interpretation of Euler Equations 

Eqs. 27 gain physical meaning if they are rewritten as 


Ae = wi(e ff - e) + w 3 (e u - e*) = 0, 

A<r = w x (a - a e ) + w 2 {o* - <r w ) = 0, 
div <r' = div [<r u + w 2 {a e - <r u ) + w 3 (<r tt - *)] = -b, 


(42) 


where the w t are given by Eqs. 40. But e'-e = = 0 as well as b-a* = = 0 

are representations of the constitutive equations, Eqs. 2. Likewise, = E(e-Du) = 0 is 

a representation of the strain-displacement equations, Eqs. 1. Finally, e u — e* = Du— E -1 <r = 
0 , as well as <r“ - b = 0, are combinations of Eqs. 1-2. Thus, we conclude that the Euler 
equations Ae - 0 and A a = 0 are weighted forms of the lunatic and constitutive field 

4 t 3 >h °^ n “ “! ti0 “ 5 t ‘ 4 ’ the * e coefficients ma y b « interpreted as field equation residual weights 

hence the notation. It is conjectured that for stability the j coefficients should be confined so 
that Wi > 0, but this remains to be proven. 
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equations. On the other hand, diva' + b = 0 is a weighted combination of the equilibrium 

equations, Eqs. 3, and the other two. . . 

If the j coefficients are such that a weight vanishes (see also Footnote 4), that particular 

field equation drops out from the Euler equations and must be viewed as being satisfied a 
priori. For example, in the potential energy functional, un = wj = «i s - 0, and only the 
equilibrium condition in terms of <r u remains in the Euler equations. This interpretation 
points the way for constructing V of Eq. 15 by the method of weighted residuals. 

5.5 Functionals without Independent Displacements 

The foregoing theory applies to functionals where the displacements u are independently 
varied. Although this case includes the more practically important functionals for our pur- 
poses, for completeness we present the general parametrization of stress-strain functionals. 
Decompose U of Eq. 15 as U e +U u , where £/„ contains the strain energy due to displacement- 

derived strains: 

U u = (ill* + ; 2 3 o' + i; 3 3<r“,e u )v = (div<r',u)v - K.»ls- ( 43 ) 

If we now assume that the equilibrium equations div a + b = 0 and traction boundary 
conditions <r„ = t hold a priori , U u may be dropped and we are left with the generalized 
complementary energy functional 

U _ U c = +Ji2(^e)v + -j;22( ffC i e )v* ( 44 ) 

Taking account of the a priori conditions, the first variation becomes: 

SU C = (j n e* +ji2e + * u J*)v + (ji2* + j22* e ,fe)v, ( 45 ) 

and for consistency we must have j u + J12 = in + J22 = 0- ^ follows that U c may be 
represented as in the matrix form of Eq. 21 with a J that depends on a single parameter: 


[ 0 0 oj 

Here p = 0 gives the classical principle of total complementary energy whereas p = 1 
gives the functional jV(<i\e) listed on p. 117 of Ref. 18. 

6. FINITE ELEMENT DISCRETIZATION 

In this section assumptions invoked in the finite element discretization of the functional 
II d for arbitrary J are stated. Following usual practice in finite element work, the components 
of stresses and strains are arranged as one-dimensional arrays while the elastic moduli in E 
are arranged as a square symmetric matrix. In the sequel, and unless otherwise noted, we 
consider an individual clement of volume V and surface S : S t U S d U S it where 5, is the 
portion of the boundary in common with other elements. 

6.1 Boundary Displacement Assumption 

The. boundary displacement assumption is: 

|d = N d v] s . ( 47 ) 

Here matrix N d collects boundary shape functions for the boundary displacements d 
while vector v collects the “visible” degrees of freedom of the element, also called the connec- 
tors. These displacements must be unique on common element boundaries. This continuity 
condition is met if the displacement of a common boundary portion is uniquely specified by 
degrees of freedom located on that boundary. There are no derived fields associated with d. 
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6 * 2 Internal Displacement Assumption 

The displacement assumption in the interior of the element is 

(u = N u q) v , 

N S- C ° lle ? 8 intCrnal displacement sha P e functions and vector q collects 
generalized coordinates for the internal displacements. The assumed u need not be continuous 
across interelement boundaries. The displacement derived fields are 

(e“ = DNq = Bq) v , (<r“ = EBq)y. (49) 

field UP XT thC FF “ d ANS we break up the internal displacement 

^ u b decomposed - - id b ° d - — -*». - d £ 
u =N r q r + N < .q c + N fc q v ( 50 ) 

Applying the strain operator D = I(V + V T ) to u we get the associated strain field: 
e“ = DN r q r + DN c q c + DN*q h = B r q r + B e q e + B h q fc . ( 51 ) 

to sel^B ' • b ~ U " Nr COnUinS ° n,y rigid bod y ^des. We are also free 
with ' " ? , C * * ‘ dentlty matruc 1 * the generalized coordinates q c are identified 

with the mean (volume-averaged) strain values e\ Consequently Eq. 51 simplifies to 

e“ = e“ + e^ = r‘ + B ( ,q fc , (52) 

in which 

q c = e“ = (e>/„, (Bfc)v =s 0, (53) 

hiT m “ S* elemCnt V ° IUme measure - The 8econ d relation is obtained by integrating 

the hitrher ° d ** j- T** ^ ^ noting that “ arbitrary. It says that the mean value of 

« Jssrni* - ^ e * iirf *■“ **~°-***« 

6-3 Stress Assumption 

The stress field will be assumed to be constant over the element: 

(* = *) v - (54) 

forrmdi 18 s “ fficient to instruct high performance elements based on the free 

formulation developed ,n Refs. 4-8. As discussed in Ref. 11, the inclusion of higher ord« 

divergence free but^h m Eq> 56 “ computationally effective if these modes are 

dimer; t To'»f;n* zr “ to *• *-•«« 

(e a = e a = E~‘ff) v . ( 55 ) 

6*4 Strain Assumptions 

« Jo' ‘ pli ‘ 1 " , ° * ** 5 - • — 

(e = e + e d = e + A d a) v , ( 56 ) 

element:” A * C ° lleCtS deviatoric strain modes with mean zero value over the 

(A d)v ~ 0, (57) 

and a collects the corresponding strain mode amplitudes. The only derived field is: 

(<r = Ee = Ee + EA<fa)y. ^g^ 
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7. UNCONSTRAINED FINITE ELEMENT EQUATIONS 


We shall assume that all elastic moduli in E are constant over the element. Inserting 
the above assumptions into n d with the modified forcing potential of Eq. 19, we obtain a 
quadratic algebraic form which is block-sparse because of the conditions stated in Eqs. 53 
and 57. Rendering this form stationary yields the finite element equations. 


j'uvE 1 

jl 2 vl 

0 

-pf 

j l3 v I-P* 

-pf 

L r 1 


r 0 ' 


' 0 > 

invl 

j22t>E 

0 

0 

723^1 

0 

0 


e 


0 

0 

0 

722^4 d 

0 

0 

J 23 R T 

0 


a 


0 

-P, 

0 

0 

0 

0 

0 

0 


Qr 

► = < 

f qr } 

~ Pu 

.723^1 

0 

0 

J 33 VE 

0 

0 


e“ 


f<ju 

-Ph 

0 

J 13 K 

0 

0 

J 33 K qh 

0 


q h 


f qh 

L 

0 

0 

0 

0 

0 

0 . 


k V y 


u 


(59) 


where: 

K,), = (BJEBh)v = Kj,, K ttli = (AjEAjJv = K^, R = (BjEAd)v, 

L = |Nj n U, Pr = (Nfj s. P c = [Nf„U. P^ = [NLl s, (60) 

f r = (N*b) v , fq = (N^b)v, U = (Klb) v , fv = [NjtU, 


in which N dn denotes the projection of shape functions Nd on the exterior normal n, and 
similarly for N r , N c and N^. Those coefficient matrix entries that do not depend on the j 
coefficients come from the last boundary term in Eq. 19. 

7.1 The P Matrices 

Application of the divergence theorem to the work of the mean stress on e u yields: 


(<r,e u )v = (<r,e“ + = u<r T e“ + <r r (B fc )vq h = 

= [*n.u] s = [*,„N r q, + N c e u + N*q fc ] s = 5 T (P r q r + Pee* + P H q h ). 


(61) 


Hence P r = 0, P c = vl, P^ = 0, and the element equations simplify to: 


’ invE” 1 

invl 

0 

0 

(il3 - l)vl 

0 

1/1 


' a > 


' 0 ' 

;i 2 vl 

J22VE 

0 

0 

]23Vl 

0 

0 


e 


0 

0 

0 

;22Kad 

0 

0 

/ 23 ft r 

0 


a 


0 

0 

0 

0 

0 

0 

0 

0 


qr 

> = < 

f qr 

(j*13 - 1)^1 

J23^I 

0 

0 

J 33 VE 

0 

0 


e tt 


fqu 

0 

0 

J 23 R 

0 

0 

JzzKqh 

0 


q* 


f qk 

L 

0 

0 

0 

0 

0 

0 . 


, V ; 


tv 


(62) 


The simplicity of the P matrices is essentially due to the mean-plus-deviator splitting 
of Eq. 52 for e u . If this decomposition is not enforced, P r = 0 but P c = (B c )v = uB c and 
P* = (B k )v. 


8. KINEMATIC CONSTRAINTS 

The “tricks” we shall consider here are kinematic constraints that play a key role in the 
development of high-performance FF and ANS elements. These are matrix relations between 
kinematic quantities that are established independently of the variational equations. Two 
types of relations will be considered. 
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Constraints Between Internal and Boundary Displacements 

Relations linking the generalized coordinates q of Eq. 48 and the connectors v were 
introduced by Bergan and coworkers in conjunction with the free formulation (FF) of finite 
elements (Ref. 5). For simplicity, we shall assume that the number of freedoms in v and q is 
the same; removal of this restriction is studied in Ref. 11. By collocation of u at the element 
node points one easily establishes the relation: 


v - G r q r + G e q c + G*q k = Gq, (63) 

where G is a square transformation matrix that will be assumed to be nonsingular. On 
inverting this relation we obtain 


1 =Hv, 

or 

q = i 

qr 1 
A U 

1 * 1 


*H r " 

H c 



1 

[<lh J 

1 

Lh*. 


(64) 


The following relations between L (defined in Eq. 60) and the above submatrices hold 
as a consequence of the individual element test described in section 9.3: 


L G r — 0, L r G e = t»I, vH e = L r . (65) 

If the splitting of Eq. 52 is not enforced, however, the last two become: 

= PcH c + P A Hh = L r or P c = L t G c . (66) 

Since P c = uB e , these relations coalesce (see Ref. 5). 

8 ' 2 Constraints Between Assumed Deviatoric Strains and Boundary Displacements 

Constraints linking e to v are fundamentally important in the ANS formulation. The 
effect of these constraints in a variational framework is analysed in Refs. 15 and 16. In 
the present study we depart from previous work in that only the deviatoric strains, e d , are 
assumed linked to v, whereas the mean strains e ore obtained variationally. Consequently 
we shall postulate the following relation between assumed deviatoric strain amplitudes and 
nodal displacement connectors: 

a = (67) 

where Q is generally a rectangular matrix determined by collocation, least squares or other 
fitting methods. An example of the construction of Q is given in section 11.4. The individual 
element test described in section 9.3 requires that Q be orthogonal to G r and G c : 


QG, = 0, QG C = 0. 


(68) 


8*3 Limitation Principles 

Strain assumptions made concurrently with displacement assumptions -onfined by 
limitation principles similar to those stated by Fraeijs de Veubeke for stress-displacement 
mixed elements (Ref. 13). This issue was discussed in Ref. 15 for a more restricted strain 
displacement hybrid formulation. Limitation principles for the general formulation presented 
here remain to be studied. 
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9. VISIBLE STIFFNESS EQUATIONS 

On enforcing the constraints a = Qv, q r = H r v, q c = H c v = t; 1 L r v, and q K = H *v, 
through Lagrange multiplier vectors A a , A r , A c , and A*, respectively, we get the augmented 

finite element equations 



Condensation of all degrees of freedom except v yields the visible 4 5 element stiffness 
equations: 

Kv = (K„ + Kh)v = f, (70) 


where 


Ki = v - 1 LEL t , 

K„ = j3sHfK, fc H k + y 23 (H?RQ + Q r R r H fc ) + i M Q r K a(1 Q, 

f = f. + Hff, r + v~ l l, T f qc + Hfo*. 


(71) 

(72) 

(73) 


Following the nomenclature of the free formulation, we shall call Kt the basie stiffness 
matrix and the higher order stiffness matrix. 


9.1 Relation to Previous HP Element Formulations 

If J = of Eq. 33. J33 = 1- 7, hi - hi = 0, and we recover the sealed free formulation 

stiffness equations considered in Refs. 6, 8 and 10: 


Kh = (1 - 7 ) 1 — Tf > 0. (74) 

On the other hand, if we take J = J Q as given in Eq. 38, hi = J33 = hi = 0 111(1 we 

obtain: 

Kfc = <xQ T K ad Q, a > 0, (75) 

which is similar to the stiffness produced by the ANS hybrid variational formulation studied 
in Refs. 15-16, in which the forcing potential P* was used instead of P d . The variant of ANS 
considered herein will be called the assumed natural deviatorte strain (ANDES) formulation 
in the sequel. The name is apt in the sense that what is being assumed are deviatoric rather 
than total strains, and that this assumption only affects the higher order stiffness. 

But the term with coefficient j 2 3 in Eq. 72 is new. It may be viewed as coupling the FF 
and ANDES formulations. It is not known whether Eqs. 70-73 represent the most general 
structure of the visible stiffness equations of HP elements. 


4 The qualifier “visible* emphasizes that these are the stiffness equations other elements “see", 
and, consequently, are the only ones that matter insofar as computer implementation on a 

displacement- based finite element program. 
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9.2 Recovery of Element Fields 

For simplicity suppose that the body forces vanish and so do f f and f h», 

£ 

7=Ee, a = Qv, q r = H r v, e» = e, q„ = H*v, 

A. - 0»K od Q + J 33 R H*}v, A r = 0, A c = 0, A* = fosRQ + *,K,*H*)v. (?6) 

Eq. 76 show that the mean strains e 5“ and — rr-i-= : ., , , 

the mean stresses. But if the body forces do not vanish, the mean stiL“ Ind ^ 

recovered from different fields will not generally agree. StmnS 

fields 6^^* 4 T 2er0 Lagrange mU,tipUer vector fla *» » deviation of the associated 

^ re8Ult When —« the unstrained 

9 - 3 The Individual Element. TW 

COn . Clud l th c general formulat| on. we investigate the conditions under which HP ele- 

described L £fs “““f T* ^ indiVidUal e,ement 1684 ° f Ber *“ - d Hanssen 
described in Refs. 3-6. To carry out the test, assume that the “free floating” element 6 under 

body f„«„ U to . ... .tod,, 

he following data m the left-hand side vector of Eq. 69: 

e = E -1 


0=0 0 


*0, 


a/,-0, q r = arbitrary, e u = e“ = E -1 ff 0 , q fc = 0, 


A.-0, A r = 0, A c = 0, A/, = 0, v = G r q r + G e e“ = G r q r + G e E 


*0- 


vanish’ ^Sor f X T *7** ** *" ° n the right * hand ** 

rpv- f ^ v Then the orthogonality conditions in Eqs 65 and 68 em 

1 ! p “^ “■* * “V «1I b. toto Z.Z. L™!™* '; 

can be found for specific problems such as shells. circumstances 

10. DISCUSSION 

^rP ™ ~ 3 

E , a.trix hr. , dm,,. „ no y ccffictonto m to 

,h ” * -UbPh. K by raisin, i„ „J, ""hr “r^c, ™ ‘ T £ 

mixabihty” requirement of T able 1 is fulfilled without tears. Ht 

* Mathematically, the entire element boundary is traction-specified, i.e., S = S. 

Except in simplex elements, for which K = K*. * * 
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10.1 Iha Frw Formulation 

The present methodology was initially pursued to justify vaxiationally the original FF 
— o) of Ref. 5, as well as the scaled FF (7 # 0) of Refs. 6-8. Thus, it is not surprising that 
those element construction techniques fit naturally in the present variational framework by 
simply taking J = J 7 . The extended FF described in Ref. 11 aims to remove the restriction 
that the dimension of vectors q and v be the same. One of the techniques advocated to 
allow dim(q) > dim(v) involves extending Eq. 54 with deviatoric stress assumptions, and 
thus requires a generalization of Eqs. 59 and 62. Whether such a generalization is practically 
worthwhile is unclear. 

10.2 The ANS Formulatio n 

The conventional ANS formulation as presented in Refs. 1 and 19 constructs total strain 
fields e (not necessarily bitegrable into displacements u*) gaged through generalized strain 
coordinates a as e = Aa. These coordinates are eventually linked to the connectors v 
via matrix expressions of the form a = Qv, leading to an element stiffness of the form 
K = Q r K 0 Q, where K a is tl^ generalized stiffness in terms of a. The restriction to deviatoric 
strains in section 6.4 is motivated by two interrelated factors: (a) the strain assumed stiffness 
“flows” to the higher order stiffness, where it can be naturally scaled by using J = J a , and 
even intermixed with FF contributions as Eq. 72 shows; and (b) the basic stiffness of the 
element, derived separately, can be used to insure convergence. 

10.3 Projectors and S/R Integration 

The so-called “B-bar” approach is based on expressing the element strains as 8 

e = Bv (78) 

where I, which cuts off the “harmful” portion of B u , is constructed by various ad-hoc devices 
such as strain projection, selective, and/or uniform reduced integration. These time-honored 
schemes are well covered in Ref. 14. They are easily included in the present setting if B 
admits the decomposition __ 

B = B + AdQ, ( 79 ) 

where Q is not position dependent and e = Bv provides the mean strains, which are discarded 
in favor of Eq. 76. This decomposition can be usually carried out in several ways. 

11 . EXAMPLE: A 9- DOF ANDES PLATE BENDING TRIANGLE 

The first element constructed with the ANDES formulation is a three-node Kirchhoff 
plate-bending flat triangle with the usual nine degrees of freedom. The derivation is briefly 
covered to illustrate the essential steps in forming the higher order stiffness of such elements. 
These steps are outlined in “recipe” form in Table 3, which restates the arguments of section 
6.4 in a more physically oriented sense closely aligned with the terminology of Ref. 19. 

11.1 Geometric Relation s 

The triangle has straight sides. Its geometry is completely defined by the location of its 
three comers, which are labeled 1,2,3, moving counterclockwise. The triangle is referred to a 
local Cartesian system (x, y) which is taken with origin at the centroid 0, whence the corner 
coordinates z t , y, satisfy the relations x x + x 2 + x 3 = 0 and yi + Vi + S/3 = 0- Coordinate 


* This is a slight variation from the usual notation, necessitated by the use of the single overbar 
to denote average or mean values. 


209 



Table 3 - Construction of K* by the ANDES Formulation 


Step 1 Select reference lines (in 2D elements) or reference planes (in 3D 
elements) where “natural straingage” locations are to be chosen. By appropriate 
interpolation express the element natural strains 7 in terms of the “straingage 
readings" g at those locations: 

< = A«g, (go) 

where e is a strain field in natural coordinates that must include all constant 
strain states. (For bending elements the term “strains" is to be interpreted in a 
generalized sense, vtz. curvatures.) 

Step 2. Relate the Cartesian strains e to the natural strains: 


= Ag 




at each point in the element. (If e s c, or if it is possible to work throughout in 
natural coordinates, this step is skipped.) 

Step J. Split the Cartesian strain field into mean (volume-averaged) and devi- 
atonc strains: 

e = e + e d = (A+Aj)g, (82) 

where A = (TA ( ) v /v, and e d = A«,g has mean zero value over V. (This step 
may also be carried out on the natural strains if T is constant, as is the case for 
the element derived here.) 

freedom R€lat6 ^ natUral strain 8 a 8 e readings g to the visible degrees of 

* = Q v (83) 

where Q w a straingage-to-node displacement transformation matrix. Techniques 
by which this is accomplished vary from element to element and it is difficult 
to state rules that apply to every situation. In the element derived here Q is 
constructed by direct interpolation over the reference lines. (In general there is 
no internal displacement field u* such that e = Du', so this step cannot be done 

the3« ) integrating thC Seld ° f Eq - 81 over the e,ement “ d collocating u' at 
Step 5. The higher-order stiffness matrix is given by 

K fc = aQ T K ad Q, where K a<f = A jEA d dV, (84) 

where a > 0 is the scaling coefficient supplied by the functional of Eq. 38. 


differences are abbreviated by writing x,-. = x, 
by the formulas: 


Xj , etc. The signed triangle area A is given 


2 A ~ Z2lV31 - X3iyil = x nyn - *«y 3 2 = Xi 3 ys3 - *2 3 yi 3 , ; 

and we require that A > 0. We shall also make use of dimensionless triangular coordinates 
fi, ft, ft linked by the constraint ft + ft + ft = 1. The following well known relation between 


210 



the area and centroid-originated Cartesian coordinates of a straight-sided triangle is noted: 


U = YA^ XiVk ~ XkVi + XVik + yXk ^' 


( 86 ) 


where », j and k denote positive cyclic permutations of 1, 2 and 3; for example, * = 2, j =3, 
Jfc = 1. Therefore dfr/dx = yy*/2.4 and df,/dy = x ki /2A. Other intrinsic dimensions and 
ratios used below are 


Uj = <*.y = 2A/lii, bij = (x.yz.k + y.,y .*)/<,,, 6,. = 4/ - *></. 

A,-y = bij/tij = (xijitis + yy.yjc.)/(xv, + y,y)> Ay, = 6y»/Ay — 1 — A,y, 
where lij denote the triangle side lengths, a*, are triangle heights, 6,-y and 6y< are projections 
of sides fit and jit onto s de ij, respectively, and the As are ratios of these projections to the 
side lengths. 

11.2 Displacements, Rotations, Side Coordinates 

Because we are dealing with a Kirchhoff element, its displacement field is completely 
defined by the transverse displacement tu(x, y) = w{$u £ 2 * ft)* positive upwards. The midplane 
rotations about x and y are 0 X — dwfdy and By = —dwfdx. The visible degrees of freedom 
of the element collected n v are: 

(88) 


v T = [ Wi 


w:\ 


*y3l 


xl 0yl w 2 0x2 "y2 

Over the three sidei 1-2, 2-3 and 3-1, traversed counterclockwise, we define the dimen- 
sionless side coordinates 1 2 » M 23 and /i 3 1 as follows: over side 1-2, M 12 varies from Mi 2 = 0 
at comer 1 to M 12 = 1 at comer 2. Thus, M 12 = f 2 when — 0. Relations for the other sides 
follow from cyclic permutation of subscripts. Then: 


-- — = x 2 i, 


= V21» 


dx 
dfX 23 

dy 

3^22 


= X 32 , 


= 1/32* 


dx 

31 

dy 

d/i31 


= X 13 , 


= yi3- 


(89) 


dx 
dli\2 
dy 

C*Ml2 

11.3 Natural Curvatures 

The second derivatives of w with respect to the dimensionless side directions will be called 
the natural curvatures and denoted by \ij = d 2 w j d^, 2 ^. Note that they have dimensions 
of displacement. The natural curvatures can be related to the Cartesian plate curvatures 
k xx = d 2 w/dx 2 y K yy = d 2 w/dy 2 and « zy = 2 d 2 wfdxdy, by chain-rule application of Eqs. 89: 





S 1 

Pw 

23 

d 2 y 

diZi 

The inverse of this relation is: 


1/232/13 

X23X13 


> = 


‘*21 

yh 

x 2 iy2i 

*32 

yh 

X 32 y32 

- X 13 

y?3 

xi 3 yi3 - 


P w 'i 


dx 2 


d 2 w 

1 

’dy T 

* “ 4 A 2 

0 d 2 w 

■ 

v dxdy J 



or, in matrix form 


y3iy2i 

X 31 X 21 

y3lXi2 + x l3 y 2 i 


* = T X . 


dP 1 


V12V32 
X12X32 

yi2x 23 + X2iy 3 2 J 


(90) 


d 2 w 

d 2 w 

3^23 

d\j 

diTi 
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11.4 Curvature Sampling 

c«rv a Iul re/erenCe “"'I referred , t0 in Table 3 « the ‘hree triangle sides. The natural 
curvatures are assumed to vary linearly over each reference line, an assumption which is 

ov,ously consistent with cubic beam-like variations of w over the sides. A linear variation on 
each side is determined by two straingage sample points, which we chose to be at the corners 

• . ° angle !! de the ^Parametric coordinates (, } that vary from -1 at corner 

to +1 at comer j. These are related to the M.y coordinates as = 2 M) . - 1. Then the 
natural curvature over side »'/ is given by the beam formula 


Xii dtfj Ui [^f ~ 1 ~T~?~ 3 &> + 1 ] 


U7, 

8ni 

Wj 

«n, 


(93) 


where 6 denotes the rotation about the external normal direction n on side xj. Evaluating 

oUtion! h MV!,,' r d “ by “ ttin8 ** = ±X conv crting normal rotations to x-y 
rotations, we build the transformation y 


r X 12 I 1 

V 1 1 


" —6 

-4y 21 

4X21 

6 

— 2y 2J 

2xji 
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0 

0* 

Xl2\2 
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6 

2y 2 i 

-2x 2 i 

-6 

4y2i 

-4x 2 . 

0 

0 

0 

X23| 2 

► = 

0 

0 

0 

-6 

-4y 32 

4*32 

6 

“2y 32 

2x 3 2 

X 23 I 3 


0 

0 

0 

6 

2y 32 

—2X32 

—6 

4y32 

-4x 32 

Xsila 


6 

“'2y l3 

2xi3 

0 

0 

0 

-6 

— 4y 13 

4X13 

• X3i|. - 


.“6 

4yi 3 

— 4x 13 

0 

0 

0 

6 

2yi 3 

“2x 13 b 


The left hand side is the natural strain-gage reading vector called g in Table 
we can express this as the matrix relation 


Wi 

8*1 

8y\ 

ID? 

8x2 
8y2 
W 3 
8x2 
8y2 ) 

(94) 
3 and so 


g = Qv. 


(95) 


11*5 Curvature Interpolation 

The six gage readings collected in g provide curvatures along the three triangle side 

7° “ nine t0 complete “ttl 

comiT vS 7 men , The 7 ree additional values « the natural curvatures at the missing 
* ° btam these valU “ y the following rule: Cylindrical bending with 

isSsrrr 9 ° stde dirtction * to ** exaeuy Aether way of 

“ . 7 CUrVatUre X * “ t0 be constant 410118 lines normal to side ij. This 

es the element insensitive to bad aspect ratios on “strip bending” if each element has a 

side oriented m the direction of the strip. element Has a 

To apply this rule consider side 1-2. The natural curvature XlJ = d*w/du* along this 
side ,s defined at nodes 1 and 2 by the first two rows of Eq. 94. For node 3 tZ * 


, d 2 w 

12 ls a 2 

d t*l2 


~ ^21 X 12 [ i + A.j X 12 I 2 • 


(96) 


7 h ”l T Xli “ d Ajl "* defined in Ec >- 87 - As we now know the values of X n = d*w/dn* at 
ee comers, we can use the standard linear interpolation over the entire triangle: 


X12 X12l.fi + X 12 1 2 f 2 + X12I3 fs = X12 j 1 (fi + A 2lf3 ) + Xnl, ( f2 + A.jfa). 


(97) 
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Proceeding analogously for the other two sides, we construct the matrix relation: 


(98) 

or 

x = A x g, * = TA x g (99) 

Because T is constant we can do Step 3 of Table 3 directly on the natural curvatures. 
Now A x (fi,f 2 l f 3 ) is a linear function of the triangular coordinates. Consequently, the mean 
natural curvatures can be simply obtained by evaluating A ^ at the centroid fi = ft — C3 = 
1/3. Let the corresponding matrix be A x . Then \ = A x g, and the natural deviatoric 
curvatures are given by 

Xd = (A x — A x ) g, (100) 

which transformed to deviatoric Cartesian curvatures «<*=* — * gives finally: 

= T(A x — A x )g = Ad g. (101) 

11.6 The Element Stiffness Matrix 

The basic stiffness matrix K*, is the same derived in Ref. 8 using the conventional FF 
and need not be rederived here. The higher order stiffness matrix is given by Eqs. 84, which 
for a plate bending element specializes to 


f X12 ] 

Ci + A21C3 

C2 + ^nC 3 

0 

0 

0 

0 

{ X 23 > = 

0 

0 

fa + A32C1 

f 3 + A 23ft 

0 

0 

1 X 31 J 

0 

0 

0 

0 

fa + A i 3 f 2 

Ci + A 31 ft a 


K„ = aQ r K 0 «Q = aQ T 



AjDAjdA 


Q, 


(102) 


where D is the Cartesian moment-curvature constitutive matrix resulting from the integration 
of E through the plate thickness: 


f m« 'I 

‘D n 

D\ 2 

D\z 

f K ** 1 

m - < rriyy > = 

D\2 

D 22 

Z?23 

{ *yv j 

l m *v J 

Du 

D 23 

Dzz . 

K K *v J 


(103) 


Because A<* varies linearly, if D is constant we could numerically integrate K a d in Eq. 102 
exactly with a three point Gauss rule, for example the three midpoint formula. The formation 
of the element stiffness is dominated by these calculations and it is of interest to derive K a( j 
in closed form. Such a derivation is found in Ref. 17. 

11.7 Preliminary Evaluation 

As of this writing, only a sketchy evaluation of the first ANDES element is available. We 
have found that for triangles with good aspect ratio their behavior is similar to that of the 
scaled FF element of Ref. 8, which is known to be an excellent performer. But the ANDES 
element shows less distortion sensitivity for high aspect ratio elements, as can be expected 
from its construction. Additional evaluation details will be reported in Ref. 17. 

These preliminary results are encouraging in that we now have two good stand-alone 
components (FF and ANDES) of K*. Thus, it is plausible that a weighted mix of these 
formulations as per Eq 72 can be used to squeeze the ultimate in performance for this very 
simple element. 
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12. CONCLUSIONS 


The results presented in this paper may be summarized as follows: 

1. The classical variational principles of linear elasticity may be embedded in a parametrized 
matrix form. 

2. The elasticity principles with independently varied displacements are members of a three- 
parameter family. Those principles without independent displacements are members of 
a one-parameter family. 

3. Finite element assumptions for constructing high performance elements may be conve- 
niently investigated in this family using hybrid forcing potentials. 

4. Kinematic constraints established outside the realm of the variational principle may be 
incorporated through Lagrange multiplier adjunction. 

5. The FF and ANS methods for constructing HP finite elements may be presented within 
this augmented variational setting. A variant of ANS, called ANDES, fits naturally 
in the decomposition of the stiffness equations into basic and higher order parts. In 
addition, combined FF/ ANDES forms emerge from the general parametrized principle. 

6. The satisfaction of the individual element test yields various orthogonality conditions 
that the kinematic constraints should satisfy a priori. 

7. The first ANDES element based on this formulation displays an encouraging stand-alone 
performance regarding distortion sensitivity. The weighted combination of this element 
with its FF counterpart remains a topic for further investigation. 
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Abstract— The assumed natural strain (ANS) formulation of finite elements has undergone rapid 
development over the past five years. The key formulation step is the replacement in the potential energy 
principle, of selected displacement-related strains by independently assumed strain fields in element na ur 
coordinates These strains are not generally derivable from displacements. This procedure was concei ed 
as one of several competing methods with which to solve the element locking problem. Its most noteworthy 
feature is that unlike many forms of reduced integration, it produces no rank deficiency; furthermor. 
it is easily extendible to geometrically non-linear problems. Many original formulations were not based 
on a vanauonal pnnctple. The objective of Part I is to study the ANS formulation from a vanat.ona 
standpoint. This study is based on two hybrid extensions of the Reissner-type functional thatusesstrans 
and displacements as independent fields. One of the forms is a genuine variations! principle that contains 
an independent boundary traction field, whereas the other one represents a restricted vanational principle^ 
Two procedures for element-level elimination of the strain field are discussed, and ° ne ‘J*™ '* 
shown to be equivalent to the inclusion of incompatible displacement modes. In Part II [C Mill el o and 
CA.VelipptL^ Compui. Struct. 34. 439-444 (1990)]. the four-node C° plate bending quadrilateral element 
is used to illustrate applications of this theory. 


1. INTRODUCTION 

The assumed natural strain (ANS) formulation of 
finite elements is a relatively new development. A 
restricted form of the method was introduced in 1969 
by Wiliam [1], who constructed a four-node plane- 
stress element by assuming a constant shear strain 
independently of the direct strains and using a 
strain— displacement mixed variational principle. A 
different approach advocated by Ashwell [2] and co- 
workers regarded ‘strain elements’ as a way to obtain 
appropriate displacement fields by integration of 
assumed compatible strain fields. These and other 
forms of assumed strain techniques were overshad- 
owed in the 1970s by developments in reduced and 
selective integration methods, but have recently be- 
gun to attract attention [3-7]. The primary motiv- 
ation behind recent work has been the construction 
of simple and efficient finite elements for plates and 
shells that are locking-free, rank sufficient and distor- 
tion insensitive, yield accurate answers for coarse 
meshes, fit naturally into displacement-based pro- 
grams, and can be easily extended to non-linear and 
dynamic problems. Elements that attain these at- 
tributes are collectively known as high performance 
elements. 

Over the past 20 years investigators have resorted 
to many ingenious devices to construct high- 
performance elements. Among the most successful 
ones we can mention patch-test- verified incompatible 
displacement models, reduced and selective integra- 


tion, mixed and hybrid formulations, stress projec- 
tors, the free formulation, and assumed natural 
strains. The underlying theme is that although the 
final product may look like a standard displacement 
model so as to fit naturally into existing finite element 
programs, the conventional displacement formu- 
lation is abandoned. (By ‘conventional’ we mean the 
use of conforming displacement assumptions into the 
total potential energy principle.) 

Another common historic trend is that certain 
deviations from the conventional formulation were 
initially made without variational justification and in 
fact labelled as ‘variational crimes’ by applied math- 
ematicians. In some cases, such as reduced numerical 
integration, reconciliation was achieved later after 
surprisingly good results prompted explanation. In 
other cases, notably non-conforming elements and 
the patch test, a comprehensive mathematical theory 
is still in the making. 

The present paper seeks to interpret the assumed 
natural strain (ANS) formulation from a variational 
standpoint. The justification is based on hybrid ex- 
tensions of the Reissner-type functional that uses the 
strains and displacements as independent fields. We 
restrict our considerations to linear elasticity 
although the straightforward extension to geometric 
non-linearities is one of the strengths of the ANS 
formulation. In Part II, the four-node C° plate- 
bending quadrilateral is used as a specific example to 
illustrate the application of the present variational 
interpretation. 
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2. PROBLEM DESCRIPTION 

2. 1 . Governing equations 

Consider a linearly elastic body under static load- 
ing that occupies volume V. The body is bounded by 
the surface S , which is decomposed into S: S u u S t . 
Displacements are prescribed on S u whereas surface 
tractions are prescribed on S t . The outward unit 
normal on S is denoted by n sn f . 

The three unknown volume fields are displace- 
ments u si/,, infinitesimal strains e s e t) , and stresses 
<r =(T, r The problem data include: the body force 
field f =/ in F, prescribed displacements u = u t on S ut 
and prescribed surface tractions t = 1, on S t . 

The relations between the volume fields are the 
strain-displacement equations 

£ = \(Vu + V r u) = Du 
or 


2.2. Notational conventions 

An independently varied field will be identified by 
a letter without superscript, for example u, £, a. A 
dependent field is identified by writing the indepen- 
dent field symbol as a superscript. For example, if the 
displacements are independently varied, the derived 
strain and stress fields are denoted by 

£ U = K V + V> = Du 

<r u = Ee u = EDu. (7) 

Given a finite element subdivision of V , quantities 
pertaining to the eth element will be identified by 
superscript (e), for example u <f \ wherever appro- 
priate. At the interface between two elements e and 
f superscripts (ef) and (/<?) will identify interface 
quantities considered as part of e and /, respectively. 


£ >y * + u ;j) in V (1) 

(where superscript T denotes transposition), the 
constitutive equations 

<y = E£ 

or 

= E,jki*kt in K 

and the equilibrium (balance) equations 
— div <T = D*<7 f 


3. THE HU-WASHIZU AND REISSNER FUNCTIONALS 

In the conventional Hu-Washizu functional the 
displacements u, stresses a and strains e are indepen- 
dently varied. Arranging the strain and stress com- 
ponents as vectors, and the elastic moduli in E as a 
matrix, the functional may be expressed ast 


(2) 


L(U,£,«T) = J +(T r (£“-£) -f r u]dK 


-J K) r (u-u) 


dS 


t r u dS. (8) 


or 

= 0 in V. (3) 

in which D* = -div (divergence) denotes the adjoint 
operator of the symmetric gradient D = j(V + V r ). 
On S the surface stress vector is defined as 


From L one obtains the conventional stress- 
displacement Hellinger-Reissner functional by 
eliminating £ through the inverse of eqn (2), namely 
£=£ < ’ = E“ 1 <r. Another Reissner-tvpe, strain- 
displacement functional is obtained by eliminating <r 
through the constitutive relations (2), namely 
<x — <x' = E£, which yields 


= <7 * n or a Ht = <r n n r (4) 

With this definition the traction boundary conditions 
may be stated as 

<r„ = t or a if n } = /, on 5„ (5) 


.£)= j* [-jt r E£ +t T Et u -( r u]dV 

- I (ff ‘.) r (u - u) d.S - t r u dS. (9) 

J s* « S P 


and the displacement boundary conditions as 

u — u or u, = u, on S lt . (6) 


Setting £=£ u reduces R to the potential energy 
functional 


t There are several equivalent statements of this func- 
tional, differing from one another in transformations based 
on the divergence theorem. For example in Curtin (8, p. 122] 
the stress divergence appears. Some authors attribute this 
specific functional to Fraeijs de Veubeke. who indeed pub- 
lished a version of it in 1951. four years before Hu and 
Washizu. 


P{ u) = 


[^(£ u ) r E£ ,< -f r u]dF 


((T;) r (u-u) dS 


Js u 



(10) 


generalized with an S u term over its usual expression. 
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4. HYBRID FUNCTION ALS 


4.2. First variation 


4.1. Independent boundary tractions 

If the functional (9) is used to construct finite 
elements, the displacement field u should be continu- 
ous in V because of the presence of e u , whereas the 
assumed strain field may be discontinuous. To ac- 
count rigorously for displacement discontinuities it is 
necessary to add the interelement surface tractions t 
as a new independent field which plays the role of 
Lagrange multiplier. Let S, denote the union of 
interelement boundaries traversed twice (one for each 
adjacent element); on S ; neither displacements nor 
tractions are prescribed. Then R expands to the 
hybrid functional 


H( u, £, t) = *(u, O- 


t r u d S. 


(ID 


For later reference we note the specialization i s£ u 
of eqn (11) to the generalized potential energy func- 
tional of Jones [9] 


P( u, t) = />( u) 


f t r u d S, 


( 12 ) 


The first variation of //, 

SH = S U H + <5«// + 


(14) 


yields the Euler equations and interelement linking 
conditions, which are underlined in the expressions 
below. The three components of SH are 


■"-I, 


Mf-jV 


(Vff‘-f) r <5udK 


j* «- t) r c5udS 


J" «,-t) r c5udS 

(15) 

E(e“ — t) r St' dV 


| (u-u) r <5(E<)„dS 

(16) 

u r i5td5. 

(17) 


where P(u) is given by eqn (10). 

The meaning of the integrals in H may be illus- 
trated by the two-dimensional mesh of Fig. 1: 


1 ,£ 1 ■ 

JV e J J 

f =x f = f + f + 

Js. , Js':' Jii" Jy." Jsi 

f =1 f = f + f + f 

Js, < Js 1 ," Js*, 11 J: 1 2> Jsi 

Is, iL « 


SIU) J 5(2.0 


(13) 


5(2-3) 


S<32) 


Note that there are two contributions to the element 
interface integrals, one from S U H and another from 
S t H. Putting the parts together and decomposing into 
element-pair contributions we obtain 

J [(** — t) r <5u + u r <5t] dS 
= £ I [«‘" T du‘‘ ) -0‘y' r du' ,) -& nr Svf' ) 

ej J 5W3 

- t (e)T Su U) + u [ ^ r 5 t en + d nr St /e) ] d 5. (18) 

In the absence of applied internal tractions, interele- 
ment equilibrium requires t rf) = — which substi- 
tuted into eqn (16) reduces the right-hand side to 


where element identification conventions stated in 
Sec. 2.2 have been followed. It is seen that in the 
integrals over V, S u and S f each element appears once, 
whereas in S, adjacent elements appear twice. 



V„* ,r 8 u tr) - <s ^ 5 u if) - t €f)T 6 (u (f 1 - u l/) ) 
x +(u ie) -u W) T 8 


dS. (19) 



Fig. 1. Simple finite dement mesh to illustrate computation 
of integrals in H. 


If we assume a compatible displacement field, 
u ( ° = u f \ the above equation reduces to 

V I (fff , -<r‘J n ) r <)u (r 'd5, (20) 

ej Jsi'-n 

which means that the interelement equilibrium con- 
dition appears as the Euler equation corresponding 
to the variation of the interface displacements. 


CAS 34/ ) — F 
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4.3. A restricted variational principle 

If the displacement field is incompatible we should 
in principle retain t as an independent boundary 
traction field satisfying t* f) = -t< A) over interelement 
boundaries. One way to achieve this is to assume a 
continuous stress field a* over element boundaries, so 
that 


t' f) = <r * * n^ ) = <x* ie) 

t /e ' = <r* vt ( 21 ) 

The presence of an independent boundary traction 
field is computationally disadvantageous because ad- 
ditional degrees of freedom must be retained on 
elements sides. This contradicts one of the tenets of 
high-performance element construction noted in the 
Introduction. It would be more convenient if <j* 
could be identified with the strain-derived stress field, 
that is, <r* =* <s ( * E£ on S (y because we would have 
only two independent fields, u and £, as in eqn (9). 
The strain freedoms can be eliminated at the element 
level as explained in Sec. 6, and we are left with 
standard displacement connectors. The correspond- 
ing functional is 


R{u ,€) = /* 


J (etfudS, 


( 22 ) 


but in general a l n is not continuous between elements. 
One can argue, however, that continuity is achieved 
in the limit of a converged solution. A variational 
statement such as SR =* 0 is called a restricted vari- 
ational principle [10, Chapter 1 1] because the govern- 
ing field equations of Sec. 2.1 are only satisfied at the 
exact solution. Away from it, dR = 0 generally 
violates interelement equilibrium field equations 
although it may provide satisfactory numerical 
approximations. 

Stress-displacement (rather than strain-displace- 
ment) functionals of this form have been used by 
Pian and Chen [11, 12], who transform the interface 
integral into an element volume integral and in doing 
so introduce a stress divergence term. 

4.4. Finite element classification 

Finite element models derivable from R , R and H 
may be classified into several types according to the 


number of independent fields and the continuity 
conditions on those fields. Following are some gen- 
eral comments on the most interesting combinations, 
which are summarized in Table 1. 

(1) Continuous displacements . The independent 
boundary field t is not needed, and we can work with 
the mixed functional R . If the strain field is discon- 
tinuous, strain freedoms may be eliminated at the 
element level as explained in Sec. 6. Continuous 
strains are in principle possible but impractical in 
general structural applications where material inter- 
faces, plasticity, and sudden thickness or area 
changes may occur. 

(2) Discontinuous displacements. The displacement 
field contains conforming and non-conforming 
portions. Assumed strains are discontinuous and may 
be eliminated at the element level. Displacement 
degrees of freedom associated with non-conforming 
modes may also be eliminated if separable. The 
governing functionals are R or H. With the latter an 
independent traction field t is required; degrees of 
freedom associated with t must be retained at the 
assembly level. 

In practice elements are often constructed as a 
combination of these types with conventional dis- 
placement models. Thus part of the strain field may 
be considered as completely derivable from displace- 
ments and part as independently assumed, as dis- 
cussed in Sec. 8. This was in fact the scheme originally 
used by Wiliam [1]. The C° plate bending quadrilater- 
als studied in Part II provide another important 
example. 


5. DISCRETIZATION 


5.1. Assumptions 

In this section the finite element discretization of 
the hybrid functionals H and R is studied. That is, 
we focus attention on element types labeled (III) and 
(IV) in Table 1. In the following it will be assumed 
that the displacement boundary conditions are ident- 
ically satisfied by u, whence the strain-displacement 
hybrid functionals reduce to 

tf(u,£,t) = J [£ r E(£“-f£)-f r u]dK 

-J t r ud5-| t r udS (23) 


Table 1. Assumed strain finite element models derivable from R , H and R 


Element 

type 

Governing 

functional 

Independent 

fields 

Interelement 
continuity ont 

U £ t 

Element 

connected 

fields 

Element 

condensable 

fields 

(I) 

R 

U, £ 

c 

d 

u 

£ 

(II) 

R 

U, £ 

c 

c 

U, £ 


(HI) 

R 

U, £ 

d 

d 

u : 

£ 

(IV) 

H 

'U, £, t 

d 

d c 

«4t 

£ 


+ c =■ continuous, d = discontinuous. 

♦ Conforming part only if separable as per eqn (33). 
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/?(u,t) = 


f [£ r E(t“ — s«) — f r u] d V 


t r u dS 


(ff‘) r ud S. (24) 


The framework used here accommodates both con- 
tinuous and discontinuous displacements. The FE 
assumption may be written 


Observe that eqn (28) results on substituting Ls by 
R r a in eqn (27). Making these forms stationary yields 
the linear systems 


"-C 

p 

0 “ 

f a l 


'°1 

P r 

0 

-L 

v 


p 

0 

— L r 

0 

I s ! 


[®J 



(3D 


u = Nv in V 

t =* Aa n V 

t = Ts on 5, (25) 

Here matrices N, A and T collect displacement shape 
functions, assumed natural strain functions and inter- 
face traction functions, respectively, whereas column 
vectors v, a and s collect nodal displacements, strain 
amplitudes, and interface tractions amplitudes, re- 
spectively. The derived fields in V are 

i u m DN* — Bv 

<* u = EB> 

or £ = E £ - EAa. (26) 

5.2. Discrete equations 

On inserting the assumptions (25) and (26) into 
(23) and (24) we obtain the bilinear algebraic forms 


for eqns (27) and (28), respectively. In both cases the 
first matrix equation is the discrete analog of eqn (16), 
and expresses internal compatibility. The second 
matrix equation is the analog of eqn (15) and 
expresses internal and boundary equilibrium and, in 
the case of eqn (31), approximate boundary compat- 
ibility. The third matrix equation in eqn (30) is 
the analog of eqn (17) and expresses boundary 
compatibility. 

5.3. Displacement field decomposition 

With a view to further developments the assumed 
displacement field is decomposed as 

U = u f + u rf , (32) 

where u r is continuous (compatible, conforming) in V 
and \x d discontinuous (incompatible, non-conform- 
ing) on S f . It will be further assumed that this 
decomposition can be effected in terms of the shape 
functions, i.e. 

u = N r v f + (33) 


tf(v, a, s) = -ia r Ca 4 a r Pv - v r Ls - v r p (27) 
tf(v, a) = — Ta r Ca 4- a r (P - R)v - v r p 

= - a r Ca 4* a r Pv - v r p, (28) 

where 


where the y d freedoms are defined element-by-element 
and may in principle be condensed out. This assump- 
tion holds for elements in which non-conforming 
shape functions are "injected 1 over a compatible 
set. For the H functional, as shown in Sec. 4.2, 
the S , integral vanishes exactly for the conforming 
displacements: 


C = 


A r EA dV = C r 


P=j A r EBdF 
L = j N r T d.S' 
r (EA)„ r NdS 


R = 


P = P-R 


P = 


N r fdK+| N r t dS. 

]v Js- 


j t r u r = 0. (34) 

On the other hand, for R the corresponding S, 
integral also vanishes at the converged solution. 
Taking this into account, eqns (30) and (31) expand 
to 

“-C P f Pi O' 

Pf 0 0 0 

PJ o 0 -L d 

_ o o -l; o 


-C 

Pc 

p; 

J a j 

0] 

p ! 

0 

0 




0 

0 

[v] 1 

[pj 



(36) 
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in which P d — P^ — R^, and where c - and ^-sub- 
scripted matnces and vectors are given by integrals 
similar to (29) in which N is replaced by N c and N rft 
respectively. 


then the relation (40) may be interpreted as a vari- 
ationally-consistent constraint on non-conforming 
displacements. In effect, the first equation of (35) 
becomes 


6. strain elimination 

The strain degrees of freedom may be eliminated at 
the element level by static condensation or by enforc- 
ing kinematic constraints. These two techniques are 
studied below. 

6.1. Static condensation 

This is a well known variationally consistent pro- 
cedure which will be illustrated for the system (30). 
From the first matrix equation get a at the element 
level: 

a = CPv = Q,y ( 37) 

Substitution into the second equation gives 



( P c-CQ c )v, + (Pj — CQjv, = 0, (41) 

whence 

v '= - (P* - CQJ “ '(P, - CQ f )v f = Wv f 
a = (Qc + Qa W)v r = Qv f . (42) 

If (as often happens) Qj = 0. Q = Q Replacing the 
constraints (42) into the discrete form //(a, v.. v^, t) 
and setting its first variation to zero yieldst 



where 

K* = Q r CQ 
L* = W% 


where K = P r C~ ‘P = P r Q, = QfCQ, is a stiffness 
matrix. Similarly, eqn (31) condenses to 

K* = P. (39) 

where K-Fc-'P.QfcQ, and O.-C 'P The 
separable non-conforming degrees of freedom if 
present, may be condensed out following a similar 
procedure. 

6.2. Kinematic constraints 

A second elimination procedure has been used 
recently in the construction of ANS C° plate and shell 
elements. It will be described by considering the 
system (35) that displays separable conforming and 
non-conforming displacement shape functions. A 
kinematic constraint that links strain to displacement 
degrees of freedom is established: 

a = Q<v f + Q*V (40) 

This relation may be constructed by collocation, 
least-square fitting or some other means. Often 
Q, = 0. For example, in the Bathe-Dvorkin ele- 
ment [3] studied in Part II collocation of natural shear 
strains is done at the quadrilateral midpoints. 

If the following conditions hold: 

(a) the dimensions of and a are the same so that 
Pd is square; 

(b) matrix P d — CQ d is non-singular; 


t One obtains K* = Q r (2P + 2P,W - CQ) which simpli- 
fies to eqn (44) because P^W = CQ - P 


P* = Pc + W r p,. (44) 

Similarly, for eqn (34) we get the stiffness equations 

= p*. (45) 

where R = Q r CQ, j n which Qj results on replacing P a 
by P d in eqns (41) and (42). 

Note that condition (a) above may be relaxed if the 
dimension of \ d exceeds that of a by selecting a subset 
of y d that satisfies (b), and statically condensing out 
the remainder. 

6.3. Relation to the strain projection approach 

If the dimension of a exceeds that of v rf (in particu- 
lar, if the assumed displacement field is conforming) 
the constraint (40) is in general inconsistent with a 
strain-displacement variational principle. In such a 
case a connection with other techniques for improv- 
ing element performance can sometimes be estab- 
lished. For example, suppose that the assumed strains 
£ are constant and equal to l over each element, and 
that the displacements are continuous. We can 
choose a = i, and A = I so that eqn (40) may be 
written 

£ = Bv. (46) 

This is the strain projection approach, also called 
averaged-B or the B approach. If B is determined by 
collocation at the element center, eqn (46) is equiva- 
lent to one-point reduced/selective integration on the 
potential energy functional; see e.g. Hughes’s text- 
book [13, Chapter 4]. 
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7. LIMITATION PRINCIPLE 

The famous limitation principle of Fraeijs de 
Veubeke [14] was originally stated for stress- 
displacement mixed finite elements, but holds for 
many strain— displacement elements as well. The prin- 
ciple is applicable when the displacement-derived 
strain field e u is contained in the assumed strain field 
c: 

£ b £ u = Du = Bv. (47) 

This inclusion can be expressed in matrix form as 

£ =Aa = Ba r + A T a,*[BA t ]|^|. (48) 


8. PARTIAL STRAIN ASSUMPTIONS 

It is common practice to assume only part of the 
strains to be independent fields. For example, in the 
C° plate bending element studied in Part II indepen- 
dent assumptions are only made for the transverse 
shear strains, whereas the bending strains are entirely 
derived from displacements. The partial strain 
assumption may be expressed as 



where independent strain assumptions are made only 
for £„ = Aa. For t b one has t b = t“ b . The R and H 
functionals require obvious modification in the 
volume term; for example. 


Here a, contains the same number of entries as v 
whereas A T , which may be empty, contains excess 
strain modes. Consider elements of type (III) based 
on the functional H. Inserting eqn (48) into (30) we 
obtain 


yf'w 

- f r uj 


dV + surface terms, (52) 



where 


C 


rr 


B r EB d V 
J V 


while for M an additional adjustment in the S, integral 
is required. The resulting principles take a particu- 
larly simple form if the constitutive coupling terms 
and vanish, in which case 

R = R a (u, t a ) + P b (u). (53) 

where R a is a mixed strain-displacement principle 
involving £„, and P b is a potential energy principle 
involving the t“ b strain energy. 


C 


r.r 


B T \:\ x dV 

Jf'* 


c 


T.T 


AfEA T dK. 


(50) 


The first two matrix equations give a r = v and a T = 0. 
Hence the system is equivalent to eqn (38) in which 
K - C rT is simply the potential energy stiffness matrix. 
Consequently the stiffness equations may be directly 
constructed from the generalized potential energy 
functional (12) and the independent strain assump- 
tion has no effect. Of course the conclusion only 
applies if the strain degrees of freedom are solved for 
in a manner consistent with the variational equations 
(49); for example by static condensation. If the 
derived field e u vanes over V, assuming a constant 
strain field l for t is a safe way to guard against the 
limitation pnnciple. 

A similar analysis of type (IV) elements on the 
# -derived system (31) shows that the limitation 
principle does not generally hold unless Rv = 0. For 
arbitrary v this implies that the interface integral 
vanishes, in which case H reduces to the mixed 
functional R. 


9. CONCLUSIONS 

The key results of the present study may be sum- 
marized as follows. 

(1) The mixed strain-displacement functional of 
Reissner type, /?, can be expanded to two hybrid 
functionals, H and H , to account for incompatible 
displacements. Whereas <5R=0^and SH = 0 are 
genuine variational principles, 5H = 0 represents a 
restricted variational principle. 

(2) Several types of assumed strain finite elements 
may be constructed using R , H or B. The most 
practical elements for inclusion into existing displace- 
ment codes are those (a) in which strain and non- 
conforming-displacement degrees of freedom can be 
eliminated at the element level and (b) which avoid 
surface traction connectors. 

(3) Strain degrees of freedom may be eliminated by 
static condensation or through kinematic constraints. 
The latter technique can be presented in a variation- 
ally consistent form if the conditions stated in Sec. 6.2 
hold, in which case it can be interpreted as a con- 
straint on non-conforming displacements. Special 
versions of this technique are closely related to the 
strain projection approach. 
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(4) Fraeijs de Veubeke’s limitation principle 
applies to finite element models derivable from func- 
tionals R and H if the strain elimination procedure 
is variationaily consistent. 

(5) The present variational formulations may be 
readily modified to account for partial assumptions 
on the strain field. 
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A VARIATIONAL JUSTIFICATION OF THE ASSUMED 
NATURAL STRAIN FORMULATION OF FINITE 
ELEMENTS— II. THE C° FOUR-NODE 
PLATE ELEMENT 

Carmelo Militello and Carlos A. Felippa 
Department of Aerospace Engineering Sciences and Center for Space Structures and Controls, 
University of Colorado, Boulder, CO 80309 U.S.A, 
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Abstract— In Part II the four- node C° plate bending element is used to explore some of the possibilities 
opened by the theory presented in Part I [C. Militello and C. A. Felippa, Comput . Struct. 34, 431-438 
(1990)]. This element is chosen because the version presented by Bathe and Dvorkin [Int. J. Numer. 
Meth. Engrtg 21, 367-383 (1985)], MITC4, can be considered the simplest assumed natural strain element 
that allows several possibilities to be studied in a straightforward manner. Attention is focused on the 
governing functionals R and H presented in Part I, assuming independent strain fields only for the 
transverse shear strains. Besides MITC4, three formulations (two mixed and one hybrid) are considered 
that collectively represent a variational justification for the assumed strain technique. In addition, reduced 
and selective-integration elements are examined to compare their behavior with that of the present 
assumed strain elements. 


1. INTRODUCTION 

1.1. Four -node C° bending plate element formulation 

We start with the formulation of the four-node 
Reissner-Mindlin plate element whose degrees of 
freedom (d.o.f) are the transverse displacement w 
and the two rotations 0 X and 9 y about the * and y 
axes, respectively, as shown in Fig. 1. We expand the 
displacement field in the usual way: 

w = jV,(r, 

0 T ~ Nfr.s)Q xi 

B y = iV f (r, s)Q yi , (t) 

where 

^(r,5) = Kl +r,r)(l + v), i = 1,2, 3, 4, (2) 


strains coincide with the bending strains computed 
from the displacement field: 

£ =£" 

C X.T .T.T 

< TV W 

The shear strains components in the Cartesian 
basis x x y,z derived from the diplacement field are 

7« = * r + Oy 

(5) 

After some manipulations we can obtain the co- 
variant components of the shear strains in terms of 
the natural coordinates r and s as 

yZr-^ + 0, ( 6 > 


are bilinear shape functions. The strain field derived 4 . (7) 

from the displacement field is 

where 


£" r = -r0 Yrl 

7 ^ - o x 

7 + < 3 > 

We take advantage of the decoupling between 
bending and shear energies by using different assump- 
tions for each one. We assume that the bending 


/»,- -0 x y, + 0 r x, ( 8 ) 

/*,= + W 


1.2. The assumed covariant shear strain 

We consider two different assumptions for the 
covariant shear strains: 


(I -5) 

*/r. = — — + a 2 


0 ±S) 
2 


(10) 
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Vs: ~ - 


(1 -r) (1 -hr) 


and 


7rr * A I 
7 jt = a : • 



(14) 


which can be expressed as 

u = N f v , 

where 


(15) 




0 

0 . 

.. n a 

0 

o' 


N,= 

0 


0 . 

.. 0 

<v 4 

0 

(16) 


_0 

0 

(V. • 

. . 0 

0 

A(._ 


vf = (iv, 


0„ .. 

. w 4 

0,4 

0,4 ). 

(17) 


The strain fields derived from the displacements 
are: 

(a) bending strains 


*i m < 


(18) 


\2e u r 


(b) shear strains 




(19) 


Fig. L Element coordinate system and notational 
conventions. 


The independently varied strains are: 


(a) bending strains: the same as obtained from the 
displacement field, i.e. eqn (18); 

(b) shear strains: 


(11) 

(12) 

(13) 


-ftH* 


(20) 


The bilinear assumption (10), (1 1) is of the same form 
as that proposed in [1], The constant strain assump- 
tion (12), (13) is studied to see whether there are 
connections to the selective reduced integration (SRI) 
technique discussed by Hughes [2]. 


2. MIXED ELEMENT BASED ON THE 
FUNCTIONAL R( u,<) 

Up to now we are working with a compatible 
displacement field and a discontinuous strain field. 
Hence we use the functional R( u, £ ) presented in Sec. 
3 of Part I [3]. No boundary field is necessary and the 
constants a, can be obtained at the element level. 
The element displacement field is 


Substituting (18), (19) and (20) into functional R 
and carrying out the integrations at the element level, 
we obtain 

R(\ c , a) = ivf] K c h c v, - 'a r C M a + v f r L Cfl a - y T c p f , (21 ) 
where 


(B;)%BJdK 

(22) 

(B?) 7 ^,^ dV 

(23) 

(BO r E,Bfd^ 

(24) 

NffdK -h| NftdS. 

(25) 


Here vector f collects applied distributed forces con- 
jugate to w, 0 X and 0 V . On performing the variations 
we obtain the matrix equation 

[«& -;]«}■ <*> 

From the second equation we obtain the shear strain 
coefficients 


a = (C“) _, (L e *) r T r = Q f v r , 


(27) 


which substituted into (26) gives the statically con- 
densed system 


(Itf + Q, r C“Q f )v f = p‘. 


(28) 


Here K" is the bending stiffness matrix, which is also 
obtainable from the potential energy principle, and 





5 1.00 100 3.06 1.00 

6 1.00 1 00 0.99 1.00 


Q r C°°Q c stands for the new shear stiffness matrix; 
cf. Sec. 8 of Part I [3]. 

Equation (27) can also be obtained by minimizing 
the following shear energy error norm: 

n, = 3j (y -y") r *Uy-y“)<i^ 

where the vector y collects the independent shear 
strains (10), (11) or (12), (13), and y“ collects the 
shear strains evaluated from the displacement field, 
eqn (19). The minimization of this norm using an 
independent stress field instead of a strain field was 
proposed by Barlow [4] as a way of deriving assumed 
stress hybrid elements. 

We have implemented two elements based in the 
form (21) and the assumptions (10HU) and 
(12MI3), which will be identified as P4 and PI. 
respectively, in the following. The results obtained for 
the simple shear and bending tests illustrated in Figs 
2 and 3 are summarized in Tables 1 and 2. We have 
compared these results to those obtained using SRI 
and MITC4 elements. The results indicate that PI 



and P4 behave poorly when elements are distorted 
and that PI is not equivalent to SRI. 


An interesting result is that if we use one point 
reduced integration to compute L“\ both elements PI 
and P4 yield the same results obtained using SRI. 

We can obtain another expression for Q ( , called 
Q* in the following, from the field proposed by 
Bathe and Dvorkin (1] for the covanant shear strains. 


Fig. 2. Bending test. 

This expression relates four strain coefficients a to 
the nodal degrees of freedom v r . The elements of Q ? 
are given in Appendix A. It is important to realize 
that Q c obtained for element P4 matches the matrix 
Q* only for rectangular shapes. Consequently, 
the variational principle based on the functional R 
justifies the assumed natural strain technique for 
rectangular shapes. However, what can we say about 
distorted shapes? We need Q r = Q* for all possible 
configurations to generalize that justification. 

X INCOMPATIBLE DISPLACEMENTS. 

THE FUNCTIONAL //(u,*.t) 

Following the general procedure outlined in Sec. 
6.2 of Part l [3] we add to the transverse displacement 
w the four midside incompatible shape functions 
of an eight-node element. In this way the bending 
behavior is unchanged. We denote by the nodal 
values associated with these ‘injected’ incompatible 
shape functions. The new displacement field can be 
written as 

ii = (N, N,]M, (29) 

where 



Fig. 3. Shear test. 
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The bending strains do not change, and for the 
displacement derived shear strains we have 

v“ = lyjj = B ^c + Bfv (31) 

If we introduce the new strains into the variational 
principle, we must use the functional H( u, £, t) be- 
cause the displacement field will be discontinuous. 
Then, we have to introduce a traction field t over 
the boundary. This traction field is a (line) shear 
resultant, and for simplicity we shall assume that it 
is constant on each element side. On performing the 
variations, the following expression at the element 
level is obtained: 


Kf 

0 

pro 

0 

0 

P" 

(py 

(py 

-C" 

(U'Y 

(L") r 

0 


where 


p°= 1 (B^) r E,B“df / 

(33) 

Jv 

r 

P“= (BfJ't.B^dF 

(34) 


JVr 



incompatible mode does not vanish. If t vanishes the 
stiffness matrix reduces to that of [I] but the nodal 
force vector will generally be different. Thus it is 
worth emphasizing that the variational principle gives 
a consistent treatment for distributed loads. 



The matrix P* is singular for rectangular elements, 
but we know that in this case Q c is equal to Q f * 
and there is no need to introduce the incompatible 
displacement field. 


[ N' 

J*' 


V = 


Nf dS 
NjdS 


N£tdS + 


NffdS. 


Now imposing the relation 
a = Q* v r 


(35) 

(36) 

(37) 


(38) 


4. NUMERICAL EXAMPLE 

To check the behavior of the functional H( u, t, t) 
we analyze a cantilever beam with two distorted 
elements, as depicted in Fig. 4. The assumed in- 
dependent shear strain corresponds to eqns (10) and 
(II). We are interested in two load cases: a uniform 
bending moment at the tip (Fig. 2); and a uniform 
transverse load at the tip (Fig. 3). In both 
Poisson’s ratio is set to zero to compare the results to 
those obtained through the Euler-Bemoulli beam 
theory. 


we obtain ^ ' Uniform bending moment 


= (P*)-r (C ~Q* - (P«)> r = W, v, . (39) 

Replacing both relations in the variational principle 
and taking variations with respect to v, and t, the 
following expression at the element level is obtained: 


The theoretical solution for this problem requires 
a linear variation for 9,. and a quadratic variation for 
the transverse displacement w. As shown in Table 3, 
the results obtained with MITC4 coincide with the 
theoretical results. So do those obtained with the 


K" + Q* r C““Q* l/' + W,. 

(L‘' + W,L/') r 0 

The stiffness matrix proposed in [I] for the plate 
element, namely, K;, + Q» r C“Q;, can be clearly 
identified in the preceding expression. It is not neces- 
sary to compute the contribution L" because it comes 
from the compatible displacement and will cancel 
with the contribution of the neighboring element. 
On the other hand, the contribution L J ' from the 



present formulation labeled ANSH (for Assumed 
Natural Shear Hybrid). 

The value obtained for t is of roundoff error order 
(I0- 12 ). Then, in this case, both formulations are 
equivalent and the work absorbed by the incompati- 
bility can be disregarded. 
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Table 3. Normalized displacements (FEM/theory) for 
bending, t°10~ 12 



M1TCH4 

ANSH 

e y 

Node 

W 


w 

5 

6 

1.00 

1.00 

1.00 

1.00 

1.00 

LOO 

1.00 

1.00 


The external load vector is me same for both 
formulations because the external bending moment 
does not interact with the transverse displacement. 

4.2. Uniform transverse load 

The theoretical solution requires a quadratic vari- 
ation in 0, and a cubic one in iv. In this case we 
must expect the computed solution to be approxi- 
mate. The results obtained are shown in Table 4. 
Clearly the ANSH formulation is less sensitive to 
element distortion. The lack ot symmetry can be 
observed at the third decimal position. The con- 
vergence and symmetry for the totation is excellent. 
The value obtained for t is not negligible. Note that 
in this case the external load vector is not the same 
for the MITC4 and ANSH formulations. 


(4) The MITC4 element stiffness matrix is 
recovered by setting the boundary traction field t 
of ANSH to zero. However, the nodal load vector for 
distributed applied forces will generally be different. 

The techniques illustrated here are obviously 
applicable to the construction of other types of 
assumed strain elements based on the various func- 
tionals presented in Part I [3]. In particular, the use 
of the restricied hybrid principle /?, in which the 
boundary tractions are not retained as independent 
degrees of freedom, remain unexplored. 

A key result of this investigation is that any change 
in the strain -displacement interpolation from the 
variationally consistent interpolation must be associ- 
ated in some way to the addition of incompatible 
displacement modes. This property is closely linked 
to the limitation principle stated in Sec. 7 of Part l [3]. 


Acknowledgements- The work of the first author has been 
supported by a fellowship from the Cons ^° ^acional 
de Investigaciones Cientificas y Tecmcas (CONICET), 
Argentina. The work of the second author has been sup- 
ported by NASA Lewis Research Center under Grant 
wa n 


REFERENCES 


5. CONCLUSIONS 

We have illustrated the theory presented in Part 
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Node 

MITC4 

nt e. 
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w 

9 X 

5 
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1.003 

6 
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0.891 

1.002 
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appendix a 

Bathe and Dvorkin [U proposed the same kind of shear 
•ain interpolation as we have used in equ (10) and (11). 
> determine the coefficients a, they imposed the following 
idpoint-collocation relations: 

7n + 


'In + '!n 


a, = - 




«« = - 


t t; + / a: 


e superscripts 1. 2. 3.4 indicate the node where expres- 
i (6) and (7) must be evaluated: see Fig. 1. Through the 
I cation of the relations of Sec. I and after some algebra 
tbtain 
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where 


1 T = ( a \ <*2 a 4 ) 

»,i V -9 } J 


Q? 


0.5 

y m i-y\ 

*1 — *2 

- 0.5 

y-i-y i 

x, - x 2 

0 

0 

0 

0 

0 



4 

4 

4 

4 

0 

0 

0 

0 

0 

0 

0 

- 0.5 

y*-y* 

*4 - *3 

0.5 

yj- y* 

*4 ~ *3 








4 

4 

4 

4 

0.5 

y*-y, 

4 

*1 ~ *4 

4 

0 

0 

0 

0 

0 

0 

- 0.5 

y*-yi 

-t, — x 4 








4 

4 

0 

0 

0 

0.5 

>3 “.ft 

*2- *3 

- 0.5 

yj- y 2 

*2" *3 







4 

4 

4 

4 

0 

0 
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A general three-field variational principle is obtained for the motion of an acoustic fluid 
enclosed in a rigid or flexible container by the method of canonical decomposition applied 
to a modified form of the wave equation in the displacement potential. The general 
principle is specialized to a mixed two-field principle that contains the fluid displacement 
potential and pressure as independent fields. This principle contains a free parameter a. 
Semidiscrete finite-element equations of motion based on this principle are displayed and 
applied to the transient response and free-vibrations of the coupled fluid-structure 
problem. It is shown that a particular setting of a yields a rich set of formulations that can 
be customized to fit physical and computational requirements. The variational principle is 
then extended to handle slosh motions in a uniform gravity field, and used to derived 
semidiscrete equations of motion that account for such effects. 


1. INTRODUCTION 

An elastic container (the structure) is totally or partly filled with a compressible liquid 
or gas (the fluid). The fluid structure system is initially in static equilibrium in a steady 
body force field such as gravity or centrifugal forces. We consider small departures 
from equilibrium that result in forced or free vibratory motions. To analyze these 
motions the fluid is tieated as a linear acoustic fluid, i.e. compressible but irrotational 
and inviscid. The purpose of the present work is to: 

(i) derive variational equations of motion based on a mixed variational principle for 
the fluid subsystem; and 

(ii) obtain semi-discrete equations of motion following spatial discretization of the 
coupled problem by the finite element method. 

The derivation of the mixed variational principle for the fluid is based on the method of 
canonical equations advocated by Oden & Reddy (1983) for mechanical applications. 
The most general dynamical principle derived in this paper contains three primary 
variables: the pressure-momentum vector, the dilatation-velocity vector, and the 
displacement potential. 

The general principle is specialized to a two-field functional of Reissner type that has 
pressure and displacement potential as primary variables, as well as a free coefficient a 

0889-9746/90/010035 + 23 $03 (X) © 1990 Academic Press Limiced 
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that parametrizes the application of the divergence theorem. The coupled variational 
equations are discretized by the finite element method, and semidiscrete equations for 
a rigid container established. Linkage with the structure is then made to establish 
coupled semidiscrete equations of motion for a flexible container. By appropriate 
selection of the coefficient a a continuum of finite element formulations results. One 
particular setting yields a rich set of symmetric and unsymmetric formulations for the 
transient and free-vibrations elastoacoustic problems. From this set, selections can be 
made to satisfy various physical and computational criteria. The implications of these 
selections as regards efficiency and numerical stability are discussed. 

The variational formulation is then extended to cover slosh motions in a uniform 
ffavity field. It is shown that the surface slosh equations may be incorporated as 
Galerkin terms in several forms, and that one of these forms merges naturally with the 
mixed variational principle to form an augmented functional. Semidiscretization of this 
functional produces finite element equations of motions that may be used for a rigid or 
flexible container. 5 


2. GOVERNING EQUATIONS 


The three-dimensional volume domain occupied by the fluid is denoted by V This 

volume is assumed to be simply connected. The fluid boundary 5 consists generally of 
two portions J 


tr.S d US p . 


( 1 ) 


S d is the interface with the container at which the normal displacement d n is prescribed 
(or found as part of the coupled fluid-structure problem), whereas S. is the “free 
surface” at which the pressure p is prescribed (or found as part of the “fluid slosh” 
problem). If the fluid is fully enclosed by the container, as is necessarily the case for a 
gas, then S p is missing and S * s d . The domain is referred to a Cartesian coordinate 
system (r,, x 2 , x 3 ) grouped in vector x. 

The fluid is under a body force field b which is assumed to be the gradient of a time 
independent potential /J(x), i.e. b = V0. All displacements are taken to be infinitesimal 
and thus the fluid density p may be taken as invariant. 

We consider three states or configurations: original, from which displacements 
pressures and forces are measured; current, where the fluid is in dynamic equilibrium 
at time r and reference, which is obtained in the static equilibrium limit of slow 
motions. Transient motions are the difference between current and reference states It 


Table 1 

Notation for fluid states 


Quantities 


Displacements 

Velocities 

Boundary displacements* 
Displacement potential 
Pressures (+ if compressive) 
Body forces 
Density 


Domain Original Reference Current Transient 


V 

V 

s 

V 

V 

V 

V 


0 

0 

0 

0 

0 

0 

p 


d° 

d° 

V /0 

p° 

b = V/8 
p 


d* 

d = d' - d° 

<r 

d = tf - d° 

d‘ 

d. = d'„ - <r„ 

V' 

1// = \jj' - rf>° 

P' 

b = Vf 

P 

P=P'~P° 


* Positive along outward normal 
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should be noted that in many situations the original configuration is not physically 
attainable. Table 1 summarizes the notation used in relation to these states. 

2.1. Field Equations 

The governing equations of the acoustic fluid are the momentum, state and continuity 
equations. They are stated below for the current configuration, and specialized to the 
reference configuration later. The momentum (balance) equation expresses Newton’s 
second law for a fluid particle: 

p& = -Vp‘ + b= -Vp' + V/J. (2) 

The continuity equation may be combined with the linearized equation of state to 
produce the constitutive ec/uution that expresses the small compressibility of a liquid. 

p‘ = -KV d' = -pc 2 Vd', (3) 

where K is the bulk modulus and c — ^JkTp the fluid sound speed. If the fluid is 
incompressible, K, c — * <a . This relation is also applicable to nonlinear elastic fluids 
such as gases undergoing small excursions from the reference state, if the constitutive 
equation is linearized there so that K = p 0 (dp/dp) 0 . 

The boundary conditions are 

d‘ n = d' n on S d , p'=p' on S P > ( 3 4 ) 

where d'„ is either prescribed or comes from the solution of an auxiliary problem as in 
fluid-structure interaction, and p may be either prescribed or a function of d„ and b, as 
in the surface-wave (“slosh”) problem. 

2.2. Integral Abbreviations 

In the sequel the following abbreviations for the volume and surface integrals are used: 

(f)v=\fdV, [g]s=fgdS, [gk=f gdS, etc. (5) 

Jv Js } s d 

That is, domain-subscnpted parentheses (square brackets) are used to abbreviate 
volume (surface) integrals. Abbreviations for function inner-products are illustrated by 

(/, g)v = f fg dV, ( f, g) vxi = f f fgdVdt, [f, gkx, =' f f fgdSdt, etc. 

Jy Jf 0 Jv Jt Q J S d 

( 6 ) 


3. THE DISPLACEMENT POTENTIAL 
3.1. The Reference State 

Taking the curl of both sides of equation (2) yields 

curl d' = 0. (7) 

The general integral of this equation for a simply connected domain is 

d' = Vip' + a + b/, 


( 8 ) 
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where ip - ip (x,r) is the displacement potential, a = a(x) and b = b(x) are time 
independent vector functions, and t denotes the time. If acceleration^ motions (for 
example rigid body motions) are precluded by the boundary conditions, then a and b 
vanish. Replacing d — Vxp‘ into the momentum equation (2) we get 


(9) 


Vp' = -pVip' + V/5, 
which, when spatially integrated, gives 

p‘=-pV‘ + {i + C(t), (10) 

where the scalar C(/) is not spatially dependent. Next, integrate the constitutive 
equation (3) over V and apply the divergence theorem to Vd: 

(p )y + (pc 2 Vtf) v = ( p‘)y + [pc 2 d‘ n \ s = o. (11) 

Inserting p from (10) into the above equation furnishes a condition on C(t) from which 

C(t) = -£- [ d ' n]s + £ ( y,' )v _ 1 (/})v = _P£ [d , nh + (12) 

ft,nrt C U Tit 'a the flUid VOlUn,e and ~ f = {f)v/v denotes the volume average of a 
function / defined over V. Substituting C(t) into (10) we get 6 

pc 2 


p‘--p(ip‘- ip‘) + (p-p)-£L j 5 


(13) 

rccwe/Se^eferenoe JSfaT m0ti0nS ’ ^ **** may be ne S lected and we 

(14) 

For^mcompr^bte fluid [d. U -0 bu, c— ; thus, i, would be incorrect ,o conclude 
(1988). * " eXamp " ,0 this “ Prided by Ohayon & Felippa 


3.2. Transient Motions 

Subtracting the constitutive relations at the current and reference states we get 

P = -pc 2 V 2 ip = P c 2 s, (15) 

Umb <194S) - ,he “"deasauon. Sub, racing 

(16) 


p = -p(ip-y ) -£L [dn]s 


modited foraK of ,he wa,e equa,ion ,hat —« «» 
or c>( rv,-V J i)-»-v. (17) 

equations (17) we recover the Laplace equation V*y =*o!* ~ ^ m ,he first of 
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3.3. Adjusting the Displacement Potential 

If the transient displacement potential is modified by a function of time, 

tl> = V + P(t). < 18) 

where $ is the potential of equations (8)-(17), we may choose Pit) so that 
c 2 ^ = for any t, then we obtain the classical wave equation 

c 2 V 2 V> = xi>, or (|p - c 2 V 2 ^ = 0. ( 19 ) 

In the sequel it is assumed that this adjustment has been made. If so, C(r) vanishes and 
equation (16) reduces to 


4. MIXED VARIATIONAL PRINCIPLES 


4.1. Canonical Decomposition 

In this section we derive multifield variational principles for the fluid domain following 
the canonical decomposition method advocated by Oden & Reddy (1983). This method 
is applicable to self-adjoint boundary value problems (BVP) of the form 

Au=f in D, (21) 

where u is the unknown function, / the data, A a symmetric linear operator, and D the 
domain of existence of the solution. For time-dependent problems D is the tensor 
product of the time domain (typically 0 to /) and the volume V. To apply this method, 
the operator A is factored as 

Au = W*EWu = /, ( 22 ) 

where W and E are linear operators in V and W* is the adjoint of W. This is called a 
canonical decomposition This decomposition may be represented as the operator 
composition sequence 

Wu = e, Ee = o, W*o=f, ( 23 ) 

where e and o denote intermediate field variables in D The three equations (23) are 
called the kinematic, constitutive and balance equations, respectively, in mechanical 
applications. The canonical representation of boundary conditions on the surface 
S = S u U S a is 

B s u s = g on S u , B*o s = h on S„. (24) 

where B s and S’ are surface operators, g and h denote boundary data, and u s = y s u 
and Os — r$<7 are extensions of u and o to the boundary S. The extension operators Ys 
and & s often involve normal derivatives. 

4.2. The Wave Equation 

The classical wave equation (19) is not a good basis for the canonical decomposition 
(22) Its principal drawback is that the pressure field does not appear naturally as an 
intermediate variable in equations (23). A better form for our purposes is obtained by 
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taking the Laplacian of both sides of (19), and multiplying through by the density p : 


pV\ij> - c 2 V 2 y) = 0, whence A = P V 2 ^- C 2 V 2 ), f = o. 


(25) 


A suitable canonical decomposition is A = W*EW, where 


W = 





(26) 


in which i = V^T. Boldface symbols are used for W and E because these are 4 x 1 and 
4x4 matrices, respectively. The operator product sequence (23) becomes 


:-w v .f ,T f i.r*i 

L-vVJ IsY 


r = Ee = [ 


ipVip 1 _ r /m ■] 

—pc 2 V 2 rf>\ ~ [ J' 


W*o = pV 2 y> - pc 2 V*y = 0. (27) 


The intermediate fields e and a are 4 x 1 column vectors. These vectors are partitioned 
into their temporal and spatial derivative subvectors for convenience in subsequent 
manipulations. Note that the transient pressure p appears naturally as the spatial 
component of a. The temporal components of e and a are the complex velocity iy and 
complex specific momentum im, respectively. 

The boundary portions S u and S a of equations (24) are relabeled S d and S 

respectively, to match the notation (1). Boundary and initial conditions may be stated 
as J 


Bp(x, t) = g(x, t) on S d , B*o(x, t) = h{x, t) on S p , 
d(x, t 0 ) = do(x) or m(x, f 0 ) = mo(x), d(x, r,) = d,(x) or m(x, f,) = m,(x). (28) 

Here B and B* are time-independent 4 x l and 1 x 4 vectors, respectively, related to 
the canonical B s and B* operators of (24) by B = B SyS and B* = B^Ty, where y s (a 
scalar) and T s (a 4x4 matrix) are boundary extension operators for w and a 
respectively. Comparison with (4) and the use of Green’s function reveals that 


-B| = [0 0 0 1], g T = (0 0 0 d„], 


Ys = ~, r s = i. 


h = -p. (29) 


4.3. Three Field Principle 

The most general variational principle for the canonical decomposition (26) allows the 

SMjfc '• S “ bevaned independently. prince may telS J 
e, o) - 0, ’.e the functional L is (Oden & Reddy, 1983) 


L(u, r, a) — L v + L s — |(Ee, e) VX i + (o, Wi/> — v) Vx , — (/, 

+ («y. By - g)y, x , - {h, y s )s,x,, (30) 


/Vxe 
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where L v and L s collect volume and surface terms, respectively. On inserting 
equations (27—29) into (30) we get 

L v = i(Ee, eVx, + («, Wi// - e) Vx , 

-f f [ip(-v T v + c 2 s 2 )-m T (Vip -v)-p(V 2 \p +s)]dVdt, 

4 'v 

l/IM* (31) 

The body force term (/, t/>)vx, vanishes and does not contribute to L v . 


4.4. Two Field Principles 

A two field principle of Reissner type can be derived from the functional L by 
enforcing the inverse constitutive equations e = E l a a priori. The resulting principle, 
which allows rp and o to be varied simultaneously, is 6R(ip, a) = 0, where 

R(xp, 0 ) = R v + R s = -^(E -1 <J, o)vx, + (o, WV»)vx, “ (/. VOvxf 

+ ( a s , Bt/> — g ) Sd x, — (h, xps)s p xr (32) 


where R s = L, and 

R v ( rp, u) * -|(E _1 0, ®)vxr + («> WtjOvxr 

= f f f — m T m - - m T Vt p- pV 2 jp) dV dr. (33) 

4 Jv\2p 2 pc 2 > 

The specific momentum disappears as an independent field if we enforce m = pVxp 
a priori, whereupon the functional R becomes a function of i p and p only and the 
volume term contracts to 

R v (ip, p ) = \ v (~ l zP(Vrp) T V'P ~ \~i ~ P* 1 *) dV ( 34 ) 


To check R = R v (y, p I + Rs we form its first variationt 

«fi = -(pV ! v + T ! p, 6V)v*.-(-p P + *V. »p) vn + [^ + fn **L, 

- p-p.6 1^1 +\¥-l- 6 A -0»vv>, *W>) v IS- (35) 

Bn J^ x , Lon J^ x , 

Setting dR = 0 provides the field equations, boundary and initial conditions. 


tThe variation of the kinetic energy integral term may be expressed in two different ways, 
«5(pVV) T ,yV) v «, = (pV 2 v, <5y») vxi - [p|J, 6v ] 5)<t + (pV, i'' 6Vv)v ft* 

a(pVt^ T ,^^) vx , = (pv 2 v. 6v)v*. + [ p|~> **] -(p v2 v> aw Hi. 

depending on whether integration by parts is performed first in time or space, respectively. The first form, 
which provides physically significant initial conditions, is used in constructing equation (35). 
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4.5. Parametrization 


A one parameter family of variational principles can be obtained by transforming all or 
part of the last term in (34), viz. pV 2 rp, by the divergence theorem (Green’s first 
formula for the Laplace operator) 

(36) 

Let Os a =s 1 be the portion of that term to be transformed. Insert pV 2 rp = <xpV 2 ip + 
(1 - a)pV ip in equation (35) and apply the relation (36) to ocpV 2 ip to get 

R ^ = f [f (2p(Sip) T Vip-^-^ 1 + ct(Vy/) T Vp - (l - ct) P V 2 yj) dV 

•'to ^ pC J 

< 37 > 

Finally, replace the Laplacian V 2 y left over in (37) by c~ 2 u> to arrive at the 
parametrized two-field functional! 


R a (v, p) -Raris + Rs-J' [£ (-ip(Vrj') T Vij> -\^2 + *(Vrj>) T Vp - (1 - a)^j dV 


+ 



(p-«p)“dS 

dn 


dt. 


(38) 


The highest spatial derivative index for both primary variables \p and p is 1, except if 

or - 0 f in which case it is only 0 for p . The two interesting limit cases are of course 
or = 0 and or = 1, for which 


Ro(ip, p) = jH [£ (~ l 2 p(Vip) T Vip - \~x - 9) d V 

+ + (39) 

P) = J [j v (~zP(Sip) T Sip + (Sip) T Vp^j dV 

-j pd„ dS— f (p-p)p! dS 

J s. Jr dn 


d t. (40) 


5. FINITE ELEMENT DISCRETIZATION 


5.1. Discretization of R a 

In the following we derive semidiscrete finite-element equations of motion based on 
thl ‘ *1* .^ n ? ,onal (38). The volume V is subdivided into fluid finite elements. Over 
each fluid element the state .s represented by the primary variables ip and p, wh ch are 
defined as functions of position in the usual shape-function interpolation procedure 


t If or * I, SR 9 = 0 is a restricted variational 
the exact solution. 


pnnciple because the substitution V 2 \f> =c~ 2 y> holds only at 
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The finite element interpolation in V may be expressed -is 

9(x,*)-N v (x)Y(f). p(x, t) = N p (x)p(r), (41) 

where V and p are computational column vectors that contain n v and n p nodal values 
of xj> and p, respectively, and N v and N p are corresponding row-vector arrays of 
dimensionless shape functions. The specified displacement over S d is interpolated by 

d n \ x, t) = a T d(x, t) = n T N d (x)d, = Nl(x)d, (42) 


where n is the external-normal unit vector on S dt N d contains the displacement shape 
functions of the enclosing container, are these shape functions projected on the 
outward normal n on S df and d contains nodal displacement values. For now the 
container displacements will be assumed to be prescribed, hence the superposed tilde. 

In the following three Sections, 5-8, we shall assume that the prescribed-pressure 
boundary conditions are exactly satisfied by the finite element interpolation, i.e. p ^p 
on S p . If so, the S p integral of R a simplifies to 


L (l -‘» a?"* 


(43) 


which vanishes for or = 1 Inserting expressions (41) and (42) into the functional (38), 
with the simplified S p integral (43), yields the semidiscrete quadratic form 

P) 

= - -5- p T Gp + arV T Fp + (1 - a)[V T Vp - V T Dp + »P%] - p T T d, (44) 

Zp 

where 

H = f VN^VN v dV = H t , F = f VTSjVN v dV, G = f c" 2 NjN p dV = G T , 

Jy Jy JV 

D = f c _2 N^N p dV, V= f (V„N v ) T N„ dS, (45) 

JV JS 4 

t T = f NjN*. d 5, f v = f pV n N„ dS. 


The integration with respect to time is dropped as it has no effect on the variation 
process described below. 


5.2. Continuity Requirements 

The interelement continuity requirements of the shape functions of rp and p depend on 
the index of the highest spatial derivatives that appear in R a . If ar^O, this index is 1 
for both rfj and p and consequently C° continuity is required. It is then natural to take 
the same shape functions for both variables, 

N V =N„ (46) 

with both vectors V and p of equal dimension and evaluated at the same nodes. Then 
some of the matrices in (45) coalesce as 

H = F, G = D = D T . (47) 

The case a = 0 is exceptional in that no spatial derivatives of p appear. One can then 
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choose C 1 (discontinuous) pressure shape functions; for example, 
fluid element. If this is done, obviously 


constant over each 


N v* N p (48) 

because ip must be C° continuous. Furthermore, the dimensions of p and V will not be 
generally the same. 


5.3. Singularity of H 

For later use, we note that matrix H (as well as F if different from H) before the 
application of any essential boundary conditions at fluid nodes, is singular because 

He = °» (49) 

where e denotes the vector of all ones. This follows from (45) and expresses the fact 
that a constant potential generates no pressures or displacements. 


6. TRANSIENT RESPONSE EQUATIONS 


6.1. The Rigid-Container Equations of Motion 

Since R a contains time derivatives of order up to 2 in V, the appropriate Euler- 
Lagrange variational equation is 


SR, 


\3V 


3 ZR« + 3 2 3 R„ 


3 1 3* ' 3 t 2 3* ) 


6V + ^6p = 0, 

3p 


which applied to (44) yields 

[pH* + orFp - (1 - ar)Dp + (1 - *)Vp + (1 - V = 0, 
[-p~‘Gp + orF 1 * - (1 - ar)D T * + (1 - £r)V T V - f T d]6p = 0. 
These equations can be presented in partitioned matrix form as 


\ pH -(l-or)D]r*| ro 

L-( 1 - < y)D t 0 Jlp] + Lr 

where J = (1 - a)\ + aF. 




-p-'GJl, 


(50) 


(51) 

(52) 


6.2. The Flexible-Container Equations of Motion 

If the fluid is enclosed in a flexible container, the boundary displacements d are no 
longer prescribed on S d but must be incorporated in the problem by including them on 
the left-hand side of the equations of motion. In the sequel, vector d collects all 
structural node displacements, of which d is a subset on S d . Matrix f , suitably expanded 
with zeros to make it conform to d, becomes T. We shall only consider here the case in 
which the container is modeled as a linear undamped structure for which the standard 
mass/stiffness semidiscretc q^ation of motion is 


Md + Kd = f d + Tp, 


(53) 


where M is the mass matrix, K the tangent stiffness matrix at the reference state Tp is 
the pressure force on the structure, and f„ is the externally applied force on the 
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structure. Note that K in general must account for container prestress effects through the 
geometric stiffness. Combining equations (52) and (53) we get the coupled system 


"m 

0 
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' d' 
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pH 

-(1 ~ ar)D 
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-(1 - a)D T 
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+ 
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► = « 

-(1 - ar)f„ | 


-T T 

J T 

-P" 1 G_ 


-P J 


. o J 


(54) 


If a — 0, then 


MO 0 _ 


' y 


K 0 -T 




U ' 

0 pH D 
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► + 

0 0 V 

4 

V 

► =r 4 


0 D T 0 _ 


-p> 


_-t t v T — p -1 g _ 


LpJ 


o J 


(55) 


There is little than can be done beyond this point, as the shape functions for p and xp 
will be generally different. Although the pressure may be constant over each element, 
no condensation of p is possible in the dynamic case. 

If a = 1, then 


M 

0 

0“ 


a l 

K 

0 

-T 


' d' 


V 

0 

pH 

0 

4 

V \ + 
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0 

F 
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.p J 
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.0. 


Note that all these systems, (54) through (56), are symmetric. 


6.3. Identical Shape Functions 

Further progress in the case a = 1 can be made if we assume, as discussed in Section 
5.2, that the shape functions for p and xp coincide. Taking then (47) into account, 
equation (56) simplifies to 


M 

0 

o" 


’ d' 


K 

0 

-T 


Ml 


u 

0 

pH 

0 

4 

* 

► 4* 

0 

0 

H 
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* 

► = 4 

0 ► 
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0 
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-PJ 


T t 

H 

-p-‘G_ 


Lp. 




The second matrix equation gives pH'P + Hp = 0. Since H is non-negative definite we 
must have 

p= -pV. (58) 

This is the discrete analog of the continuous relation (20) for the dynamic over- 
pressure. For future use note that if the container is rigid, (57) reduces to 

-p -1 Gp + HV = GNP + H*P = T T d. (59) 


6.4. Unsymmetric elimination 

If equation (58) is used to eliminate the pressure vector from (57) we obtain 

[M pxi r a i , r k o-jf d ) _ ff rf \ 
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Conversely, eliminating the displacement potential vector gives 

£ zm- 

Unlike previous systems, both (60) and (61) are unsymmetric. Thus, the straightfor- 
ward elimination of a field variable, be it p or ip, causes symmetry to be lost These 
forms will be called unsymmetric two-field forms, or U2 for short. System (60) reduces 
to (59) if the container is rigid. 


7. REFORMULATIONS OF THE TRANSIENT RESPONSE EQUATIONS 


7.1. S3 Forms 


Starting from equations (57) and (58) it is possible to derive three more symmetric 
forms that are formally equivalent. One is obtained by differentiating the last matrix 
equation twice m time, transforming the first equation via (58), and finally including 
(58) premultiphed by p G as third matrix equation: 


M pT 0 

pT T -pH G 

0 G 0 


d 


K 0 
0 0 
0 0 



d 


V 

tp 


o • 

.P, 

! 



(62) 


Another one is obtained by integrating the first matrix equation of (57) twice in time 
using (58) to eliminate the pressure, and including Kd - Kd = 0 as trivial equation: 

~0 0 0 
0 G 0 
0 0 K 


d -M -pT -K 
* f + ~pT T pH 0 
.d J L ~K 0 0 


d 


** - 
- t d 

0 

0 


(63) 


where superposed stars denote integration with respect to t. Finally, differentiating the 
first matrix equation of (63) twice in time, moving pT T d to the left, and including 
Md - Md = 0 as trivial equation, we get 


0 

0 

-M " 
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The four symmetric forms, (57), (62), (63) and (64), will be called symmetric three field 
forms, or S3 forms for short. It should be noted that there is no symmetric S3 form 
with a state vector consisting of d, p and d . 


7.2. S2 Forms 

Each of the S3 forms has a statically condensable matrix equation that allows one field 
to be eliminated. For example, the last matrix equation of (57) is -T T d + - 

p Gp = 0 which can be solved for the pressure vector p if G is nonsingular. Assuming 
that all i.'"'nx inverses indicated below exist (more will be said about this later) the 
condensation process yields four two-field symmetric forms: 

f M ° lf a ] + rK + pTG-'T T pTG^HIfd] ffA 

Lo phJI'pJ l phg~'t t phg~ , hJ1'i»I lor 


( 65 ) 
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M + pTH l T T TH -l G lfdl [K 0 lfd) ff d | 

GH"‘T t p _l GH _1 GjlpJ LO p _l GJlpJ loJ 


rpG 0-ifV] 
L o kJI 1 

r MK _1 M 


pH + p 2 T T M“ l T 

pKM~‘T 
pMK -l T 

pT T K _l M p<; + p 2 T t K _, T 


_1 K lldi 

f dj I'M o lfdl 

iwi L o pHjl'i*! 


pT M 
KM 


■v 

Mi 


-[f] 


( 66 ) 

(67) 

( 68 ) 


These will be called symmetric two-field forms, or S2 forms for brevity. The 
condensation process reduces the number of degrees of freedom but is detrimental to 
matrix sparsity. The last property may be recovered to some extent by taking 
advantage of factored forms of the matrices affected by the inverses; for example 


K + pTG ‘T T pTG-'Hl TI TirK ® 1[ 1 °1 

. pHG _1 T T pHG _1 hJ LO hJLo pG _1 JLT t hJ' 


(69) 


Corresponding expressions for the matrices in (66)-(68) are given by Felippa (1985). 


7.3. Advantages and Restrictions 

The eight symmetric forms (S3 and S2), plus the two unsymmetric forms (U2), 
represent ten formulations of the /?,-based fluid-structure interaction problem for the 
identical-shape-function case. Although formally equivalent, they may have different 
behavior in terms of numerical stability arid computational efficiency. The following 
items may affect the choice among the various forms. 

• Matrix sparseness retention. Matrices G and M are often diagonal. The S2 forms that 
involve G -1 and M~\ whether in direct or factored form, are (other things being 
equal) preferable to the others. 

• Existence of inverses. If the fluid does not have a free surface, H is singular on 
account of (49), and consequently (65) does not exist. If the container has some 
unsuppressed rigid body modes, K is singular and consequently (68) does not exist. 

• Applied force processing. Forms (63) and (67) require that the applied structural 
forces, t d , be integrated twice in time before being used. Both S2 forms (67) and (68) 
require additional matrix-vector operations on the force vectors. These disadvan- 
tages, however, disappear in the free-vibrations case discussed in Section 8. 

• Explicit versus implicit time integration. If M and G are diagonal, both unsymmetric 
forms (60) and (61) are attractive for explicit time integration because the leftmost 
coefficient matrices are upper and lower triangular, respectively. Therefore, equa- 
tions may be solved directly in a forward or backward direction without prior 
factorization. No symmetric form exhibits a similar property. 

• Physical limit conditions. Those collected in Table 2 are of interest in the 
applications. Recommended forms, if applicable, are preferable because of numeri- 
cal stability or suitability for perturbation analysis. Of all conditions listed in Table 2 
the incompressible fluid case is of central importance. There must be a free surface 
S p , else the contained fluid would behave as a rigid body. Consequently H is 
nonsingular. Setting G = 0 in equation (66) we obtain the so-called added mass 
equations 


M 0 d + Kd = t d , 


(70) 
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Table 2 


Limit conditions 


Limit condition 

Matrix 

expression 

Recommended 

form(s) 

Incompressible fluid (c — > «) 

G— ►<) 

(60), (61), (62), (66) 

Cavitating fluid (c-»0) 

G— 

(57), (65) 

Stiff container 

K— 00 

(64), (68) 

Hyperlight container 

M-*0 

(64), (68) 


where M* is the added mass of the coupled system, 

M fl = M + pTH _1 T x . (71) 

• Preservation of structural rigid body motions. This is discussed in more detail in 
Section 8.5 in conjunction with the free-vibration eigenproblem. It is sufficient to say 
that forms (63)-(64) and (67)-(68) do not generally preserve such motions and are 
inappropriate for treating unsupported structures (for example, liquid tanks in 
orbit). 

• Presence of constant potential mode (CPM). This is covered in detail in Section 8.6. 
If the fluid is totally enclosed by the container so that there is no free surface, forms 
(57) and (65) should not be used. 


8. FREE VIBRATIONS 

To obtain the eiastoacoustic free-vibrations problem, we make the standard 
substitutions 

d = ue'"*, V = qe u “, p = re itM , f d = 0, (72) 

where i = and a) is the circular frequency, into the transient response equations. 
Thus we obtain ten algebraic eigenproblems, eight symmetric and two unsymmetric, 
which are displayed below. General properties of these eigensystems are summarized 
in the Appendix. In the following eigenproblem statements, subscript m is a mode 
index. The following eigenvector relations should be noted: 

t m = -pa) 2 „q m , *u m = (o~ 2 u m (<w m *0). (73) 

For the unsymmetric forms given in Section 8.3 one must distinguish between left and 
right eigenvectors. Superscript L is applied to left eigenvectors wherever necessary; 
otherwise right eigenvectors are assumed. 


8.1. S3 Forms 

The four eigenproblems that correspond to the systems (57), (62)-(64) are 
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(74) 


( 75 ) 
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~0 0 0 u m -M — pT -K u m 

0 G 0 ' q* - pT T pH 0 " flm ’» 

LO 0 KJ L*“mJ -K 0 OjL®m. 

0 0 -M u m MOO Um 

Qj 2 m o pG -pT T ' q,, [= o pH o ' (fc, 
_-M -pT -K _ ^*u m> _ 0 0 OjL®m> 


8.2. S2 Forms 

The four eigenproblems that correspond to the systems (65)-(68) are 
2 [M 0 Ifu^irK + pTG- 1 ^ pTG -1 H'|fu m 'l 
“Ho pHJlqJ L pHG -1 T T pHG-'hJI^J’ 
2 rM + pTH" l T T TH"‘G lf«™l 0 -|ro m | 

®H GH” l T T p -1 GH _1 Gjlr m J LO p^G-lUJ’ 
,fpG [pH + p^M^T pT T M _l K1f q™ j 

°Ho kJIu*J"L pKM" l T KM“ l K Jlm m J' 

2 [ MK” *M pMK- l T Ifn-nlTM 0 1(M 

<Um LpT T K _1 M pG + p 2 T T K -1 Tjlq m J LO pHJlqJ' 


(76) 

(77) 

(78) 

(79) 

(80) 
(81) 


8.3. U2 Forms 

Finally, the two eigenproblems that correspond to the systems (60) and (61) are 



8.4. Computational Considerations 

The considerations of Section 7.3 apply for the most part to these ten eigensystems. 
However, matrix symmetry is more important in free vibrations than in the transient 
response problem. This is because eigensolution extraction methods that take 
advantage of sparsity are more highly developed for the symmetric eigenproblem than 
for its unsymmetric counterpart. An up-to-date exposition of those methods is given by 

Parlett (1980). . 

The presence of zero eigenfrequencies (a> m = 0 roots) may cause serious numerical 
HiffimlH fts in some eigensystem formulations. Two sources of such roots may be 
distinguished: rigid body structural modes, and the constant-potential mode. 

8.5 Rigid-Body Structural Modes 

If the container is not fully supported, Kn r = 0 for structural rigid body eigenmodes n r . 
If H is nonsingular eigensystems (74)-(75), their condensed versions (78)-(79), as well 
as the two U2 eigensystems, preserve such modes. To verify this assertion, substitute 

« m = n r , <lm = — H -1 T T u r , r m = 0 (84) 


a 
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q-otoK (A.12) or (A.15) of the eigensys.ems „ H is sing „, ar , tonn 
(79), which contains H does nol exist, whereas (74) preserves the modes if there 

exist q, modes such that Hq, + Tu r = 0. Eigensystems (76)-(77) and (80) do not 
generally preserve ngid-body modes, whereas (81), which contains K -1 , does not exist. 

8.6. Constant Potential Mode and Spectrum Contamination 

thC ( ? n I aine L' S SU P ported soK is nonsingular but the enclosed fluid has no 
pressure-specified surface If so, H is singular because of (49) Both U2 

TndexT^ thC ? P° ssessan ® *? root which conventionally will be assigned modal 
index 0. This root is associated with the following left/right eigenvectors 

Eigensystem (82): uk, = 0, q 0 = e , 

Eigensystem (83): Oo = K _l Te, 


< = K“ 1 Te, 


qo =e, 


(85) 

r ° ~ e ’ “o=0, r„ = e. (86) 

This statement is readily verified by taking the Rayleigh quotients (A. 12). The 
lgenpairs ( 86) are collectively called constant potential mode or CPM The 

!/ X LTm^ ^ mPUt i ti0nal im i PliCati0nS ° f thiS mode have been diseased by Geradin 
n Jd S* ‘ w 3 ? ematlC ,nter P retat ion of (85) is “dual” to that of a structural 
rigid-body mode . Under a ngid-body motion the displacements are nonzero but the 

Scelnt Stre H e H UndCr thC CPM the P° tential is nonzero but fluid 

displacements and dynamic pressures vanish. But unlike rigid-body modes, the CPM 
has no physical significance : it is spurious. 

According to the eigenfunction theory summarized in the Appendix, all non-CPM 
rondltions” ° ^ “ d (83) f0r '"* 0 ’ -** *■ bi’-onhogonah^ 

eT) [pT T G ]{ r ;}= eT(pXT “-" + G 0 = °- (87) 

TK * >[ o G ]{q m } = eT ( TTK_,Mu « + pT T K _1 Tq m + Gq m ) = 0. (88) 

As regards the symmetric forms, eigensystems (74) and (78) are adversely affected bv 
e singu an y o H and should not be used. This is because substituting the CPM left 
e gmiveclor (85) mlo eilhcr one, with = o for (74), produces a Rayleigh quo, fen, ft 

ftte CTMl^d ” eanS b °' 1 ' coeSici '"' have a common null space 

An^H M J T f d ^ ® 15 3n e,genvalue - Such an eigenproblem is called defective { see 
Appendix) If one attempts to numerically solve “untreated” defective eigenproblems 

£n“ed “ * eXPeC,ed l — * is Ky 

9. SLOSH MOTIONS IN A GRAVITY FIELD 

A liquid with a free surface in equilibrium in a time-independent acceleration field ma v 
exhibit surface waves, informally called “slosh” motions pZ , y 


MIXED VARIATION -\L FORMULATION OF F. E. FLUID-SfRUCTURE INTERACTION 


51 


The fluid volume V is in equilibrium in the reference state discussed in Section 3.1 
under the time-invariant body force per unit of volume b = V/5, where fi is a potential 
field. As noted above we restrict developments here to a gravity field of strength g 
uniform in space and time. The boundary S„is then the equilibrium free surface normal 
to the gravity field. The axes (x u x 2 , x 3 ) are selected so that g acts along the -x, = -z 
axis. Hence, /3 = -pgz + B, where B is an arbitrary constant. If we chose B so that /3 
vanishes at the free surface z = Zo, then 

j8 = -pg(z - zo). (89) 

In the so-called hydrostatic approximation for small-amplitude gravity waves (Kinsman, 
1965), sloshing is considered equivalent to a free surface pressure 

dtp 

p = p + pgd n = p + pgr], where r; = = — on S p . (90) 

Here p, as before, denotes the prescribed part of the pressure (for example, 
atmospheric pressure) and rj is called the elevation of the liquid with respect to the 
equilibrium free surface This approximation assumes that the displacements are 
infinitesimal and that the z -acceleration of the slosh motion is negligible. 


9.1. Variational Principle 

For the variational derivation of “slosh equations” it is advantageous to choose the 
elevation tj as an independently varied field. This choice simplifies the reduction to 
surface unknowns as well as the treatment of more complex interface conditions such 
as capillary effects. 

To incorporate slosh effects into the mixed variational principles based on the 
functionals studied in Section 4, it is convenient to follow a Galerkin technique by 
adding weighted forms of (88) to their first variation. The following combinations may 
be considered: 




±(p-p-pgv,iph±(-^-’ ■ 

±(p-p-pgv, dp) Sp ±(j^-Ti, 

/[)\ ft \ 

±(p-p-pgTf, <57jk ±-; 17 , dp) , 

\ i;n / s 

/3t p dip' 

±(p - p-pgTf, d?7)^±^— -r?, <5— 


(91) 


Of these the first expression, with signs — and +, offers two advantages: (i) it is 
derivable from a functional, and (ii) it combines naturally with the S p integral in the 
first variation (35). Of the “base” parametrized functional R a the most computationally 
advantageous choice is again or= 1. The expanded functional (40), denoted as R lr} in 
the sequel, is 

*.„(P. ^ *?) = v - [jT pd n d S + £(p-p- P8V)^+ Ipgrfds] d If, (92) 
where R xy is the volume integral of (40). Note that setting rj = 0 restores R { . 
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9.2. Finite Element Discretization 

In addition to the assumptions (41), (42) and (46) we interpolate rj as 

»? = N„ii on S p , ( 93 ) 

where column vector tj contains n v fluid elevations at nodes on S p , and row vector N 
contains the corresponding elevation shape functions. The semidiscrete quadratic form 
for (92), again excluding the time integral, is 

= -\p * T H* - Y p P T Gp + P T (H - Q p+ )»P - p T f T a + pgr <| T (Q„ + V - l 2 Sr\) - »P%, (94) 
where 



(95) 


The + subscripts in Q„+ and Q p+ convey that the nonzero, “surface” portion of these 
matrices is augmented with zeros to conform to vectors V and p. To display this 
structure, V, p and related matrices are partitioned as 



(96) 


where V, contains potentials at /»„ v nodes of elements connected to S p , and p, contains 
n pressures on S p . The dimensions of Q„ and Q„ are n, x n vv . In general n, < n„ (in 
fact about one half). Also typically n„ «n v =n p as the latter pertain to a volume 
mesh. If rj is interpolated by the same surface functions as p, i.e. N, = N on S , then 


Q„=Q„ = Q, Q„. = [Q 0], Q p+ = [£ l]. 


(97) 


9.3. The Rigid Container 


The following equations of motion for the rigid but mobile container are obtained on 
rendering (94) stationary: 
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(98) 


Assuming G and S to be nonsingular and identical p and r\ shape functions so that 
equation (97) holds, the nodal pressures and elevations may be statically condensed 
from (98) thus producing the single matrix equation 


pHV + (P + R + ) V = f„ + p(H - Q p+ )G-f T a, 


(99) 
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where 


R+ 


_. , Q T S Q 

Q 1 r .S- 1 Q n+ = [ V 0 



P = p(H - Qj+)G -l (H - Qj+)G -1 (H - Q, + ) = P T (100) 

The rank of R + and R is the same as that of S, that is, n„. For most real liquids, 
acoustic and slosh motions take place in very different time scales. This is the basis for 
the common assumption in slosh analysis that the fluid is incompressible, i.e. c — 
G_»0 and R — ► ao. if G—0 the response of the above system tends is forced to occur in 
the displacement-potential subspace defined by the second matrix equation of (98): 

(H-Q p+ )*P = Td. (101) 


For simplicity let us assume that the container is not only rigid but motionless, that is, 
d = 0. The incompressible -fluid equations become 


rH„ H JV 'ir'P J j [ R 

Ml hJI'pJ Lo oJl'Pj lor 


( 102 ) 


subject to the constraint (H - Q p+ )'P = 0. Subvector «P W may be statically condensed 
from these two relations which may be combined as the system 


['.* em*:,. vrj-a 


where are Lagrangian multipliers (in fact, the pressures at nodes of V,), and 


H, = H„ - 




(104) 


If d^O the force term in (103) must be appropriately modified. 


9.4. The Flexible Container 

For a flexible container the equations of motion accounting for fluid compressibility are 
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(105) 


Eliminating q and p by 

M 
0 


static condensation yields 


-Y 

P + R 



where 


K a =K + pTG‘T T , Y = pTG _l (H — Q p +). 


(106) 

(107) 


System (106) is the counterpart of (65). If the fluid is treated as incompressible, a 
subspace reduction procedure similar to that used in Section 9.3 can be invoked. 
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9.5. Slosh Vibrations 

®!f enprob,e,ns to investigate slosh vibrations may be constructed following 
essentially the same techniques as in Section 8, and reduced to S p node elevations and 
pressures. We illustrate the reduction technique for the incompressible fluid held in a 
motionless rigid container. The eigenproblem associated with (103), suppressing the 
modal index m for simplicity, may be written as ® 


u) 


JpH, 0-lfq,] T R H, — Q T ]f q,l 

L 0 0 jlr v J Lh-Q 0 JlrJ 


(108) 


where q, and r are the modal amplitudes of «P, and l». respectively. The last matrix 
equation m (98) provtdes Q9-.=Sn, or Q,.-Sz. where z is the vector o modal 

“ ,= “' usinB ,he “ — — - zt 


a> 


in which 


IT 0 Y C KI- 


C = QHr l Q T 


(109) 

( 110 ) 


and r are Lagrange-multiplier modal amplitudes at nodes of This generalized 
symmetric eigensystem of order 2n, provides n„ solutions to the slosh eigenproblem A 
similar technique may be followed for the flexible container case. This finke elemem 


10. CONCLUDING REMARKS 

Displacement-potential formulations are of practical interest in fluid-structure 
ransient-response and vibration analysis as they provide the basis for effective 
numerical computations^ Some recent applications are presented by Felippa & DeRuntz 
£*?• 5*®” & Ruacka (1984), Geradin et al. (1984), Morand & Ohayon (1979) 
Nicolas- Vulherme & Ohayon (1984), Ohayon (1987) and references therein The 
preceding treatment unifies a number of previous continuum-based and algebraic 

v i ??• COUp,ed P rob,em given by Morand & Ohayon (1979) Ohayon & 

Valid (1984), Felippa (1985, 1986, 1988) and Ohayon ( 1987 ) Other potemial-based 

S? uT'fr 1 , lhe “ upled prob " m l«« studied by & 

Badie (1985) and L,u & Uras (1988). Olson & Baihe used the velocity potenrial T" i 

& Uras (1988 > l*°P°“ d * funmional identical 
to R 0 in V but with a different S d boundary term. (As noted in Section 4 5 R n supplies 
only a restricted variational principle.) ’ su PP lies 

,ii r ^. Pre T" deriva,ion ml V *» <«h« extended in the following directions- 
1 Pm ‘ nhoi "°8 eneou s wave equation c 2 V 2 y, - y, =/, /*<), when the body force 
field b(x,r) is time-dependent and V 2 b*0. Additional forcing terms appear in the 

3 ? of motlon - These are of interest for slosh of fluids in rotating containers 
and in the seismic analysis of tanks. 8 containers 
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(2) Retaining the specific momentum m as independent field in functional (33). 

(3) Inclusion of additional physical effects: capillarity, cavitation and viscosity. 
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APPENDIX A: THE GENERALIZED ALGEBRAIC EIGENPROBLEM 

Some facts about the algebraic eigenproblem are collected here for convenient referent -n, 
facts are relevant to the study of the free vibrations of the coupled 

A.l. The Standard Unsymmetric Eigenproblem 

The standard eigenproblem for a real unsymmetric square matrix A may be stated as 

h , (A.l) 

where a, are the eigenvalues (which may be comolex) and t th- ™ .. 

eigenvectors normalized to unit length. The eigenproblem for’ thelransp^sed^Itrix'is 8 


A T y, = A,y 4 . 


(A. 2) 


This problem has the same eigenvalues but in general the eigenvectors y, will be different Th* „ 

"e called left eigenvectors of A because they satisfy the problem y t A = A v ■ this in n.m ’ y ' 
the qualifier ‘right’ aoDlied to i The pnwiein y,A -A,y (> this in turn explains 

biJLgontoy S«S!r ^ of left and right oigeovecton of A sidsfte 


yT_ = f 0 ^ 1 *}. 

* U if*-/. (A.3) 

S at SL^vle, and may* b^zero £ ZZ&SE 1 ** %1 >; * “ alWays 

the better conditioned A, is.) y 10 P at hological cases. (The closer to 1, 

Premultiplying (A.l) by y, and assuming that n,¥=0 yields 

A, - yj Ax,/ n , = xfAfyJni ' (A4) 

winch is the Rayleigh quotient for unsymmetric matrices If «. = 0 and v T A* - n ( a a \ » l. 

SSS5J— 0/0 “ 


A.2. The Standard Symmetric Problem 

Ldj 0 T inetriC ’ the " X ' = y " * =1 “ d Cquation reduc « to the usual orthogonality 



if i */, 

»f '=*/• 


(A.5) 


whereas equation (A.4) becomes the usual Rayleigh quotient for a unit length vector: 

A, = xfAx,. 


(A. 6) 


A.3. The Generalized Unsymmetric Eigenproblem 
The generalized unsymmetric eigenproblem is 


= A (BX,, 

where A and B are unsymmetric real matrices. Assuming that B‘ 
reduced to the standard problem 8 


exists, this problem can be 


Cx* — A,x*, 


(A.8) 


in which C = B" ! A. The 


transposed problem is 

C T z, = A T B~ T z, = 


(A. 9) 
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(A. 10) 


(A. 11) 


(A. 12) 


re finin g B T y, = z,, this eigenproblem can be transformed to 

A T y, = A ( B T y,- 

The bi-orthogonality conditions (A.3) become 

_ _ T fO iff#/, 

. fi=j 

The Rayleigh quotient (A. 4) generalizes to 

y/Ax, yjAx, 

1 yjBx, ti. 

As in Section A.l, if (A.12) takes on the form 0/0 for some i, every A, is an eigenvalue and the 
eigenproblem (A.7) is said to be defective ; mathematically, A and B share a common null space. 
A defective eigenproblem cannot be solved numerically by conventional root-extraction methods 
because the 0/0 roots contaminate the entire spectrum. 

A.4. The Generalized Symmetric Eigenproblem 
If both A and B are symmetric, 

* = y„ *4 = 

and we recover the usual orthonormality conditions 


B-y 

(A. 13) 

if f #/. 
if «'=/• 

(A. 14) 


In mechanical vibration problems for which B is the mass matrix, fM is called the generalized 
mass Finally, (A.12) reduces to the usual Rayleigh quotient 

*7 Ax, , . 
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Abstract— High-performance (HP) elements are simple finite elements constructed to deliver engineering 
accuracy with coarse arbitrary grids. This paper is part of a senes on the vanational basis of HP elements, 
with emphasis on those constructed with the free formulation (FF) and assumed natural strain (ANS) 
methods. The present paper studies parametrized variational pnnciples that provide a foundation for the 
FF and ANS methods, as well as for a combination of both methods. 


1. INTRODUCTION 

For 25 years researchers have tned to construct 
‘best’ finite element models for problems in structural 
mechanics. The quest appeared to be nearly over 
in the late 1960s when higher order displacement 
elements dominated the headlines. However, these 
elements did not dominate the marketplace. The 
overwhelming preference of finite element code users 
has been for simple elements that deliver engineering 
accuracy with coarse meshes. The search for these 
‘high-performance’ (HP) elements began in the early 
1970s and it now represents an important area 
of finite element research in solid and structural 
mechanics. Many ingenious schemes have been tried: 
reduced and selective integration, incompatible 
modes, mixed and hybnd formulations, stress 
and strain projections, free formulation (FF) and 
assumed natural strains (ANS). 

The present paper is pail of a series [1-5] that 
studies how several high-performance element con- 
struction methods can be embedded within an ex- 
tended variational framework that uses parametrized 
hybrid functionals. The general plan of attack is 
sketched in Fig. 1. Heavily-lined connections are 
those emphasized in the present paper. The exten- 
sions. shown on the left, involve parametrization of 
the conventional elasticity functionals and treatment 
of element interfaces through generalizations of the 
hybrid approach of Pian and co-workers [6-8]. 

The effective construction of HP elements relies 
on devices, sometimes dersively called ‘tricks’ or 
‘variational crimes’, that do not fit a priori in the 
classical vanational framework. The tricks range 
from innocuous collocation and finite difference 
cons'raints to more drastic remedies such as selective 
integration. Despite their unconventional nature. 


t Dedicated to Professor T H. H. Pian. on the occasion 
of his 70th birthday 


tricks are an essential part of the construction of 
HP elements. They collectively represent a fun-and- 
games ingredient that keeps the derivation of HP 
finite elements as a surprisingly enjoyable task. 

The present treatment ‘decriminalizes’ kinematic 
constraint tricks by adjoining Lagrange multipliers, 
hence placing the ensemble in a proper vanational 
setting. Placing formulations within a vanational 
framework has the great advantages of supplying the 
general structure of the stiffness matnees and forcing 
vectors of high-performance elements, and of allow- 
ing a systematic derivation of classes of elements by 
an array of powerful techniques. 

Note the reliance of the program of Fig. 1 on 
hybrid functionals. The original 1964 vision of Pian 
[6] is thus seen to acquire a momentous significance. 
It is perhaps appropriate to quote here the prediction 
of another great contributor to finite elements [9]: 

T. H. H. Pian responded to the problem of plate 
bending by inventing the “hybrid formulation . 
which avoids the problem of slope continuity. He 
assumed that the element responds not according 
to shape functions but according to element stress 
fields. These communicate with the outside world via 
the boundaries .... Hybrid elements can be the most 
competitive and we believe that the future lies in that 
direction. However, the formulation is more compli- 
cated. Therefore we advocate that researchers should 
try to cajole their formulation into shape function 
form, so that users do not have to struggle. In the 
form, hybrid elements are no more difficult to use 
than the iso-P elements.... Unfortunately at the 
time of writing we have no uniform technique to 
achieve this. 

Fulfillment of the prophecy appears to be near. 


2. THE ELASTICITY PROBLEM 

Consider a linearly elastic body under static loading 
that occupies the volume V The body is bounded by 
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the surface S. which is decomposed into S:S,US 
Displacements are prescribed on S„ whereas surface 
tractions are prescribed on 5,. The outward unit 
normal on S is denoted by n = n,. 

The three unknown volume fields are displace- 
ments u = infinitesimal strains e s e„, and stresses 
The problem data include: the body force 
held b = b, m V, prescribed displacements d on S. 
and prescribed surface tractions t = /* on S,. 

The relations between the volume fields are the 
strain-displacement equations 


e = j(Vu 4* V r u) = Du 
or 

e v = + «,.,) in V, 

the constitutive equations 


<r = Ee 


and the equilibrium (balance) equations 

-diver = DV = b 
or 

0 in K, ( 3 ) 

in which D* = -dlv denotes the adjoint operator of 
the symmetric gradient D * j(V + V T ). 

The stress vector with respect to a direction defined 
by the unit vector v is denoted as <r r = <, », or 

° n ~ a v v r s thc surface-traction stress vector is 
denned as 


or <T„ = G/jfjj . (4) 

With this definition the traction boundary conditions 
may be stated as 

= t or (r^rtj - 1 , on S,, 
and the displacement boundary conditions as 


or 


a ; = in V, 


(2) 


( 5 ) 
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3. NOTATION 

3.1. Field dependency 

In variational methods of approximation we do 
not, of course, work with the exact fields that satisfy 
the governing equations (1-3, 5 and 6), but with 
independent (primary) fields, which are subject to 
variations, and dependent (secondary, associated, 
derived) fields, which are not The approximation is 
determined by taking variations with respect to the 
independent fields. 

An independently varied field will be identified by a 
superposed tilde, for example u. A dependent field is 
identified by writing the independent field symbol as 
superscript. For example, if the displacements are 
independently varied, the derived strain and stress 
fields are 

e“ = i(V + V r >u = Du, 

<r - = Ee u = EBu. ( 7 ) 

An advantage of this convention is that u. e and a 
may be reserved for the exact fields. 

3.2. Integral abbreviations 
Volume and surface integrals will be abbreviated 
by placing domain-subscripted parentheses and 
square brackets, respectively, around the integrand. 
For example: 

(/)r-f/dK 1/li-f/cW. 

J V J s 

[/k-f/dS, [/]s f »f/dS. (8) 

JS< JS' 

If f and g are vector functions, and p and q tensor 
functions, their inner product over V is denoted in 
the usual manner 

f-gd* -[f'gidK 
Jy Jy 

(p,q)r- I p-qdl 7 = Pi,q„dV, (9) 

Jy Jy 

and similarly for surface ntegrals, in which case 
square brackets are used. 

3.3. Domain assertions 
The notation 

(a=b) y [a=b] s \a * b] $4 [a = £>] 5 , (10) 

is used to assert that the relation a » b is valid at each 
point of V, S, S d and S n respectively. 

3.4. Internal interfaces 

In the following subsections we construct hybrid 
variational principles in which boundary displace- 
ments d can be varied independently from the internal 



Fig. 2. Integral interface example. 


displacements u. These displacements play the role of 
Lagrange multipliers that relax internal displacement 
continuity Variational principles containing d will be 
called displacement -generalized, or d -generalized for 
short. 

The choice of d as independent field is not vari- 
ationally admissible on S d or S,. We must therefore 
extend the definition of boundary to include internal 
interfaces collectively designated as S, Thus 

SiSrfUS.US*. (11) 

On S, neither displacements nor tractions are pre- 
scribed. A simple case is illustrated in Fig. 2, in which 
the interface S, divides V into two subvolumes V* 
and V~. An interface such as S, on Fig. 2 has two 
‘sides’, 5," and S~, which identify S, viewed as the 
boundary of V* amd V~, respectively. At smooth 
points of S, the unit normals n’’ and n" point in 
opposite directions. 

The integral abbreviations (8) and (9) generalize 
as follows, using Fig. 2 for definiteness. A volume 
integral is the sum of integrals over the subvolumes: 

(/)„ = J /dK + j* ( fdV. (12) 

An integral over S, includes two contributions: 

[g]s,=J s jTdS + j^ dS. (13) 

where g ' and g " denotes the value of the integrand 
g on S; and S', respectively. These two values 
may be different if g is discontinuous or involves a 
projection on the normals. 

Following a finite element discretization, the union 
of interelement boundaries becomes S,. 

4. THE ELASTICITY FUNCTION A LS 

The variational principles of linear elasticity are 
based on functionals of the form 

(14) 


n = u - p. 
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where L characterizes the internal energy stored in 
the body volume and P includes other contributions 
such as the work of applied loads and energy stored 
on internal interfaces. We shall call V the generalized 
strain energy and P the forcing potential. 

It must be pointed out that all functionals con- 
sidered here include independently varied displace- 
ments. Thus, the class of dual functionals such as 
the complementary energy are not included in the 
following study. 

4.1. Volume integrals 

The generalized strain energy has the following 
structure: 

i' = 57n(<?. e fl ), +7|i(«r e), + >,,(<?, e"), 

+ + (15) 

where y, , through/,, are numerical coefficients. For 
example, the Hu-Washizu principle is obtained by 
setting/^ — I 711= 1 * 722 = I. all others being zero. 
The matrix representation of the general functional 
(15) and the relations that must exist between the 
coefficients are studied in Sec. 5.1. 


detailed in [2] the forcing potential P d may be 
transformed to 

<f, d) = (b. i*) t - + [i, d) If + [ff„, G — d] s , (19) 

where the all-important surface dislocation integral is 
taken over S rather than S,. One of the assumptions 
is that displacement boundary conditions (6) are 
strongly satisfied. This expression of P* is used in the 
sequel. A similar technique can be used to modify P', 
but that expression will not be required in what 
follows. 

4.4. Complete functionals 

Complete elasticity functionals are obtained by 
combining the generalized strain energy with one of 
the forcing potentials. For example, the d- and t- 
generalized versions of the Hu-Washizu functional 
are 

nt nv= u u -p\ (20) 

where U w is obtained by setting j 22 = j l3 * 1 , j x , « - 1 , 
others to zero, in eqn (15). 


4.2. Hybrid forcing potentials 

Variational principles of linear elasticity are con- 
structed by combining the volume integral (15) with 
the forcing potential P. Two forms of the forcing 
potential, called P* and P' in the following, are of 
interest in the hybrid treatment of interface dis- 
continuities The d-generalized (displacement-gener- 
alized) forcing potential introduces an independent 
boundary displacement field d over S, 


5. MATRIX REPRESENTATION OF 
ELASTICITY FUNCTIONALS 

The generalized strain energy ( 1 5) can be presented 
in matrix form ast 



<<x<r r O 


7i i 

Symm. 


Ju Jn 
J22 h 3 
>J3j 


e df. 


( 21 ) 


/“ / (u. rf. d) = (b. u), H- [<f „ . u — dj^ 

+ (*• “Is, + [»,. U - d] 5 . (16) 

The t-generaiized (traction-generalized) forcing 
potential introduces an independently varied traction 
displacement field t over S, 

P’(u. a. t) = (b. u), + [t. u - d] J( + [t. ii] s + [t. Q] 5 . 


The symmetric matrix 


J’i 1 Jn Jn 

Ju Jl 3 

Symm. j n 


( 22 ) 


characterizes the volume portion of the variational 
principle. Using the relations a' = Ee, 0 “ = EDu, 
e = E 'ff, and e“ = Dfi, the above integral may be 
rewritten in terms of the independent fields as 


( 17 ) 

The conventional form P‘ of the forcing potential 
is obtained if the interface integral vanishes and one 
sets [t = <r„] j. If so. P' and P' 1 coalesce into P\ which 
retains only two independent fields 

P‘(u.6)^ (b. u), + [<f„. u - d] J( + [t. u] v (18) 
4.3. Modified forcing potentials 
Through various manipulations and assumptions 



(a e u> 


x 


e- 

/i 2 i 

_y,3D r 


A: I 

y w D r E 


7i3 D ' (g 

hi ED < e • 

y„D r EDj(u. 


dK (23) 


5.1. First variation of generalized strain energy 

The first variation of the volume term (15) may be 
presented as 


+ To justify the symmelry of J noie. for example, that ^ - (Ae, <W), . + (Aa,Si) 

(d.e“), =!/„(<#. e *|, + 1 »*». 

(diVtf^u^ + ^.JuJj, (24) 
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where 

Ae=;',,e ff +7, : e - j l3 e“ 
Aff = j\2& + 
a =7i 3 <r 


Stress-displacement Reissner. also called Hellinger- 
Reissner (a. u): 


(25) 




-10 1 “ 
0 0 0 . 

1 0 0 


(29) 


The last two terms combine with contributions from 
the variation of P. For example, if P = P c the 
complete variation of IT = {/ - P c is 

c5 FT = (A*, 8d) v + (Ait, (div a + b, 6 u) r 

+ [<r' - t, <5u] S( - [u -d, <5<r„] 5rf . (26) 

Using P d or P' does not change the volume terms. 
The Euler equations corresponding to P d and P‘ 
are studied in (3, 4] for a more restrictive form of 
functionals U. 

Since the Euler equations associated with the first 
two terms are Air = 0 and Ae = 0, these quantities 
may be regarded as deviations from stress-balance 
and strain-compatibility, respectively. For consist- 
ency of the Euler equations with the field equations 
of Sec. 2 we must have Ae * 0 Acr = 0 and <r = <r if 
the assumed stress and strain fields reduce to the 
exact ones. Consequently 


Unnamed stress-displacement functional listed in 
Oden and Reddy [10] (<x, u): 




10-1" 
0 0 0 . 

-10 2 


(30) 


Strain-displacement Reissnei -type [10] (e, u): 


J s _ 


0 

0 

0 


0 0" 
-1 1 . 
1 0 


(31) 


Hu-Washizu (<r. e, u): 


— 


0 - 11 " 
-l 10. 
1 0 0 


(32) 


One-parameter stress-displacement family (<?, u) that 
includes U F , U R and U c as special cases [1-3]: 


Jn +/ 12 1= 0 

j 12 +>22 +A “ 0 

j\* +723 + A * 1. (27) 

Because of these constraints, the maximum number 
of independent parameters that define the entries of 
J is three. 

5.2. Specific functionals 


J 


-7 0 7 

0 0 0 

7 0 1 — 7 _ 


(33) 


One-parameter strain-displacement family (e, fi) that 
includes U F and U s as special cases [2]: 


J ft - 


0 

0 

0 


0 

-0 

fi 


0 

fi 

1 -0 


(34) 


Expressions of J for some classical and 
parametrized variational principles of elasticity are 
tabulated below. The subscript of J is used to identify 
the functionals, which are listed roughly in order of 
ascending complexity. The fields included in paren- 
theses after the functional name are those subject to 
independent variations. 


Potential energy (u): 


J, 


"0 0 0 “ 
0 0 0 . 
0 0 1 


(28) 


Two-parameter strain-displacement family (<r, e, u) 
that includes U j{ and U . as special cases [2]: 


— ( I — fi ) d . + ( 1 — 7 ) Jff — ( l — fi — 7 ) J p 


-7(1-0) 

0 


L 7(1 -fi) 


0 7(1-0) 

-0d -7) 0d -7) 

00-7) l-0-V+20y 


(35) 


Three- para meter (x, 0, 7) family (<x. e. u) that includes 
U w and Ufi as special cases [2]: 


-7(1 -0)(l -x) -x x 4-7(1 -0)0 -x) 

-x a -0( 1 -7)0 -*) 00 -7)0 -*) 

a +7(1 -0)0 - *) 00-7)0 - t) (1 -0 - 7 + 207)0 -x)_ 


J,* »*•>» + (I -a)J = 


(36) 
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a 



Fig. 3. Graphical representation of the functionals. 


The last form, which contains three independent 
parameters, directly supplies matrices J that satisfy 
the constraints (27). It yields stress-displacement 
functionals for a = ft = 0. strain-displacement func- 
tionals for a = y = 0, and three-field functionals 
otherwise. A graphic representation of J jft . in (a, y ) 
space is given in Fig. 3. 

5.3. Energy balancing 

A prime motivation for introducing the j co- 
efficients as free parameters is optimization of finite 
element performance. The determination of best’ 
parameters for specific elements relies on the concept 
of energy balance. Let %{t ) = ifEr.t), denote the 
strain energy associated with strain field £. If E is 
positive definite. i/U) is non-negative. We may 
decompose the generalized strain energy into the 
following sum of strain energies: 

U = -*(e") + c, #(e" -e) 

+ <■;■#(£ — *') + c } -il(e“ — e”), (37) 

where #/.(e“) = U f is the usual strain energy, c, = 

;On +h: ~h j + 1 ). c, = j( -j n +j Z2 +j )} - \ ), an{ J 


c j = 2 O 11 ~ 722 +7j} — !)• Equation (37) is equivalent 
to decomposing J into the sum of four rank-one 
matrices 


"0 

0 

0 



— 

I 0" 


0 

0 0 

+ c, 

-1 


1 0 


0 

0 I_ 


c 

0 0_ 



"0 

0 

0“ 


I 

0 -r 

+ c 2 

0 

1 

— I 


0 

0 0 


_0 - 

-1 

1 _ 



0 L 


Decompositions of this nature can be used to derive 
energy balanced finite elements by considering ele- 
ment ‘patches’ under simple load systems. This tech- 
nique is disci ssed for the one-parameter functionals 
generated by eqn (33) in fl. 1 1, 12]. 


4. FINITE ELEMENT DISCRETIZATION 

In this section assumptions invoked in the finite 
element discretization of the functional n' for 
arbitrary J are stated. Following usual practice in 
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finite element work, the components of stresses and 
strains are arranged as one-dimensional arrays 
whereas the elastic moduli in E are arranged as a 
square symmetric matrix. In the following we shall 
consider an individual element of volume V and 
surface S : S t U S rf U S„ where S, is the portion of the 
boundary in common with other elements. 

6.1. Boundary displacement assumption 

The boundary displacement assumption is 

[d-lVI,. (39) 

Here matrix N, collects the boundary shape functions 
for the boundary displacement d, whereas vector v 
collects the degrees of freedom of the element, also 
called the connectors. These boundary displacements 
must be unique on common element boundaries. 
This condition is verified if the displacement of the 
common boundary portion is uniquely specified by 
degrees of freedom located on that boundary. There 
are no derived fields associated with d. 

6.2. Internal displacement assumption 

The displacement assumption in the intenor of the 
element is 

(40) 

where matrix N„ collects the internal displacement 
shape functions and vector q collects generalized 
coordinates for the internal displacements. The as- 
sumed u need not be continuous across interelement 
boundaries. 

The displacement denved fields are 

(e M = DNq = BqV, (<r M = EBq) k . (41) 

To link up in Sec. 9.1 with the FF and ANS 
formulations, we proceed to split the internal dis- 
placement field as follows. The assumed u is decom- 
posed into rigid body, constant strain, and higher 
order displacements 

u = N r q r + N ( q ( + N„q A . (42) 

Applying the strain operator D = i{V + V r ) to u we 
obtain the associated strain field 

e" = DN r q, + DN q, 4- DN^q* 

-B r q r +B,q f B^q*. (43) 

However, B r = DN, vanishes because N, contains 
only rigid-body modes. We are also free to select 
B ( - DN to be the identity matrix I if the generalized 
coordinates q t are identified with the mean (volume- 


averaged) strain values e w . Consequently eqn (43) 
simplifies to 

e" = e“ + ej = e M + B^q* , (44) 

in which 

q, a F « (e“V/t\ (B„), = 0, (45) 

where v —(IV is the element volume measure. The 
second relation is obtained by integrating eqn (44) 
over V and noting that q A is arbitrary. It states that 
the mean value of the higher order displacement- 
derived strains is zero over the element. 

6.3. Stress assumption 

The stress field will be assumed to be constant over 
the element 

(d=d) { . (46) 

This assumption is sufficient to construct HP ele- 
ments based on the free formulation [2-3, 12-17]. 
Higher order stress variations are computationally 
effective if they are divergence-free [3], but such a 
requirement makes extension to geometrically non- 
linear problems difficult. The only derived field is 

(F-E (47) 

6.4. Strain assumptions 

The assumed strain field e is decomposed into a 
mean constant strain e and a higher order variation 

(e = e-hAaV, (48) 

where e ~ (eV/'u, A collects higher order strain modes 
with mean zero value over the element 

(AV = 0, (49) 

and a collects the corresponding strain amplitude 
parameters. The only denved field is 

(ff f = Ee = Ee + EAah . (50) 


7. unconstrained finite element 

EQUATIONS 

For simplicity we shall assume that all elastic 
moduli in E are constant over the element. Inserting 
the above assumptions into FT with the forcing 
potential (19), we obtain a quadratic algebraic form, 
which is fairly sparse on account of the conditions 
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(45) and (49). Making this form stationary yields the 
finite element equations 


;,i<- e- 1 

irJ'l 

0 

-P 

./ni l - P„ 

-P* 

L 

where 


o -py 

J :: r E 0 0 

® Jli C/r 0. 

000 
A) fl 0 0 

0 j 2} R 0 

0 0 0 


y,jrI-P. r -P,[ L r 
0 0 

0 J 23 R r 0 

0 0 0 

jjji’E 0 0 

0 y»K ? * 0 

0 00 


r _ - 

<s 


r o' 

e 


0 

a 


0 

< q. 

► = < 

K ► 

e" 


fy„ 

q* 


U 

V 


Jr, 


(51) 


K, (1 = (B'EBJ, = k; C> = (A r EA), = C[ 

R = (B,f EA), L-[N i) s P,-[N l) s 

P =[N^], P*-[N£ls fp-(Nfb), 

f , = < N >>» f* = (Nfb) r f r = [Nji] Jf , ( 52 ) 

in which N (/ „ denotes the projection of shape func- 
tions N , on the extenor normal n, and similarly for 
N,, N, and N*. Coefficient matnx entries that do not 
depend on theys come from the last boundary term 
in eqn (19). 

T 1 The P matrices 

Application of the divergence theorem to the work 
of the mean stress on e" yields 


FF and ANS elements. These are matnx relations 
between kinematic quantities that are established 
independently of the variational equations. Two types 
of relations will be studied. 

8.1. Constraints between internal and boundary 
displacements 

Relations linking the generalized coordinates q and 
the nodal connectors v were introduced by Bergan 
and co-workers in conjunction with the free formu- 
lation (FF) of finite elements [14, 15]. For simplicity 
we shall assume that the number of freedoms in v and 
q is the same; removal of this restriction is discussed 
in [3J. By collocation of u at the element node points 
one easily establishes the relation 


(it. e"), = (a. e" + B,,q*), = ta r e“ + ff r (B ft ), q k 

= cd r e" = [a „ , uk = [a „ , N,q, + N, e“ + N*q*] s 
= ff r (P, q, + P,e" •+■ P/.q*). (53) 

Hence P, = 0. P, «rl. P ( , = 0. and the element 
equalions simplify to 


v = G,q, + G r q r + G^q* = Gq, (55) 

where G is a square transformation matrix that will 
be assumed to be nonsingular. On inverting this 
relation we obtain 

q = G = Hv 


hxv E 1 

y« 2 n 

0 

0 

(Ai- Orl 

0 

L r 


r - - 

<r 


r 0 



JrJ'l 

7 :: l ' E 

0 

0 

hi 1’ I 

0 

0 


e 


0 



0 

0 

AQ 

0 

0 

h R r 

0 


a 


0 



0 

0 

0 

0 

0 

0 

0 

< 

q. 

► - < 

tr 

> . 

(54) 

(./o- Oi l 
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0 
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0 
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q* 
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L 

0 

0 
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0 
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^ V j 
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The simplicity of the P matrices comes from the 
mean-plus-deviator expression (44) for e M . If this or 


decomposition is not enforced. P, = 0 but P = (B ), 
and P»-(Bj, . 

q = 



X X 

i 

8. KINEMATIC CONSTRAINTS 


[qj 


LhJ 


(56) 


The 'tricks' we shall consider here are kinematic 
constraints that play a key role in the development of 


The following relations between L and the above 
submatrices hold as a consequence of the individual 
element test performed in Sec. 9 . 3 . 
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L r G r = 0, L r G r =»t’l, rH r = L r . (57) where 


If the decomposition (44) is not enforced, the last two 
should read L r G r = a relation first stated in [15], 
and P t H r + P*H*«L r . 

8.2. Constraints between assumed higher order strains 
and boundary displacements 

Constraints linking e* to v are of fundamental 
importance in the assumed natural strain (ANS) 
formulation. The effect of these constraints in a 
variational framework is analyzed in some detail 
in [4, 5]. Here we shall simply postulate the following 
relation between the higher order strain parameters 
of (48) and nodal displacements: 

a = Qv, (58) 

where Q is generally a rectangular matrix determined 
by collocation and/or interpolation. The individual 
element test in Sec. 9.3 requires that Q be orthogonal 
to G r and G r : 

QG r = 0, QG - 0 (59) 

The constraint (58) still leaves the independently 
varied mean strain e to be determined variationally. 

9. VISIBLE STIFFNESS EQUATIONS 

Enforcing the constraints a = Qv, q, = H r v, 
q ( « H,v = v ~ 1 1/v, and q* = H h v, through Lagrange 
multiplier vectors k a , k„ k r , and k h , respectively, 
we obtain the augmented finite element equations 


K^c-'LEL/ (62) 

K*, = +y 23 (H^RQ 9- Q r R r H, ( ) 

+7::Q r C,Q (63) 

f=f r + H r % + r- [ L%. + H A %. (64) 

Adopting the nomenclature of the free formulation 

[15], we shall call K* the basic stiffness matrix and K* 
the higher order stiffness matrix. 

9.1. Relation to previous HP element formulations 

If J * of eqn (33),y 33 — 1 — y,j u = j zl = 0, and we 

recover the scaled FF stiffness equations studied in 
[2,3, 11, 12] 


k»«o -v)h;k*h, 

(65) 

If we take J = of eqn (32), then = 1 

• 7)3 m ja = 0 

and we obtain 


K, = Q r C,Q 

(66) 


This is similar to the stiffness produced by the ANS 
hybrid variational formulation studied in [4, 5], in 
which the potential P’ was used instead of P J . 

However, the term with coefficient y :3 in eqn (63) is 
new. It may be viewed as coupling the FF and ANS 
formulations. It is not known at this time whether 
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Condensation of all degrees of freedom except v 
yields the visiblet element stiffness equations 

Kv = (K* + K*)v = f, (61) 


t The qualifier visible emphasizes that these are the stiff- 
ness equations other elements ‘see*, and consequently are the 
only ones that matter insofar as computer implementation 
on a displacement -based finite element program. 


eqns (61)-(64) represent the most general structure of 
the visible stiffness equations of HP elements. 

9.2. Recovery of element fields 

For simplicity suppose that the body forces vanish 
and so do f^,, f Vt and f v>( . If v is known following 
a finite element solution of the assembled system. 
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solving eqns (60) for the internal degrees of freedom 
yields 

e = r ~ 1 L r v, d = Ee. a = Qv 
q r = H r v, e" a e, q A = H,,v 
K = (7::QQ +/,jR r H A )v 
= 0 , k v = 0 

^ = 0:3 RQ +7*33 K^HJv. (67) 

It is seen that the mean strains e. e“ and e° = E' 1 * 
agree, and so would the mean stresses. This is not the 
case, however, if the body forces do not vanish. It is 
also worthwhile to mention that a nonzero Lagrange 
multiplier vector flags a deviation of the associated 
fields from the variationally consistent fields that 
would result on using the unconstrained FE eqns (54) 
without ’tricks'. 

9.3. The individual element test 

To conclude the paper, we investigate the 
conditions under which HP elements based on the 
foregoing general formulation pass the individual 
element test of Bergan and Hanssen [1 3-1 5]. To carry 
out the test, assume that the free floating’ eiementt 
under zero body forces is in a constant stress state * 0 , 
which of course is also the mean stress. Insert the 
following data in the left-hand side vector of (60): 


1! 

II 

ib 

e = E~'» 0 

*h = o. 

q, = arbitrary 


q* = o 

k a = o. 

>- 

II 

O 

A, =0, 

*» = o 

V = G,q, + G e" 

= G,q, + G, E~' 


Premultiply by the coefficient matrix, and demand 
that all terms on the right-hand side vanish but for 
f, = L<t„. The orthogonality conditions in eqns (57) 
and (59) then emerge. This form of the patch test is 
very strong, and it may well oe that relaxing circum- 
stances can be found for specific problems such as 
shells. 

10. CONCLUSIONS 

The results of the present paper may be summar- 
ized as follows. 

I- The classical variational principles of linear 
elasticity may be embedded in a parametrized 
matrix form. 

2. The elasticity principles with independently varied 
displacements are members of a three-parameter- 
family. 

f Mathematically, the entire element boundary is trac- 
tion-specified. i.e. S m S, . 


3. Finite element assumptions for constructing HP 
elements may be conveniently investigated on this 
family. 

4. Kinematic constraints established outside the 
realm of the variational principle may be incor- 
porated through Lagrange multiplier adjunction. 

5. The FF and ANS methods for constructing 
HP finite elements may be presented within this 
variational setting. In addition, combined forms 
emerge naturally from the general parametrized 
principle. 

6. The satisfaction of the individual element test 
yields various orthogonality conditions that the 
kinematics constraints should satisfv a priori. 

The construction of HP elements based on a weighted 
mix of FF and ANS ‘ingredients’ will be examined 
in sequel papers, and specific examples will be given 
to convey the power and flexibility of the present 
methods. 

Acknowledgements— The work of the first author has 
been supported by NASA Lewis Research Center under 
Grant NAG 3-934. The work of the second author has 
been supported by a fellowship from the Consejo Nacional 
de Investigaciones Cicntificas y Tecnicas (CONICET), 
Argentina. 


REFERENCES 

1. C. A. Felippa. Parametrized multifield variational prin- 
ciples in elasticity: I. Mixed functionals. Commun. appl. 
burner. Meth. 5, 69-78 < 1989). 

2. C. A. Felippa, Parametrized multifield variational prin- 
ciples in elasticity: II. Hybrid functionals and the free 
formulation. Commun. appl. Numer Meth . 5, 79-88 
(1989). 

3. C. A. Felippa, The extended free formulation of finite 
elements in linear elasticity. 7. appl. Mech. 56, 609-616 
(1989). 

4 C. Militello and C. A. Felippa, A variational justifi- 
cation of the assumed natural strain formulation of 
finite elements: I. Variational principles. Comput. 
Struct. 34, 431-438 (1990). 

5. C. Militello and C. A. Felippa, A variational justifi- 
cation of the assumed natural strain formulation of 
finite elements: II. The C° four-node plate element. 
Comput . Struct . 34, 439-444 (1990). 

6. T. H. H. Pian, Derivation of element stiffness matrices 
by assumed stress distributions. A/A A Jnl 2, 1333-1336 
(1964). 

7. T. H. H. Pian and P. Tong, Basis of finite element 

methods for solid continra. /m. 7. Numer Meth Enznz 
I, 3-29 (1969). 5 

8. T. H. H. Pian, Finite element methods by variational 
principles with relaxed continuity requirements. In 
Variational Methods in Engineering (Edited by C. A. 
Brebbia and H. Tottenham), Vol. I. Southampton 
University Press. Southampton, U.K. (1973). 

9. B. Irons and S. Ahmad. Techniques of Finite Elements , 
Ellis Horwood Ltd, Chichester, U.K. p. 159 (1980). 

0. J. T. Oden and J. N. Reddy, Variational Methods in 
Theoretical Mechanics. 2nd Edn. Springer, Berlin 
(1983). 

I P. G. Bergan and C. A. Felippa, A triangular membrane 
clement with rotational degrees of freedom. Comput 
Meth. appi . Mech. Engng 50, 25-69 (1985). 


Variational formulation of high-performance finite elements 


11 


12. C. A. Felippa and P. G. Bergan, A triangular plate 
bending element based on an energy-orthogonal free 
formulation. Compute Meth. appl. Mech. Engng 61 , 
129-160 (1987). 

13. P. G. Bergan and L. Hanssen, A new approach for 
deriving ‘good’ finite elements. In 77r* Mathematics 
of Finite Elements and Applications — Volume II (Edited 
by J. R. Whiteman), pp. 483-498. Academic Press. 
London, U.K. (1976). 

14. P. G. Bergan, Finite elements based on energy 
orthogonal functions. Int. J. Numer. Meth Engng 15 , 
1141-1555 (1980). 


15. P. G. Bergan and M. K. Nygird. Finite elements with 
increased freedom in choosing shape functions. Int. J. 
Numer. Meth. Engng 20, 643-664 (1984). 

16. P. G. Bergan and X. Wang, Quadrilateral plate bending 
elements with shear deformations. Comput. Struct. 19, 
25-34 (1984). 

17. P. G. Bergan and M. K. Nygard. Nonlinear shell 
analysis using free formulation finite elements. In Proc. 
Europe -VS Symposium on Finite Element Methods for 
Nonlinear Problems , pp. 317-338 Springer, Berlin 
(1985) 


Note added in proof Additional results that complement the present unification of variational principles 
are reported in Felippa and Militello (C. A. Filippa and C. Militello. In Analytical and Computational 
Models for Shells , CED VoL 3 (Edited by A. K. Noor, T. Belytschko and J. C. Simo), 191-216. ASME. 
New York (1989)). These results include: (a) interpretation of ihe Euler equations Ae =* 0 . &o =0 and 
diver' - -b provided by eqn (24) in terms of weighted residuals; (b) general parametrization of functionals 
without independently varied displacements; and (c) the special significance of the 'ANDES functional* 
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I Congreso de Mitodos Num6ricos en Ingenieria. © SEMNI 1990 


THE ANDES FORMULATION OF FINITE ELEMENTS 

Carlos A. Felippa y Carmelo Militeilo 

Department of Aerospace Engineering Sciences and Center for Space Structures and 
Controls, University of Colorado 
Boulder, Colorado 80309-0429, U.S.A. 


SUMMARY. - ANDES is an acronym foe Assumed Natural DEmatomc Strains. This is & brand new variant of the Assumed 
Natural Strain (ANS) formulation of finite elements, which has recently attracted attention as an effective method for 
constructing high-performance plate and shell elements for linear and nonlinear analysis. The ANDES formulation is based 
on an extended parametrized variational principle developed in recent publications. The key concept is that only the 
deviatoric part of the strains is assumed over the element whereas the mean strain part is discarded in favor of a constant 
stress assumption. Unlike conventional ANS elements, ANDES elements satisfy the individual element test (a stringent 
form of the patch test) a pnon while retaining the favorable distortion-insensitivity properties of ANS elements. The 
first application of this new formula! ion has been the development of several Kirchhoff plate bending triangular elements 
with the standard nine degrees of freedom. Numerical experiments indicate that one of the ANDES element is relatively 
insensitive to distortion compared to previously derived high-performance plate-bending elements, while retaining accuracy 
for nondistorted elements. 


INTRODUCTION 

Despite almost three decades of work, plates and shells re- 
main a important area of research ir finite element meth- 
ods. Challenging topics include: 

1. The construction of high performance elements. 

2. The modeling of composite and stiffened wail construc- 
tions. 

3. The treatment of prestress, imperfections, nonlinear, 
dissipative and dynamic effects. 

4. The development of practical error estimators and 
adaptive discretization methods 

5. The interaction with nonstructural components, for 
example external and internal fluids. 

This paper reports progress in the first challenge, although 
it must be recognized that advances in this direction are 
shaped to a large extent by thinking of the others. 

The mam motivation behind our recent finite element work 
has been the construction of simple and efficient finite el- 
ements for plates and shells that are lock-free, rank suffi- 
cient and distortion insensitive, yield accurate answers for 
coarse meshes, fit naturally into displacement- based pro- 
grams, and can be easily extended to nonlinear and dy- 
namic problems. Elements that possess these attributes 
to some noticeable degree are collectively known as high 
performance or IIP elements. 

Over the past three decades investigators have resorted to 
many ingenious devir»»«t to construct HP elements. The 
most important ones are listed in Table 1. The under- 
lying theme is that although the fi lai product may look 
like a standard displacement model so as to fit naturally 


into existing finite element programs, the conventional dis- 
placement formulation is abandoned. (By “conventional” 
we mean the use of conforming displacement assumptions 
into the total potential energy principle.) 


Table 1. Tools for Constructing HP Elements 



Technique 

Kear 

introduced 

1 . 

Incompatible shape functions 

1961 

2. 

Patch est 

1965 

3. 

Mixed and hybrid principles 

1965 

4. 

Projectors 

1967 

5. 

Selective reduced integration 

1969 

6. 

Uniform reduced integration 

1970 

7. 

Partial strain assumptions 

1970 

8 . 

Energy balancing 

1974 

9. 

Directional integration 

1978 

10. 

Limit lifferential equations 

1982 

11. 

Free formulation 

1984 

12. 

Assumed natural strains 

1984 
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Box 1 Decomposition of the Element Stiffness Equations 

L«t K be the element .tiffin, matrix, v the visible element degree, of freedom (thoee degree, of freedom in 

- j r *• ^ 

Kv = (K, + K„)v = f. (1) 

«‘“ d K ‘ ““IT “ d ***" 0rdCr S ‘ iffne ” m * tnc "' f«P«tively, The basic stiffness matrix 
,ent ’ “ COB *" ,ct « d for The higher order stiffnere matrix is constructed 

for ri*Mi<|T and (in more recent work) accuracy. A decomposition of this nature, which also hold, at the 
a«smbly level, was Aral obtained by Bergan and Nygard (1984) in the derivation of the free formulation. 

Feuppa Md Muite,i ° <i989> ,99 ° a ’ iMob) the fo,i ° w,n * * 

1. K. is formuUttou independent and is defined entirely by an resumed constant strere state working on 
element boundary displacement^ No knowledge of the interior displacement, is necereary (Box 2) The 
extension of this statement to C° plate and shell elements is not straightforward, however, and special 
considerations are necessary in order to obtain K h for those elements. 

2. 1C* has the general form 

K* — 733^>i33 *f j22K-h22 + 723^^23- (2) 

The three parameters j„, ; J3 and j a characterize the source variational principle in the following sense: 

(a) ° he - FF -** ' “° Ver<d 3 > ”- gQ “ d •'" = 1 - where T“*K‘ scaling coefficient studied in 

nir l, Fd !| P r 985 i“i M ' PP ' “ d B * r ® an (I987) - Th * on * mai FF of Bergan "id Nygard 
1984) is ob tamed tf 7 = 0. The source variational principle is a one-parameter form that includes 

1989b 0 ^98fe) en * r * y ,tre "’ duplacement R * u " raer functional, a. special care; see Felippa (1989a, 

(b) The ANDES variant of ANS is recovered if j„ = j„ = 0 whereas )„ = .», scaling parameter The 

HuwJhri! ' f 111 r? ,e " * 0n r PSfamet " form tha * include » Oner’s stress-displacement and 
Hu-Washizu s functionals as special cases; see Felippa and Militello (1989, 1990a, 1990b). 

(c) If J33 IS nonzero, the last term in (2) may be viewed as being produced by a FF/ANDES combination 
ouen a combination remains unexplored. 


A Unified Vanattonai Framework 

Table 1 conveys the feeling of a bewildering array of tools. 
The question arises as to whether some of them are just 
facets of the same thing. Limited progress has been made 
in this regard. One notable advance in the 1970a has been 
the equivalence of reduced /selective integration and mixed 
methods achieved by Malkua and Hughes (1978). 

The present work has benefited from the unplanned conflu- 
ence of two unification efforts. An initial attempt to place 
the free formulation developed in Bergan and Hanssen 
(1976), Bergan (1980), Bergan and Nygard (1984), within 
the framework of parametrized hybrid variational princi- 
ples was successful, as reported in Felippa (1989a, 1989b, 
1989c) The free formulation in turn “dragged" incom- 
patible shape functions, the patch test, and energy bal- 
ancing into the scene. Concurrently a separate effort was 
carried out to set out the assumed natural strain (ANS) 
(as well as related techniques such as projection meth- 
a mixed/hybrid variational framework as described 
in Militello and Felippa (1990a, 1990b). Comparison of 


the results led to the rather unexpected conclusion that 
a parametrized variational framework was able to encom- 
pass ANS and the free formulation as well as some hitherto 
untried methods; see Felippa and Militello (1989 1990a 
1990b). 

The common theme emerging from this unification is that 
a wide class of HP elements can be constructed using two 
ingredients: 

{ 1 ) A parametrized functional that contains all variational 
principles of elasticity as special cases. 

(2) Additional assumptions (which are sometimes called 
“variational crimes" or “tricks") that can be placed 
on a variational setting through Lagrange multipliers. 

As of this writing it is not known whether the “wide class" 
referred to above encompasses all HP elements or at least 
the most interesting ones. Some surprising coalescences, 
such as DKT and ANS bending elements, however, have 
emerged from this study. 
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Box 2 Construction of the Basic Stiffness Matrix 

Step B.J. Assume a constant stress field, 7, inside the element. (This should be the element stress field 
that holds in the convergence limit; for structural elements the assumption would be on independent stress 
resultants. ) The associated boundary tractions are = 7.n, where n denotes the unit external normal on 
the element boundary 5. 

Step B.t. Assume boundary displacements, d, over 5. This field is described in terms of the visible element 
node displacements v (also called the connectors) as 

d = Nj v, (3) 

where N* is an array of boundary shape functions. The boundary motions (3) must satisfy intereiement 
continuity (or at least, zero mean discontinuity so that no energy is lost at interfaces) and contain rigid-body 
and constant-strain motions .*xactly. 

Step B.3. Construct the "lumping matrix” L that consistently “lumps'* the boundary tractions 7 n into 
element node forces, f, conjugate to v in the virtual work sense. That is, 

f = J'_H in 7r n dS = L7. «> 

In the above, N*, are boundary-system projections of N«* conjugate to the surface tractions <r n 

Step B.J. The basic stiffness matrix for a 3D element is 

K* = v* l LEL T , f 5 ) 

where E is the stress-strain constitutive matrix of elastic moduli, which are assumed to be constant over the 
element, and v = J v dV is the element volume measure. 

For a Kirchhoff plate bending element, stresses, strains and stress-strain moduli become bending moments, 
curvatures and moment-curvature moduli, respectively, and the integration is performed over the element area 

A K, = /4-‘LDL t , (6) 

where D is the matrix of moment-curvature moduli. Specific examples for L are provided in the Stiffness 
Matrix Computation’ section 


The Assumed Natural Strain Formulation 

The assumed natural strain (ANS) formulation of finite 
elements is a relatively new development. A restricted 
form of the assumed strain method (not involving natu- 
ral strains) was introduced by Wiliam (1969), who con- 
structed a 4-node plane-stress element by assuming a con- 
stant shear strain independently of the direct strains and 
using a strain- displacement mixed variational principle 
(The resulting element is identic^ to that derivable by se- 
lective one-point integration.) A different approach advo- 
cated by Ashwell (1974) and cowcrkers viewed “strain ele- 
ments'* as a convenient way to generate ‘good’ displacement 
fields by integration of appropriately assumed compatible 
strain fields. [In fact, this was the technique originally used 
by Turner et aL (1956) for deriving the constant-strain 
membrane triangle in their celebrated paper ] 

These and other forms of assumed -strain techniques were 
overshadowed in the 1970s by envelopments in reduced 
and selective integration methods The assumed strain ap- 
proach in natural coordinates, however, has recently at- 


tracted substantial attention: particularly in view of its 
effectiveness in geometrically nonlinear analysis, Impor- 
tant contributions have been made by Bathe and Dvorkin 
(1985), Huang and Hinton (1986), Jang and Pinskv (1986). 
MacNeal (1978), Park (1986), Park and Stanley (1986). 
and Simo and Hughes (1986). 

As noted above, the unification achieved by Felippa and 
Militello (1989 1990a. 1990b) merges two HP element con- 
struction schemes: the free formulation (FF) of Bergan 
and Nygard (1984), and a variant of ANS called AN- 
DES (acronym for Assumed Natural Deviatoric Strains) 
described in further detail below. The stiffness equations 
produced by the unified formulation enjoy the fundamental 
decomposition property summarized in Box 1. 

In the ANDES variant of ANS. assumptions are made only 
on the devtatonc portion of the element strains, namely 
that portion that integrates to zero over each element. 
This assumption produces the higher order stiffness labeled 
K*22 in Box 1 The mean strains are left to be determined 
variation ally and have no effect on the stiffness equations 
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Box 3 Construction of K* by the ANDES Formulation 

SitrH.l. Select nt/enace Uses (in 2D elements) or rtfcnnce planes (in 3D elements) where “natural strain- 
***® locations an to be chosen. By appropriate interpolation express the element natural strains e in terms 
of the straragage readings” g at those locations: 

« = A,*, (7) 

where < is a strain field in natural coordinates that must include all constant strain state*. (For structural 
dement* the term “strain” is to be interpreted in a generalised sense.) 

Sitf H.t. Relate the Cartesian strains e to the natural strains: 

e = T< = TA ( g = Ag (g) 

at «ch point in the element. (If • 5 e, or if it is poeaible to work throughout in natural coordinates, this step 
i* skipped.) K 

Step H.3. Relate the natural straingage readings g to the visible degrees of freedom 

g = Qv, (9) 

where q is a straingage-to-oode displacement transformation matrix. Techniques for doing this vary from 

element to element and it is difficult to state rales that apply to every situation. In the elements derived 
here q is constructed by direct interpolation over the reference linee. (In general there is no unique internal 
displacement field u whoee symmetric gradient is e or e, so this step cannot be done by simply integrating the 
ftram field over the element and collocating u at the nodes.) 

Step B.4. Split the Cartesian strain field into mean (volume-averaged) and deviatoric strains: 

e = e + ej = (A + A*)g, (10) 

where A = f y TA« dV/v, and e< = A d g has mean zero value over V. This step may also be carried out on the 
natural strains if T is constant, as is the ease for the elements here. 

Step II. 5. The higher-order stiffness matrix is given by 


K* = oQ r K*Q, with K 4 = J aJeA 4 dV, 


where a = j n > 0 is a scaling coefficient (see Box 1). 

It U often convenient to combine the product of A and q into a single strain-displacement matrix called (as 
umal) B, which splits into 1? and B rf : 


e = AQv = (A + A*)Qv = ( 5 * + B«,)v = B v, 


in which case 


K h = J BJeB 4 dV. 


The notation B, = A«Q is also used in the sequel. 
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Box 4 Construction of K by the Conventional ANS Formulation 

Steps S.J to S.3. Identical to the first three steps H.l through H.3 t in Box 3. The fourth step: strain splitting, 
is omitted. 

Step S.4. The element stiflhrss matrix is given by 

K ss Q r K a Q, with K. = J A T EA dV. (H) 

or, if B = AQ is readily available 

K = y B t EB dV. (15) 

In general this stiffness matrix does not pass the individual element test of Bergan and Hanasen (1976), which 
is a strong form of the patch test that demands pairwise cancellation of node forces between adjacent elements 
subjected to constant stress states. For this to happen, K must admit the decomposition 

K 3 K» + Kfc = u _l LEL T + K*. (16) 

where L is a force-lumping matrix derivable as per Box 2 and K* is orthogonal to the rigid body and constant 
strain test motions. In other words, the ANS element must coalesce with the ANDES formulation with a = 1. 
The equivalence may be checked by requiring that 

B = AQ = u“ l * * * * * L T , (I 7 ) 

where A is the mean part of A f see Box 3). At the present there are no known general techniques for explicitly 
constructing strain fields that satisfy these conditions a prion. 

If the patch test is pot satisfied, one should switch to the ANDES formulation by replacing the basic stiffness 
constructed from constant strain, namely uB ElT, with one constructed from constant stress as in Box 2. 


The basic steps in the construction of K> and K* for a gen- 
eral three-dimensional element are summarized in Boxes 2 
and 3, respectively. For justification of these “recipes" the 
reader is referred to Felippa and Mditello (1989, 1990a, 
1990b). 

The derivation of the element stiffnrss matrix for conven- 
tional ANS elements is summarized in Box 4. In this case 
there is no splitting into basic and higher order parts. 

This paper reports briefly (because of space constraints) on 
the construction and testing of the first ANDES elements. 
These are Kirchhoff plate-bending triangular elements with 
the standard 9 degrees of freedom (one displacement and 
two rotations at each comer). This choice is made because 
of the following reasons: 

1. High-performance three-node triangular plate bend- 

ing elements, whether baaed on Kirchhoff or Reisaner- 

Mindlin mathematical models have not been pre- 

viously obtained through the ANS formulation. 

[Although the DKT element presented by Batoz, 
Bathe and Ho (1980) and Batoz (1982) qualifies as 

high-performance and is in fact an ANS element as 

shown later, it hak not been derived as such ] The sit- 
uation is in sharp contrast to f^ur-node quadrilateral 
bending elements, for which HP elements have been 
constructed through a greater variety of tools; see e.g. 


Bathe and Dvorkin (1985), Crisfieid (1983), Hughes 
and Tezduy&r (1981), Kang (1986), MacNeal (1978) 
and Park and Stanley (1986). 

2. High performance elements of this type have been ob- 
tained through the FF and ancestors of the FF as de- 
scribed in Bergan and H&nssen (1976), Bergan (1980), 
Bergan and Nygard (1984) and Felippa and Bergan 
(1987). These elements are considered among the best 
performers available. It is therefore intriguing whether 
elements based on the ANDES variant can match or 
exceed this performance. 

THE TRIANGULAR PLATE ELEMENT 
Geometnc Relatione 

We consider here an individual triangle with straight sides. 
Its geometry is completely defined by the location of its 
three corners, which are labeled 1,2,3, traversed counter- 
clockwise. The element is referred to a local Cartesian 
system (x, y) which is usually taken with origin at the cen- 
troid 0, whence the corner coordinates x*, y,- satisfy the 
relations 

xi + x; + X3 = 0, yi+ya + ya = 0- (18) 

Coordinate differences are abbreviated by writing x (; = 
n - Xj, and y,- ; = y, - y,. The signed triangle area A is 
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given by 


2A = 


1 1 1 

yi ya ys 


: ^aiysi — x 31 y 31 


(19) 


= X32V12 - x 12 y 32 = z 13 yy - r M y 13) 


and we require that A > 0. We shall make use of di- 
mensionless triangular coordinates ( 2 and Cs, linked by 
Ci+Ca+Ca = 1- The following well known relations between 
the triangular and Cartesian coordinates of a straight-sided 
triangle are noted for further use: 


x - *tCi + * 2 Ca + xaCa, y = yiCi + yiCa 4- ysCs. (20) 
G = 27 [* iV * ■ *»W + (* - *o)j In + (v - j , (21) 

in which i, j and k denote positive cyclic permutations of 
1, 2 and 3; for example, t = 2, j =r 3, k = 1. (If the origin 
is taken at the centroid, x 0 a* y 0 = 0.) It follows that 


2A iz- y ™' 2A ifc = y *'> 2A ^ = ^ 
2A it = Xn ' 2 ^ = ri3 ’ 2/, ^f =i ”- 


(22) 


Other intrinsic dimensions and ratios of use in future 
derivations are 


= tjt - y r ?,- + y?y . Cij - Xjiflij , = y^/f 1J ( 

a* = 2Aftij , bij = (xijXik + y/*yt*)/4j — A) — , 

+ yy»y*i)/( x o + y?y)» 

— 1 “ = bji/tij. 

(23) 

Here ^ is the length of side t-j and c< ; and s,y the 
cosine and sine, respectively, of angle (i — j,x). Further- 
more and bji are the projections of sides i-k and k->, 
respectively, onto i-j\ A <j and A^ being the corresponding 
projection ratios. 

On each side i-j, define the dimensionless natural coordi- 
nates /i,-,- as varying from 0 at i to 1 at j. The coordinate 
t**j a point not on the side is that of its projection on 
j-;. Obviously 


dx __ dy _ 

Omi “ 0*, * y '- 


(24) 


OiJp/acemenfs, Aofofioiij, Curvatures 

As we are dealing with a Kirchhoff element, it* displace- 
ment field is completely defined by the transverse displace- 
ment tv(ar, y) = u>(Ci , Ca . Cs), positive upwards. In the 
present section we assume that w is unique and known in- 
side the element; this assumption is relaxed later. The mid- 
plane (covariant) rotations about x and y are 9 g = dwfdy 
and By = -dur/#x, respectively. Along side with tan- 
gential direction t and external-normal n the tangential 
and normal rote * : ^na are defined as 

dw 

a _ dm „ a < 25 > 

^ * ^* c *> +^y a ii- 


The visible degrees of freedom of the element collected in 
v (see Baxes 2-3) are 


V 7 * = [wj $ 9l $ fl Wj 9, 2 0y2 Ws 9,2 9yS ] ■ (26) 

The Cartesian second derivatives are given by 

d 2 w _ d 3 t a (9Q AO 1 dw <9 2 C. 1 d 3 w 

9* 2 s dCidQi dz dz + dCi dz> - 

_ <9 ? U> apaCi , <9tx/ 5 a C _ 1 

dxdy ~ 0O<?C, <?x dy + 36 <9x3y " 4 A 2 363C> y ’ kZik ' 

d 2 w d 2 w dCidc dwd'Ci i d 3 w 

&V 2 dCidCi dy dv+ ac dy 2 ' 4A 2 dCAf *‘ ,X< ** 

(27) 

since a a 3 Ci*/^*^V ®nd <? a C«V<9y 3 vanish on a 

straight-aided triangle, cf. Bq. (21). 

Natural Curvatures 

The second derivatives of w with respect to the dimension- 
less side directions defined above will be called the ns<- 
«re^ cunts fores and denoted by Xij = d 2 wfdtf Note 
that these curvatures have dimensions of displacement. 
The natural curvatures can be related to the Cartesian 
plate curvatures «„ = d 2 w/dx 2 , = d 2 w/dy 2 and 
Kgy = 2a J w/axay, by chain-rule application of Eqs. (24): 


( Xl2 1 

rw. 

w. 


X 21 Slil x 7lV7l 


f & ) 

{“}- 

9 a y 

► = 

r 32 y§2 xsjyaj 

2 2 


& 


£w 

[ diZ> 


. x i3 yi3 x isyi3. 


2 ^y. 


or x = T -l /c. The inverse of this relation is 



1 

4 A 2 


y»yi3 

X] 3 X t3 

.yjjXsi + x 33 y 13 


ynysa 

Xl2X 3 j 

yiaXw + x 2 iy 33 


or, in compact matrix notation 


y3iy2i 

x 3lX 21 

y3lX l3 4 Xuy,! 


d 2 w 

£w 

d 2 w 

S2r 


(29) 


* = T*. 


m 


At this point we relax the requirement that the curvatures 
be derivable from a displacement field w\ consequently the 
partial derivative notation will be discontinued. However, 
the foregoing transformations will be assumed to hold even 
if the curvature fields k and x "e not derivable from w. 
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DIRECT CURVATURE INTERPOLATION 


The Slmngagc Readings 

ANS and ANDES plate bending elements are based on di- 
rect interpolation of natural curvature*. All element* dis- 
cussed here adopt the three triangle side* a* the reference 
line* defined in Box 3. The natural curvatures are assumed 
to vary linearly over each reference line, an assumption 
which is obviously consistent with cubic beam- like varia- 
tions of tv over the sides. A linear variation on each side 
is determined by two straingage sample points, which we 
chose to be at the corners. 

Over each triangle side chose the isoparametric coordinates 
that vary from -1 at corner t to f 1 at corner j. These 
are related to the natural ^ coordinates by = 2 - 1. 
The Hermite interpolation of u> over i-j is 

(i + €ii)*(2-<«) -PuP +«»)*(» -f«)l |t- j' 

"’(31) 

where 6 n denotes the rotation about the external normal n 
on side tji. The natural curvature over side ij is given by 


d 2 w 

x “ = ^ 

= [66; - 1) -86> 34,«.i + D] 



Evaluating these relations at the nodes by setting = ±1 
and converting normal rotations to r-y rotations through 
(25), we build the transformation 


Xiali ' 


*-6 -4yai 4x 7l 

Xul? 


6 2yai — 2a-2i 

Xaali 


0 0 0 

Xaal 3 
Xails 
Xai 1 1 - 


0 0 0 
6 -2yis 2it3 


.-6 4yi3 ~4a)3 


2X21 

0 

0 

0" 

-4X21 

0 

0 

0 

4X32 

6 

-2ysa 

2X32 

-2x 32 

-6 

4V32 

-4X33 

0 

-6 

-4yis 

4x, 3 

0 

6 

2yu 

"2xj3^ 


-2yj! 

4yai 

-4y3j 

2ysj 


0 

0 


“y l 
U/2 

*.a 

9.2 
U* 
9x3 

9.3 


(33) 


The left hand side is the natural straingage reading vector 
called g in Box 3 and thus we can express (33) as 


g = Q v 


(34) 


This relation holds for all elements discu^-cd here. 

The six gage readings collected in g provide curvatures 
along the three triangle side directions at two corners. But 


nine values are needed to recover the complete curvature 
field over the element. The three additional values are the 
natural curvatures xaa. Xai and Xu 44 corners 1, 2 and 3, 
respectively. Three possibilities for the missing values are 
discussed below. 

The Average-Curvature Rule 

To each corner k issign the average natural curvature x*j o( 
the opposite side This average is given by (34) evaluated 
at {ij = 0. For example 

XU Is = 2 U 12 I 1 f xul 2 ) = V3i(0*J -0*i) + *12(^2 -<W- 

(35) 

The natural curvature now can be interpolated linearly over 
the triangle: 


Xu — Xu i i Ci + XuljCa + XuisCa ^ 

= Xuit (Ci + £Ca) + Xiali (Ca + iCa)- 

It is readily verified that under this rule the natural curvar 
ture xii i* constant over lines parallel to the triangle me- 
dian that passes through node 3. Formulas for the other 
curvatures follow by cyclic permutation, from which we 
construct the matrix relation 


Ci + Ka Ca + K 3 

0 


0 

0 

Ca + ±Ci 


0 

0 

0 


0 

0 

0 


Ca+ki 0 

0 

8 

0 

Ca + ^Ca 

Cl + Kx 


’Xai 

(3Cai - l)vsi 

(Xu+l)x 3 l 

0 

0 

0 


„Xai 

(3Cia + l)yia 

(Xai-i)yu 

Xia 

(Xai + Oyai 

(Xu-l)yai 

Xaa 

(Xaa - l)yaa 

(Xaa + U*32 

0 

0 

0 


0 

0 

0 


6Cia 

(Xaa + l)yaa 

(3Caa - Dios 

Xl3 

(Xia - l)yu 

(Xai + l)xia 


(37) 

in which Cu = <i “ Ca. etc. In tile notation of Box 3, 


* = A,.g= A,.Qv= B x .v (38) 

where subscript a identifies the “averaging” rule (35). Since 
the natural curvatures vary linearly over the triangle, their 
mean values are obtained by evaluating (37) at the centroid 
Cl = C 2 = Ca = 1/3: 


f X 

ia ) 

*0 

-yai 

X 21 

0 yjj -r2i 

X = { x 

13 j “ 

0 

0 

0 

0 -ysa X 32 

lx 

31 J 

^0 

yu 

— X 13 

0 0 0 



0 

0 

0 ' 

v = B va v 



0 

yaa 

-XS2 



0 

-Via 

X 13 „ 

(39) 

Finally, the Cartesian 

curvatures are given by 


1 

K = 

:TB, a v 

= B. 

V, (40) 
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An explicit expression of these relations is easily obtained, 
but not required in what follows; however, that of the mean 
Cartesian curvatures k =r T5 * # v = ll.v (a relation valid 
because T is constant over the triangle) is enlightening: 



’0 

0 

V33 

0 

0 

yw 

0 

*32 

0 

0 

*13 

0 

.0 

yss 

*33 

0 

ifcl 

*31 

0 

0 

V21 ' 


(41) 

0 

*31 

0 

V 

11 

V. 

0 

ytj 






The Projection Rule 


To each corner k assign the natural curvature xa of iU 
projection onto the opposite side. This results in \ij be- 
ing constant along lines norma/ to side ij. For equilateral 
triangles this agrees with the averaging rule, but not oth- 
erwise. The underlying motivation is to make the element 
insensitive to bad aspect ratios in cylindrical bending along 
side directions. 


To illustrate the application of this rule consider side 1-2. 
For node 3 take 


* 12 ^ 3 ~ 1 * Al2 * 12 ^ 1 + * 21 Xl2 ^ » ( 42 ) 
where A 12 and A 2l are defined in Eqs. (23). Proceeding in 
the same manner along the other sides we construct the 
matrix relation 



or 


Ct + A^^ Cj + A 2 iCa 0 
0 0 Ca + A 23 < t 

0 0 0 

0 0 O' 

C 3 + ^3iCi 0 0 g, 

0 Cs + AsiCa Ci + A 13 < 2 

(43) 


X-A xp g, k 3 TA v g, (44) 

where subscript p identifies the “projection” rule. As in the 
preceding rule, since T is constant we can do the strain- 
splitting step of Box 3 directly on the natural curvatures 
by evaluating at the centroid: 


- (A.** + A x«*p) 


|(1 + A ta ) 

3 0 + A 2i ) 

0 

0 

0 

3(1 + * 23 ) 

0 

0 

0 

0 

0 

0 



0 

0 


0 

3(1 + ^ 3 l) 

3 (1 + a 13 )^ 


C 10 + 

C 30 + ^2lGo 0 

0 

0 

C 30 + Aj 3 <' 1 | 

0 

0 

0 

0 

0 

0 

C 30 + A 32 Cio 

0 

0 


C30 + Aa !^ Cio + A 13 <; 20 J 

(45) 


in which 60 = 0 - f Then 


B p - TA W Q - TtAju, + Aip)Q = + B dp . (46) 


The explicit expression of these matrices is not revealing. 
For the construction of the stiffness matrix it is better to 
leave (46) in product form and to carry out the operations 
with a symbolic algebra package such as MACSYMA. The 
explicit expression of K*, obtained in this manner is pre- 
sented in Appendix B of Militello and Fetippa (1989). Ob- 
serve that if all A coefficients are which happens for the 
equilateral triangle, the expressions reduce to those of the 
averaging rule. 


The ‘ Sliding Beam ' Rule 

This is a refinement of the average-curvature rule. Consider 
a fictitious beam parallel to side i- j sliding towards corner 
k. The end displacements and rotation of this beam are 
obtained by interpolating w cu bicall y, 9 n quadraticaily, and 
9 t linearly, along sides i-i and j~k. Compute the mean 
natural curvature of this beam and assign to node £ the 
limit as the beam reaches that corner. 

The required calculations can be simplified if we observe 
that the mean curvature of the sliding beam vanes linearly 
as it moves from «->, where it coincides with (35), to corner 
k. At one third of the way this mean is the natural cen- 
troidal curvature, which can then be readily extrapolated 
to k . These centroids! curvatures are given by x = B x ,v, 
where subscript s identifies the ‘sliding' rule. A symbolic 
calculation yields the explicit form 




2Ais 

«*CI3 

ai*t3 

2A 23 

<*lC32 


<»t *33 

— 2(A l3 + A 23 ) 
o 2 c l3 + ajc 32 

. *2*t3 + aj 533 


“2(A 2 i + A 3l ) 

2A 13 

aac 2 i 4* o 2 cj3 

a 3 c 3t 

*3*71 + a 2 s 13 

*3*31 

2A 2 i 

-2(Aj 2 + A 33 j 

a 3 c 2l 

*ic 32 + a 3 c 2 j 

as*3i 

ai*32 + a 3 s 2J 

2A 31 

2A 32 

a 2 c !3 

*l c 32 

*2*13 

*1*32 


where a it a, and s t> are defined in Eqs. (23). Extrapolating 
to the opposite corners and interpolating over the triangle 
we construct x = B x ,v t with 
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B 


r _ 

x« 


6(— <1 4 <3 + AuCa) 

2 yai(l - 3Ci) + 3a»cisC3 
2x 1 ,(3C 1 -l) + 3a,j ta 6 
6 (Ci - C 2 4 ^nCs) 
2lfti(3Ca - U + 3atcs3<3 

2*n(l — 3<a) 4 3flj#saCj 
— 6 (A» 4 Ad)^3 
(So^cu 4 3aic 3 j)C3 
. (3«3#i3 4 3ai#saX3 


-$(A»i 4 Aji)Ci 
(3ascai 4 3aict3)£i 

(3as#« 4 3a* #43)61 
6( — Ca 4 Cs 4 AjiCi) 
2jta(l - Xi) 4 3ajcjiCi 
2xsi(3Ca — 1) 4 3aj#5iCi 
6(Ci “Cs 4 A31C1) 
2vsa(3Cj — 1) 4 3aiCtsCi 
2 xsj( 1 - 3Cs) 4 3ai«isCi 


6(63 — Ci 4 A 1262 ) 
2yi3(3Ci -1)4 3asC3iCs 

2*13(1 — 3Ci) + 3asJ2iCa 

— 6(Au 4 A 33 K 2 
(3a»C33 4 3asC2iK2 
( 3ai #33 4 3a 3 #3i)Ca 
6(— <3 4 Ci + ^siCi) 
2yis(l — 3Ca) 4 3aiC3jCi 
2* 13 (3G -1)4 3tti#32<2 . 


(48) 


It should be noted that Ax nod Q are inextrieabiy en- 
irwhrrl in the above formula and cannot be eaeily sep- 
arated. Premnliiplication by T yield# * = B,v. Eval- 
uation of B, at the centroid yield# B, = Lj*/A, where 
Lj = ATff x , i# the force lumping matrix given in Eq. (54). 
A variation on the eliding- beam theme would cocubt of 
interpolating the normal rotation 0* along t-k and j-k lin- 
early rather than quadratically. Thi# #cheme turn# out to 
be identical, however, to the average curvature rule and 
thus it provide# nothing new. 

The ANS Element# 

Three ANS element# baaed on the preceding interpolation 
rule# may be constructed by following the prescription of 
Bax 4. Their stiffnesses are identified as K«, K^, and K ( , 
for averaging, projection, and sliding-beam, respectively. 
The following properties hold for thcee elements. 

pitch Test Assuming that the element has constant thick- 
ness and mifrfH properties, K« and K, pass the individ- 
ual »hwyit test, but Kp does not. This claim can be an- 
alytically confirmed by applying the criterion of Eqs. (16)- 
(17), and noting that = Lf/A and B, = L J*/A, where 
L t and L, are the force lumping matrices (51) and (54). 

Efstsslcace with DKT. K, turns out to be identical to the 
matrix of the Discrete Kirchhoff Triangle (DKT) 
element, which was originally constructed in a completely 
different way that involves assumed rotation fields; see Ba- 
tes, Baths and Ho (1980). Tim# DKT is an ANS element, 
sb d 1 i#e (because 0/ the efs»vo/encr noted below) an AN- 
DES element This equivalence provides the first varia- 
tional justification of DKT, as well as the proof that DKT 
passes the patch test without any numerical verification. 

ANS/ANDES Eynwnienee. If the bask stiffness matrices 
Kw end K*, derived in the next section are used in con- 
junction with the averaging and sliding-beam rules, and 
a s 1, the ANDES formulation yields the same results 
as ANS if the element has constant thickness and ma- 
terial properties. (If the element has variable thickness, 
or the material properties vary, the equivalence does not 
hold.) The ANDES formulation used with the projection 
role yields' two elements, called ALR and AQR in the se- 
quel, which differ in their basic stiffnesses. Both of these 
elements pms the patch test and are not equivalent to the 
ANS formulation. 


STIFFNESS MATRIX COMPUTATION 


The Basic Stiffnee # 

As explained on Box 2, the basic stiffness is obtained by 
constructing the lumping matrix L. In our case this is a 
9x3 matrix that “lumps" an internal constant bending- 
moment field (rff r# , m, fl m n ) to node forces f conjugate 
to v. 

On each element side, the constant moment field produces 
boundary moments TfLnn and nT n i referred to a local edge 
coordinate system n, t are 




(49) 


The boundary motions d conjugate to m nn and are 
dwfdn — -9t and Qwj&t = 0„. Given the degree of free- 
dom configuration (26), the normal slope dwfdn = -0t 
along side *-j can at most vary linearly (it could be also 
taken as constant and equal to 4 0t y) but the results 

are the same as for a linear variation). 

For the tangential slope (the rotation about the normal) 
dwfdt — $ n there are three options: constant, linear and 
quadratic variation. But a constant 9 n = (u/y — u>, )/f tJ 
turns out to be equivalent to the quadratic variation and 
a constant 0„ = £(0™ 4 0 n >) equivalent to the linear vari- 
ation. Consequently only the linear and quadratic cases 
need to be examined. 

Linear Norms/ Rotation. The variation of 0t and 0 n along 
each side is linear: 


(M -if 0 

1 2 lo 


1 -f 

0 


0 0 I4f 0 

1-6 0 0 1 46. 


where 6 = 6i>- Under this assumption Felippa and 
(1987) obtained the lumping matrix 


(50) 

Bergan 


0 

0 

1*2 

0 

0 

yi 3 

0 

0 

0 

*32 

0 

0 

*13 

0 

0 

*21 

0 

yis 

*23 

0 

1*1 

*31 

0 

yn 


yn 
0 , 
*12 . 

( 51 ) 
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i-e 

0 


where superscript / stands for ‘linear B n .’ The correspond- 
ing basic stiffness is 


K u = A-%DLf , (52) 


where D is the Cartesian moment-curvature constitutive 
matrix resuiting from the integration of E through the plate 
thickness. This matrix been used as component of the free 
formulation (FF) element presented in that reference. 

Quadratic Normal Rotation . A quadratic variation of B n 
can be accommodated in conjunction with the cubic vari- 


ation of w along the side: 


DU 


i(3« + i)(f-i) 


° l+< 0 

3«’-l)/* 0 i(3f -l)« + i) J 


Vt i 

d ni 

w f 

J 

(53) 


where £ — and l = Uj . Then the resulting lumping 
matrix can be presented as 


If 


~ c 13*12 + CsiSji 

i(*i2*ia + *ii*ai) 
+«siyis) 
“^23*13 + CijSta 
2 (*12*12 + *23*23) 
+ *»i &a) 

“ c 31*31 + ^23*23 
2( S 23 X M “b 5 31 x 31 ) 
*~2( a Mitt2 + 4lVl*) 


“*31*81 + C13S13 
^(*12*13 + *§1*31) 
-JMaifci + c Iiyia) 

“*12*12 + C33S13 

a(ci2 x i2 +cJ 3 x 2 s) 

+ C 23W3) 
“*23*23 + C 3l S 3l 
2 (*23*23 + C 31 j:3i) 
~2( C 23W2 +<?3ii/l3) 


(*3I - *3l) “ («?J “ *l 2 ) 

*12^31 + cJiifis 
-sj 3 x 13 - s| l x 31 
(s?3-cf 2 )-(s|,-cf3) 
*12^21 + *^3032 
“*12*13 “ *23*23 
(*23 “ *23) ~ (*3l “ *31 ) 
*231*32 + C 31 yi 3 
— 5 23X23 — *31*31 


(54) 


The corresponding basic stiffness matrix is denoted by 

“ A“ 1 L f DLj’. (55) 

TAe Higher Order Sfitfheas 

The higher order stiffness for the ANDES elements de- 
scribed previously is 

K», = <»Q t K^Q 

* “Q T [J a aLdAj, dA J q = a J BLDBj, dA, 

(58) 

where r s a,p,s for the average, projection and siiding- 
beam rules, respectively. (The last expression is appro- 
priate when Brf, is not easily factored into A^Q, as m 
the sliding-beam rule.) Since A*, varies linearly, if D is 
constant we could numerically integrate in (56) ex- 
actly with a three point Gauss rule; for example the three- 
midpoint formula. But as the element stiffness formation 
time is dominated by these calculations it is of interest to 
derive in closed form. This is done in Appendix B of 
Miiitello and Felippa (1989) for K hp , which from the nu- 
merical experiments discussed below appears to be the best 
performer. 

NUMERICAL EXPERIMENTS 

An extensive set of numerical experiments haa been run 
to assess the performance f *he new ANDES elements 
based on the projection rule (ALn and AQR) and to com- 
pare them .with other existing high-performance elements. 
These experiments are reported in Miiitello and Felippa 
(1989). Four elements were considered in this study: 


ALR Stiffness defined as K = K« + 1.5K*,. This com- 
bines the linear-rotation basic stiffness (52) with the 
higher order stiffness given by the projection rule. 
The value a = 1.5 was established through simple 
energy balance techniques similar to those discussed 
in Felippa and Bergan (1987) for the free formula- 
tion elements. 

AQR Stiffness defined as K = K* t + K* p . This combines 
the quadratic-rotation basic stiffness (55) with the 
higher order stiffness given by the projection rule. 
The coefficient a is unity. 

DKT Stiffness defined as K = K 6f + K*,. As previ- 
ously noted, this combination is identical to the well 
known Discrete Kirchhoff Triangle (DKT) element. 

FF The free formulation triangle described in Felippa 
and Bergan (1987), with multiparameter scaling of 
the higher order stiffness matrix. The basic stiffness 
matrix is Ku. 

All of them qualify as high performance elements in the 

standard plate bending “obstacle" problems. 

Traditionally tests for new finite elements are reported in 

the following sequence: 

(I) Patch tests, usually carried out numerically on ar- 
bitrarily chosen mesh configurations. 

(II) Regular-mesh tests such as circular, square, skew 
and cantilever plates under concentrated and dis- 
tributed loads. 

(III) High-aspect ratio and geometric distortion tests. 
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For the present investigation (I) wm unnecessary because 
all elements pass the patch test (in fact, a strong form of 
it) a priori by construction. 

As for (II)-(III) f tbe traditional order was reversed. First 
all four dements were subject to highly demanding distor- 
tion tests. This decision was taken to “weed” consistently 
weak performers and thus reduce the number of test runs 
on batch (II). The approach paid off in that AQR and 
DKT (the two elements that use the quadratic-rotation 
basic stiffness) consistently outperformed ALR and FF on 
distorted meshes, with AQR exhibiting an edge in extreme 
distortion cases. 

Then a “run off” contest between AQR and DKT was car- 
ried out on the regular-mesh tests (II). On these the perfor- 
mance was similar with an advantage to AQR in problems 
involving concentrated loads. These results are reported in 
detail in Militello and Felippa (1989). 

CONCLUSIONS 

The main conclusions of the present study can be summar 
rized as follows. 

1. The ANDES formulation represents a variant of the 
ANS formulation that merits serious study. The key 
advantages of ANDES over ANS are: 

(a) a prion satisfaction of the patch teat. Although 
this advantage is less clear for elements where 
ANS and ANDES coalesce for constant thickness 
and material properties, it reappears for more 
general cases. 

(b) The separation of the higher order stiffness al- 
lows the application of a scaling parameter. Fur- 
thermore it opens the possibility for the energy- 
balanced combination with other formulations as 
per Eq. (2), although this possibility presently re- 
mains unexplored. 

2. The study of plate bending elements shows that the 
widely used DKT element is both an ANS and AN- 
DES element. This discovery orovides a variational 
foundation hereto lacking and analytically proves (be- 
cause of the ANDES connection > that DKT passes the 
patch test. 

3. The numerical results clearly iemonstrate that the 
choice of basic stiffness is of paramount importance 
in the behavior of elements baaed on the ANDES for- 
mulation. Of the two elements sharing the quadratic- 
rotation basic stiffness, namely AQR and DKT, the 
former has excelled in geometric distortion teats and in 
convergence studies that involve concentrated forces. 
For other cases the performance of AQR and DKT is 
similar, and superior to those dements that use the 
linear-rotation basic stiffness 

The numerical experiments have not addressed questions of 
material sensitivity such as element performance for highly 
anisotropic and composite plates. This behavior, as well as 
the possibility of applying this technology to C° bending 
elements, is currently under investigation. 
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Abstract We derive electromagnetic finite elements based on a variational principle that uses the electromag- 
netic four-potential as primary variable. This choice is used to construct elements suitable for downstream 
coupling with mechanical and thermal finite elements for the analysis of electromagnetic/ mechanical systems 
that involve superconductors. The main advantages of the four-potential as a basis for finite element 
formulation are: the number of degrees of freedom per node remains modest as the problem dimensionality 
increases, jump discontinuities on interfaces are naturally accomodated, and statics as well as dynamics may be 
treated without any a priori approximations. The new elements are tested on an axisymmetric problem under 
steady-state forcing conditions The results are in excellent agreement with analytical solutions. 


Introduction 

The present work is part of a research program for the numerical simulation of electromag- 
netic/mechanical systems that involve superconductors. The simulation involves the interac- 
tion of the following four components: 

(1) Mechanical fields : displacements, stresses, strains and mechanical forces. 

(2) Thermal fields : temperature and heat fluxes. 

(3) Electromagnetic (EM) fields : electric and magnetic field strengths and fluxes, currents and 
charges. 

(4) Coupling fields : the fundamental coupling effect is the constitutive behavior of the materials 
involved. Particularly important are the metallurgical phase change phenomena triggered 
by thermal, mechanical and EM fields. 

Finite element treatment 

The first three fields (mechanical, thermal and electromagnetic) are treated by the finite 
element method. This treatment produces the spatial discretization of the continuum into 
mechanical, thermal and electromagnetic meshes of finite number of degrees of freedom. The 
finite element discretization may be developed in two ways: 

(1) Simultaneous treatment The whole problem is treated as an indivisible whole. The three 
meshes noted above become tightly coupled, with common nodes and elements. 

(2) Staged treatment The mechanical, thermal and electromagnetic components of the problem 
are treated separately. Finite element meshes for these components may be developed 
separately. Coupling effects are viewed as information that has to be transferred between 
these three meshes. 
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322 


J. Schuler, C.A. Felippa / Electromagnetic finite elements 


The present research follows the staged treatment. More specifically, we develop finite 
eement models for the fields in isolation, and then treat coupling effects as interaction forces 
between these models. This “divide and conquer” strategy is ingrained in the partitioned 
reatment of coupled problems [5,16], which offers significant advantages in terms of computa 
Uonal efficiency and software modularity. Another advantage relates to the way research into 
complex problems can be made more productive. It centers on the observation that some 
aspects of the problem are either better understood or less physically relevant than others 
TTiese aspects may be then temporarily left alone while efforts are concentrated on the less 

/or more p ysicaily Unp ° r,an ' “ pec “' Tbe siaged ,reaimem is bet,,!r s “ ied *° 


Mechanical elements 


Mechanica 1 elements for this research have been derived using general variational principles 
that decouple the element boundary from the interior thus providing efficient ways toworkout 
coupling with non-mechanical fields. The point of departure was previous reseich mto the 
frw-formulation variational principles presented in Ref. [4]. A more general formulation for the 

<6 7 m ^T f Strain Nation, was established 

ana presented in Refs. [6,7,14,15], New representations of thermal fields have not been 

resSch “ Stan fonnulations are ^^idered adequate for the coupled-field phases of this 


Electromagnetic elements 


d J e ? PmCn eIect t‘°magnetic (EM) finite elements has not received to date the same 
degree of attention given to mechanical and thermal elements. Part of the reason is the 
W ^“ P . read us * of analytical and semianalytical methods in electrical engineering These 
methods have been highly refined for specialized but important problems such as circuits and 
waveguides. Thus die advantages of Bni,« efemems in JL of geJ^y hTe noTten eS>“«S 

done^^T 8 ^ eStabhshed . tech n*ques. Much of the EM finite element work to date has beS 
done in England and is well described in the surveys by Davies [1] and Trowbridge [221 The 

^rpS'a 1 W CO mm' d of b r th r : “• °“' ° f “ Ume,,led Subject of the 

early period (1960-1970) of fume elements in structural mechanics. A great number of 

rnZl r *“* 00111,51116 flllx ’ intensity, and scalar potentials are described with the recom- 

c oice varying according to the application, medium involved (polarizable, dielectric 

semiconductors, etc.) number of space dimensions, time-dependent characteristics (static 

quasi-static harmonic or transient) as well as other factors of lesser importance. The possibility 

of a general variational formulation has not apparently been recognized. Y 

In the present work, the derivation of electromagnetic (EM) elements is based nn a 

variational l formulation that uses the four-potential as primary variable. The electric field is 

represented by a scalar potential and the magnetic field by a vector potential. The formulation 

probleJIsJ] 1011 ^ 3,0118 Unes P revi °usly developed for the acoustic fluid 

The main advantages of using potentials as primary variables as opposed to the more 
— " EM fUUtC dementS based on density “d/or flux fields are, in order of 

(1) Interface discontinuities are automatically taken care of without any special intervention 

(2) No approximations are invoked a priori since the general Maxwell equations are used. 
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(3) The number of degrees of freedom per finite element node is kept modest as the problem 
dimensionality increases. 

(4) Coupling with the mechanical and thermal fields, which involves derived fields, can be 
naturally evaluated at the Gauss points at which derivatives of the potentials are evaluated. 

Following a recapitulation of the basic field equations, the variational principle is stated. 
The discretization of these principle into finite element equations produces semidiscrete 
dynamical equations, which are specialized to the axisymmetric case. These equations are 
validated in the simulation of a cylindrical conductor wire. 


Electromagnetic field equations 

The Maxwell equations 

The original Maxwell equations (1873) involve four spatial fields: B , D, E and H. Vectors 
E and H represents the electric and magnetic field strengths (also called intensities), respec- 
tively, whereas D and B represent the electric and magnetic flux densities, respectively. All of 
these are three-vector quantities, that is, vector fields in three-dimensional space (x t = x, x 2 = 
y> x 3 = z): 



Other quantities are the electric current three-vector j and the electric charge density p (a 
scalar). Units for these and other quantities of interest in this work are summarized in Tables 1 
and 2. 

With this notation, and using superposed dots to denote differentiation with respect to time 
t, we can state Maxwell equations as 1 



The first and second equation are also known as Faraday’s and Ampdre- Maxwell laws, 
respectively. 

The system (2) supplies a total of eight partial differential equations, which as stated are 
independent of the properties of the underlying medium. 

Constitutive equations 

The field intensities E and H and the corresponding flux densities D and B are not 
independent but are connected by the electromagnetic constitutive equations. For an electro- 
magnetically isotropic, non-polarized material the equations are 

B = fiH, D = (E, (3) 

where p and t are the permeability and susceptibility, respectively, of the material (other names 

1 Some authors, for example Eyges PI, include 4ir factors and the speed of Sight c in the Maxwell equations. Other 
textbooks, e.g. Rojanski [19] and Shadowitz [20], follow Heaviside’s advice in using technical units that eliminate such 
confusing factors. 
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Table 1 

List of electric and magnetic quantities 


Quantity Symbol 

Electric charge density p 

Electric field intensity £ 

Electric flux density jy 

Electric resistance £ 

Electric conductivity g 

Displacement current density t> 

Susceptibility * € 

Current j 

Magnetic field intensity h 

Magnetic flux density B 

Magnetic permeability b ^ 


1 Also called capacitivity and permittivity. 
Also called inductivity. 


MKS- Weber units 

C/ra 2 

N/C 

C/m 2 

a 

mho ( - (I -1 ) 

C/s m? 

C/J m 
C/s 

N/Wb or A/m 
Wb/m 2 

Wb/J m or H/m 


are often used, cf. Table 1). These coefficients are functions of position but (for static or 
harmonic fields) do not depend on time. In the general case of a non-isotropic material both u 
and « become tensors. Even in isotropic media p in general is a complicated function of H; in 
ferromagnetic materials it depends on the previous history (hysteresis effect). 

In free space p - p 0 and e - « 0 , which are connected by 

c o*l// i o < o> ^4) 

where c 0 is the speed of light in a free vacuum. In MKS-A units, c 0 - 3 x 10 9 m/s and 


Mo”4itX10 7 H/m, e 0 “Mo V 2 - (36ir) _1 X 10 _n s 2 /(Hm). ( 5 ) 

The condition M = holds weU for most practical purposes in such media as air and copper 
in fact p^ - 1. 0000004ft 0 and p mppet - 0.99999p o . PP ’ 

The electrical field strength E is further related to the current density j by Ohm’s law: 


where g is the conductivity of the material. Again for an non-isotropic material g is generally a 
tensor which may also contain real and imaginary components; in which case the above 
relation becomes the generalized Ohm’s law. For good conductors gx> i; for bad conductors 
g •« <• In free space, g - 0. " 


Table 2 

Equivalence between various MKS-Giorgi units 
Unit ~ “ 

newton, N ~ 

joule, J 
watt, W 
coulomb, C 
volt, V 
ohm, Q 
farad, F 
henry, H 
weber, Wb 


Equivalent 

kg m/s 2 

Nm 

J/s 

As 

W/A 

V/A 

C/V 

Vs/A 

Vs 


J. Schuler, C.A. Felippa / Electromagnetic finite elements 


325 


Maxwell equations in terms of E and B 


To pass to the four-potential considered in the next section it is convenient to express 
Maxwell’s equations in terms of the electrical field strength E and the magnetic flux B. In fact 
this is the pair most frequently used in electromagnetic work that involve arbitrary media. On 
eliminating D and H through the constitutive eqns. (3) we obtain 


j+VX£-0, V XB-ptE-pj, 
V - £ - p/t, v • £ = 0. 


The second equation assumes that € is independent of time; otherwise eE = cdE/dt should be 
replaced by d(cD)/dt. In charge-free vacuum the equations reduce to 


£ + V x£ = 0, 
V ■£■=• 0, 


V 


x £ — 



0 , 


V •£ = 0. 


( 8 ) 


The electromagnetic potentials 

The electric scalar potential <5 and the magnetic vector potential A are introduced by the 
definitions 


E = -V<P - A, B = VXA. 


This definition satisfies the two homogeneous Maxwell equations in (7). The definition of A 
leaves its divergence V • A arbitrary. We shall use the Lorentz gauge [13] 

V A+peQ-Q. ( 10 ) 

With this choice the two non- homogeneous Maxwell equations written in terms of <£ and A 
separate into the wave equations 

V 2 <P- pc$= -p/e, v 2 A - pcA = -fij. (11) 


The electromagnetic four-potential 

Maxwell’s equations can be presented in a compact manner (a form compatible with special 
relativity) in the four-dimensional spacetime defined by the coordinates 

x x 3 X , ijsy, = z, x 4 = i ct (12) 

where*,, X3 are spatial Cartesian coordinates, i 2 = — 1 is the imaginary unit, and c — 
1/ is the speed of EM waves in the medium under consideration. In the sequel Ro man 
subscripts will consistently go from 1 to 4 and the summation convention over repeated indices 
will be used unless otherwise stated. 

The field strength tensor 

The unification can be expressed most conveniently in terms of the field-strength tensor F, 
which is a four-dimensional antisymmetric tensor constructed from the components of £ and £ 
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as follows: 


0 F u F u F u\ / o c b 3 

~ F 12 0 F 22 F 24 d ef — cBj 0 

— F\3 ~ F 23 0 £34 cB 2 — c£, 


F \4 F 11 ~ F 34 0 


0 cB 3 -cB 2 -i £, 

cB 3 0 cB x -i E 2 

cB 2 ~cB x 0 -i£ 3 

i£i i E 2 i £3 0 , 


Here p is an adjustment factor to be determined later. Similarly, introduce the four-current 
vector / as 

(•M (Wij [ Mil \ 

r ) def I CjXj 2 I M7 2 I 


UJ vp/*] \ifiylp) 

Then, for arbitrary (3 , the non-homogeneous Maxwell equations, namely V X B - peE = /xy 

and v • £ = p/e, may be presented in the compact "continuity” form (the covariant form of 
these two equations): 

a ^*/9** ( 15 ) 

The other two Maxwell equations, V-£ = 0 and V x£ + fi = 0, can be presented as 
dF lk 3£ m , 3£, m 

^ 3*, -°* (16) 
where the index triplet (/, k, m) takes on the values (1, 2, 3), (4, 2, 3), (4, 3, 1) and (4, 1, 2). 

The four-potential 


The EM “four-potential” <#* is a four-vector whose components are constructed with the 
electric and magnetic potential components of A and <P: 


<*> = 0 


<M (cA^ 

<t > 2 I def I cA 2 

<M = )<*3 
$4 , 


It may then be verified that F can be expressed as the four-curl of <fi, that 

3^ _ Sty 
'* " dx, dx k ' 

or in more detail and using commas to au -Hate partial derivatives: 

1 ® $ 2.1 $ 1.2 $ 3.1 - <>1,3 — ^»i,4 ^ 

*1.2 -<#>2.1 0 *3.2 ~ *2.3 $ 4.2 ~ $2.4 

$1.3 ~ $ 3,1 $2.3 ~ $3.2 0 <> 4 3 — <>3 4 

! *1.4 ~ *4.1 $2.4~ $4.2 *3.4 - *4.3 0 . 
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The ungauged Lagrangian 


With these definitions, the basic Lagrangian of electromagnetism can be stated as 2 


l/? (c B E ) ( +72^2 +./ 3^3 


in which 


B 2 = B J B = B{ + i? 2 + fl 2 , E 1 = £ t £ = £ 2 + E 2 + £ 2 . 

Comparing the first term with the magnetic and electric energy densities [2,19,20] 

« m = ^ T Ef=i I E 2 > u t = \D J E=\tE\ 

we must have /? 2 c 2 = /? 2 /(mO = l//i, from which 

Therefore, the required Lagrangian is 

£ = 2^ b1 ~ ~ (J\ A \ + h A i +h A i - P$)- 

The associated variational form is 


( 20 ) 

( 21 ) 

( 22 ) 

(23) 

(24) 


R -ffy L dVdt ' ( 25 ) 

r 0 y 

where V is the integration volume considered in the analysis. In theory V extends over the 
whole space, but in the numerical simulation the integration is truncated at a distant boundary 
or special devices, such as infinite elements, are used to treat ihe decay behavior at infinity. 


The gauged Lagrangian 


If the fields A and <P to be inserted into L do not satisfy the Lorentz gauge relation (10) a 
priori, this condition has to be imposed as a constraint using a Lagrange multiplier field \(x,), 
leading to the modified or “gauged” Lagrangian: 

L g = E + X(v - A -t* n(<P). (26) 


The four-field equations 

On setting the variation of the functional (24) to zero we recover the field equations 
(15)— (16). Taking the divergence of both sides of (15) and observing that F is an antisymmetric 
tensor so that its divergence vanishes we get 

a/, 

fo- = c/i(v -j + p) = 0 , (27) 


Lanczos [12] presents this Lagrangian for free space, but the expression (24) for an arbitrary material was not found 
in any of the textbooks on electromagnetism listed in the References. The gauged Lagrangian (26) has not. to our 
knowledge, been developed previously. 
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The vanishing term in parenthesis is the equation of continuity, which expresses the 
conservation of charge. The Lorentz gauge condition (10) may be stated as v • d> = 0 
Finally, the potential wave equations (11) may be expressed in compact form as 


law ol 


□<*>, = 

where □ denotes the “four-wave-operator”, also called the D’Alembertian: 

□t f 3L-.JL + JL + JL_ JL 

9x, 2 3 xf 3x 2 c 2 3r 2 ’ 


(28) 


(29) 


frr C ^ h /“T°T l °l thC four ’P° tentiaI ♦ satisfies an inhomogeneous wave equation In 
free space, ^ - 0 and each component satisfies the homogeneous wave equation. 


The axisymmetric test example 


The simplest example for testing the finite element formulation based on the four-potential 
anational principle is provided by the axisymmetric magnetic field generated by a uniform 
steady cmrent flowing through a straight, infinitely long conducting wire of cLular c ra 
section. In the present section we derive expressions for the magnetostatic field outside and 

ssirssr- 711636 soiutions wm * iater — » ^ jzz 


The free-space magnetic field 


To talce advantage of the axisymmetric geometry we choose a cylindrical coordinate system 

,T ** '""S.udu.ai z-axis. Ik vector compocems £ the cy“S 

coordinate directions r, 9 and z are denoted by ^ 


B x> E } 
A 2 > &2> &2 

A 3 » £3, £3 


in the r direction, 
in the 9 direction, 
in the z direction. 


The electromagnetic fields will then vary in the radial direction (r) but not in the angular (9) 
and axial (z) directions. Similarly, the current density that flows in the wire has only one 

JZ2T aC “’ 8 ,he P “ i,,V ' ” " e8a,iVe 2 direCU ° n: wc seta) the 

he “ ta f2 “ — - 


A. -A, 


f Jl. a v 
^J y \r\ d ’ 


(30) 

be ! Ween , th ' elemental Chaifec Jl dV “ d the point in space at which 
we wish to fmd the field potential. The integral extends over the volume containing charges 

comnn X n P /nr SS1 ° r i| S h rVeS W * U . m Cylmdncal coordinates. In fact, the transformation of z 

components will be one to one if the center of the systems coincide. 

As noted above the only non-vanishing component of the current vector is j, dS where dS 

is the elemental cross-sectional area of the conductor and y 3 is the current density in the z 
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direction. If dl repr esents t he differential length of the wire, then f s j 3 dV = f s j 3 dS d/ = / d/ 
=* I dz and \r \ = yr 2 + z 1 . Substitution into eqn. (30) yields 


A l \ _ 

3 ' 4-rr /.^V^hTz 2 


(31) 


This integral diverges, but this difficulty can be overcome by taking the wire to have a finite 
length 2 L symmetric with respect to the field point, that is large with respect to its diameter. 
Integrating between - L and + L we get 


/ ^ f L dz Mo i , / , rr~ t ~\ 


Mo A 


+ L 


-L 


Expanding this equation in powers of r/L and retaining only first-order terms gives 




\ 2ir 


t-C. 


(32) 


(33) 


where C is an arbitrary constant. For subsequent developments it is convenient to select 
C — (/i 0 //2fr)ln R r , where R T is the “truncation radius” of the finite element mesh in the 
radial direction. Then 




(34) 


With the normalization A 3 = 0 at r = R T . Taking the curl of A gives the B field in cylindrical 
coordinates: 



B , 


/ \ 

B r 


B=V X A = ' 

b 2 

“ { 

Be 



B 3 

V / 



I ^ ^ 


1 3 A-, 


9 A, 



r 

0 


3/1, 

sr) 


0 

/ 

/ 


r 30 3z 
3/4 1 3 A 3 

3 z dr 

1 3 (rA 2 ) 1 3 A, 

r dr r 30 

It is seen that the only non- vanishing component of the magnetic flux density is 
B e = B 2 = h 0 H 2 ■■ 37 - £7 

This expression is called the law of Biot-Savart in the EM literature. 

Magnetic field within the conductor 


(35) 


(36) 


Again restricting our consideration to the static case, we have from Maxwell’s equations in 
their integral flux form 

<£h • ds = ds = Jj-dS, (37) 

c c s 

where C is a contour around the field point traversed counterclockwise with an oriented 
differential arclength ds and dS is the oriented surface element inside the contour. The term 
for the electric field disappears in this analysis because £ = 0. From before we know that the 
right-hand side of eqn. (37) is equal to the normal component of the current that flows through 
the cross sectional area evaluated by the integral. In the free space case, this is the total current 
that flows through the conductor. But in the conductor the amount of current is a function of 
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the distance '' from the center. Again using / to represent the total current carried by the 
conductor, and R the radius of the conductor, and assuming an uniform current density 
Ji I/(irR ), the right-hand side of eqn. (37) becomes ^ 

fj dS= f dS = I-^r. 

J s J S tt R l J s R 2 

Evaluating the left-hand side of the integral and solving for B 2 gives: 


(38) 


Bl - 


2irR 2 ' (39) 

Comp^g wi th eqn. (36) we see that if „ . „ 0 th en B 2 is continuous ai the wire surface r - R 
and has the vaiue H I A 2,R). Bui if p * H Utere is a jump <p - h) 1 A 2,rTS B 

respec'r?'“ CP °“ m,iU ' vuhm ■*“ inductor .s easily computed by integrating -B, with 


filr 1 

4ir/? 2 


+ C. 


(40) 

c“l°™e LTrte^r^ ^ <34) “ *“ ,hC 




ln(£) 


(41) 

The preceding expressions (34)-(41) for A , could also be derived in a somewhat more direct 
fashion by integrating the ordinary differential equation v 2 A, = v~ x (d(rZA ^ 

which the second of eqns. (11) reduces. on v A 3 - r {6(rdA 3 /dr)dr) = to 


Finite element discretization 

The Lagrangian in cylindrical coordinates 

For simplicity, in the sequel we shall use the original “ungaueed” Laerantrian nd\ r„i, 

an the gauged one (26) and then discuss briefly the consequences of doing so. To construct 
fimte element approximations we need to express 

’C‘ - UU - ft), (42) 

of P ° ,en,ialS For B 1 we can use ihe express.cn 


For E we need the cylindrical-coordinate gradient formulas 


_ 1 

r de - 


ity 


u 


Er 


3f . \ 
17 +a ' 

s 

-{ 

E e 

— 1 

1 9$ . 

7Jd +A2 ( 





T7 +A i j 


(44) 



/. Schuler, CA. Felippa / Electromagnetic finite elements 


331 


so that 


id0 

. ) 2 

f i a$ 

a a 2 \ 2 

1 d0 

dAj \ 

( a r 

+ “ar) + l 

[r de 

+ -5T) + l 




(45) 


In the axisymmetric case. A, =A 2 = 0; furthermore A : =A t is only a function of the radial 
distance from the wire. Therefore dA 3 /d9 = dA 3 /dz =■ 0. From symmetry considerations we 
also know that the electric field cannot vary in the 9 and z directions, which gives d0 /dz = 
d$/d9 =■ 0. Finally, the only nonvanishing current density component is j 3 . Consequently the 
Lagrangian (42) simplifies to 



(46) 


Constructing EM finite elements 


To deal with this particular axisymmetric problem a two-node “line” finite element extend- 
ing in the radial r direction is sufficient. In the following we deal with an individual element 
identified by superscript e. The two element end nodes are denoted by i and j. The electric 
potential 0 and the magnetic potential A 3 = A. are interpolated over each element as 

a' 3 = n;a\, (47) 

Here row vectors and Nf contain the finite element shape functions for 0 e and A', 
respectively, which are only functions of the radial coordinate r : 

N£ = (Nl(r) Nl(r )), N^(N‘,(r) N' Aj {r)) y (48) 

and column vectors 0 e and A contain the nodal values of 0 and A 3 , respectively, which are 
only functions of time t: 


0' = 


'*,(0 


a 3 M 
a 3 aoc 


(49) 


Substitution of these finite element assumptions into the Lagrangian (46) and then into eqn. 
(25) yields the variational integral as sum of element contributions R = L e R e , where 


= // 




V*2p\ 3 r 




-(«-p^')drd/, 


(50) 


in which V* denotes the volume of the element. Taking the vanation with respect to the element 
node values gives 

w -rt (w5) lM^) T ^ 5+ 4w T ^"5-Ji(w T 


+ ( 8 !>' ) T 




dV e dt. 


(51) 


On applying fixed-end initial conditions at t = / 0 and t * t, and the lemma of the calculus of 
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variations, we proceed to equate each of the expressions in brackets to zero. From the first 
bracket we obtain for each element the following second-order dynamic equations for the 
magnetic potential at the nodes, which are purposedly written in a notation resembling the 
mass-stiffness-force equations of mechanics: 

+ (52) 

where 


M' 4 = f t(N‘) T NfdV e , 
J v* 



(53) 




(54) 


From the second bracket we obtain for the electric potential a simpler relation which does 
involve tune derivatives, i.e., is static in nature: 


not 


where 


(55) 



/• = / p (aj) t dv e . 


(56) 


AssembUng these equations in the usual way we obtain the semidiscrete master finite element 
equations: 


M A A 2 +K A A 3 =f A , Kjb-U. 


(57) 


Consequences of using the ungauged Lagrangian 

nflWhm SUm ^r OI1 |k' ” ^ 3 ( r ) forces V A = 0. The Lorentz gauge condition 

(10) then implies that * = 0; that is, the electric field is static. Removing this constraint 
requires allowing a more general spatial dependence in A. It follows that the ungauged 
Lagrangian is primarily useful in magnetoelectrostatics, as <Wiic<;H next. 

The static case 


In time-independent problems, the term A 3 disappears from eqn. (57) and the master finite 
element equations of electromagnetostatics become 


KAA 3 =sf A , 


(58) 


If the cutrent density and charge distributions are known a priori then these two equations may 

b h S m V 1 If 0nly thC Charge distributI0n P is kn-'n then the second equation 

should be solved first to obtain the electric field £ as gradient of the computed electric 
po ential <P , then the current density j can be obtained from Ohm's law (6) and used to 
computed the force vector f A of the first equation, which is then solved for the magnetic 

potential. Conversely, ,f only the current density distribution is known a priori the preceding 
steps are reversed. F 6 

For the present test problem the current distribution is assumed to be known, and we shall 
be content with solving the first equation for the magnetic flux. 
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An alternative semidiscreiizai ion 

If upon setting the brackets of the variation (51) to zero we mulitply them through by p and 
l/<, respectively, the expressions for the mass, stiffness and force matrices become 



(59) 

The matrices M and AT above are quite similar to the capacitance and reactance matrices, 
respectively, obtained in the potential analysis of acoustic fluids [8,9], Another attractive 
feature of eqns. (59) is that K A = K# if the shape functions of both potentials coalesce, as is 
natural to assume. These advantages are, however, more than counterbalanced by the fact that 
jump forces contributions to f A and arise on material interfaces where p and « change 
abruptly, and the proper handling of such forces substantially complicates the programming 
logic. Note that this issue does not arise in the treatment of homogeneous acoustic fluids. 


Applying boundary conditions 

The finite element mesh is necessarily terminated at a finite size, which for the test problem 
is defined as the truncation radius R r alluded to previously. In static calculations the material 
outside the FE mesh may be viewed as having zero permeability p, or, equivalently, infinite 
stiffness or zero potential. It follows that the potential value at the node located on the 
truncation radius may be prescribed to be zero. This is the only essential boundary condition 
necessary for this particular problem. 


Numerical validation 

Finite elemental model 


The test problem consists of a wire conductor of radius R transporting a unit current 
density. For this problem the finite element mesh is completely defined if we specify the radial 
node coordinates r‘ - r‘ and rf = r' + , for each element e. If the mesh contains N w elements 

mstde the conductor, those elements are numbered e - 1, 2, .... N ec and nodes n = 1, 2 N 

+ 1 starting from the conductor center outwards. The first node^* = 1) is at the conductor 
center r = 0 and node n =• N te + 1 is placed at the conductor boundary r - R. The mesh is then 
continued with N el elements into free space. The last node is placed at r = R r , at which point 
the free space mesh is truncated: usually R T - 4 R to 5 R. Although the mesh appears to be 
one-dimensional, a typical element actually forms a “tube” of longitudinal axis j, internal 
radius r t and external radius r* , extending a unit distance along z. 

For the present study the magnetic potential was linearly interpolated in r, using the linear 
shape functions 

i(l+0), (60) 

where £ is the dimensionless isoparametric coordinate that varies from - 1 at node i to + 1 at 
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node j. This interpolation provides for C° continuity of the potential inside the conductor and 
m tree space. 

For the calculation of the element stiffnesses and force vectors, it is assumed that the 
permeability p and the current density h are uniform over the element. Then analytical 
integration over the element geometry gives 3 




M r n 


1 -1 

-1 1 




H2 r‘ + r‘) 

ttn e +2r') 


( 61 ) 


where r m - T (r,. + r, ) is the mean radius and l = r‘ - r' the radial length. For the test 
prob em, p is constant inside the conductor whereas outside it M = Mo was assumed to be unity 

^stef CUrTent y ^ J3 = I/(vR2) inside the conductor whereas outside it } 3 

The master stiffness matrix and force vector were assembled following standard finite 
element techniques. The only essential boundary condition was the setting of the nodal 

° n thC tmnca ‘T b0Undary to zero ’ M explained previously. The modified master 
equations were processed by a conventional symmetric skyline solver, which provided the value 

over e^h 81 ? 110 at the ”“ esh nodes ’ ^ magnetic flux density B 2 , which is constant 

difference sch^e ’ "** reC0Vered m elemen t-by-element fashion through the simple finite 


Bf = - 


dA 3 


A e — A e 

^ 3 / 


( 62 ) 


This value is assigned to the center of element e. 


Numerical results 


The numerical results shown in Figs. 1-6 pertain to a unit radius conductor (R = 1), with 
the external (free space) mesh truncated at R r = 5. The element radial lengths V' - r' were 
kept constant and equal to 0.25, which corresponds to 4 internal and 16 external elements 

e on?nT PU ^ U ? ° f thC POtCntial A * 316 COm P ared the mtalytical solution given by 
eqns. (34) and (41). As can be seen the agreement is excellent. The comparison between 
computed and analytical values of the magnetic flux density B 2 shows excellent agreement 
except for the last element near the wire center, at which point the difference scheme (62) loses 
accuracy. The permeability of free space is conventionally selected to be unity. Figures 1 3 and 
lUustrate the case where the wire permeability is set to 10.0, whereas Figs.T^ and b“e 

dolf™? 56 m WblCh 15 10, that iS ’ same asmfree s P ace - (The value of the susceptibility < 
does not appear in these magnetostatic computations.) Figures 1 and 2 show computed aL 

analytic^ magnetic potentials. The slope discontinuity at r = 1 in Fig. 1 is a consequence of the 
change m permeability p from the wire material to free space. 

Figures 3 and 4 show the computed and analytical magnetic flux densities. As noted above, 
Jai ^ P a / , “ Fi £ 3 1S due to the chan 8 e in permeability p from the material to free 

h , -TS u W 5* C ° mpUted and anaJydcal densities in free space 

TelT h t at Fl * 5 “ d 6 for r > 1 are identical; this is the expected resuh 

because the free-space magnetic flux field depends only upon the current enclosed by a surface 
integral around the wire and not on the details of the interior field distribution 

In summary, the finite element model performed very accurately in the test problem and 
converged, as expected, to the analytical solution as the size of the elements decreased. 
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0.000 1.000 2.000 3.000 4.000 5.000 


r 

Fig. 1. Magnetic potential A 3 vs. distance from center r, -10.0: finite element values (triangles) and analytical 

values (squares). 



0.000 1.000 2.000 3.000 4.000 5.000 


r 

Fig. 2. Magnetic potential A 3 vs. distance from center r, -1.0: finite element values (triangles) and analytical 

values (squares). 
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values to display the jump more accurately; this extrapolation scheme has not be^n used el^he^'" 1 C<5ntei 
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Fig. 4. Magnetic flux density B 2 


r 

vs. distance from center r, - 1.0: finite element values (triangles) and analytical 
values (squares). 
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Conclusions 


The results obtained in the one~dimension 3 J ctata «««« 

be ex^ble «o two- and thrcndinuTcr 

Se bTTr e h"‘ iV ' ly d “°“ Pled !,0m ,he Oeu ««p, thro^l s lit 

Care must be taken, however, m modeling the forcing function terms so as to ,vn,H th 
appearance of discontinuity-induced forces at physical interfaces d hC 

^ dynamic case is expected to introduce additional complications since the use of the 
gauged Lagrangian (26) will be generally reauired t o<** 0 , . ® 

introduce coupling be, we™ the mn^eUc ™d^S f2L ISThlfS 
element equndon. Tie treatment o7 dme-depenTTeff^ towte I t^tf ° "* ,Um ' 

“ A^ g ' h d ,or 

He^T^ 

analytical models that possess similar characteristics have been develnneH^^” de P* h - ° ther 
for example, in the books of Kittel [11] and Tinkham [21]. P an are desenbed. 
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An unconditionally stable second order accurate implicit-implicit staggered procedure for the finite 
element solution of fully coupled thermoelasticity transient problems is proposed. The procedure is 
stabilized with a semi-algebraic augmentation technique. A comparative cost analysis reveals the 
superiority of the proposed computational strategy to other conventional staggered procedures. 
Numerical examples of one- and two-dimensional thermomechanical coupled problems demonstrate 
the accuracy of the proposed numerical solution algorithm. 


1. Introduction 

Transient response prediction of thermally loaded structures is of considerable importance 
in many aerospace engineering problems, and it has been the subject of intense research. 
Finite element formulations of the classical heat conduction problem without mechanical 
coupling have been presented by Wilson and Nickel [1]. Ritz type methods for the solution of 
linear dynamic problems in coupled thermoelasticity were given by Nickell and Sackman [2j. 
Oden [3] has formulated finite element models for the analysis of a class of nonlinear problems 
in dynamic coupled thermoelasticity, and Oden Armstrong [4] have developed explicit 
quadratic numerical schemes for the integration of nonlinear unpartitioned systems of 
difference equations arising from the analysis of dynamic coupled thermoviscoelastic prob- 
lems. Recently, Ting and Chen [5] have introduced a unified numerical approach for the 
analysis of thermal stress waves. They have derived their algorithm from the concept of heat 
displacement and a variational formulation in Lagrangian form. They have proposed to 
integrate the resulting semi-discrete equations with conditionally stable explicit schemes. Liu 
and Zhang [6] have described an implicit-explicit procedure for the prediction of thermal 
stress waves in coupled thermoelasticity problems. They have adopted the explicit rational 
Runge-Kutta method [7, 8| for approximately solving the heat conduction equation and have 
claimed that their solution procedure is unconditionally stable. However, their computational 
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strategy requires the manipulations of a full matrix. In a sequel note Liu and Chana roi k 
slightly modified the original procedure of Liu and Zhang to involve a banded rathe! th &VC 

prober’ 3nd nUmenC3,ly Venfied thC “ti-l stability on one 
coupled problems. First, when unconditional stability is achieved for eJnlt^L, , 

liu and Lhang [11J and the very recent work of Zienkiewicz et al mi m „iH ^ j 

the response analysis of thermally loaded structures ' 12 d b extended t0 

r e„,,onLp7.;^ 

thermal couplmg term in the structural dynamics equation is tremed L an ° rf , 

sutoTfrom «ntMonVMlbi 2 * * S * |™ P ' In&™oiT we’tattod^cea" 8 ‘" ,e d gra,ion al e°™ta 
stapred solution procedure fo'r Ihe part ioned £££* We eS^r'^ 1 ^ 


2. Finite element formulation 


Letfl denote the body of the structure to be analyzed, and SB = U»S U»* lus * 

surface^, os, n 8 The basic equations for the Jeanzed .sotropi^ouplcd 


pit = div a + b in B , 

d = -div(-* V8) - a(3A + 2^)8, tr(e) + r in B , 



C. Farhat et al.. An unconditionally stable staggered algorithm for transient FEM 


351 


<r = 2/i.e + A(tr e)I — a(3A + 2 p.)(0 — 0 O )I 
£ = ^(V« + Vk') 

and ( 1 ) 

u = u on dB u , <rn = s on dB s , 

0 = 0 ondB 9 , - kVO = q on dB q , 

where u, e, <r, 0 , 0 O , b and r are the displacement, strain, stress, temperature, reference 
temperature chosen such that ( 6 - 6 0 )/6 0 « 1, body force and heat supply fields, respectively, 
while p., A, c, a, p, k and n are the Lame moduli, the shear modulus, the specific heat, the 
coefficient of thermal expansion, the mass per unit volume, the thermal diffusivity and the 
normal to the surface at a given point, respectively. I is the identity tensor. The dot and t 
superscripts denote a time derivative and a transpose operation, and tr denotes the trace of a 
given tensor. 

If we now express the dependent variables u and 0 by suitable shape functions as 
u = A J u and 6 = : NO , 

then a standard Galerkin procedure transforms (1) in the following algebraic coupled system 
of differential equations: 


Mu + Du + Ku - CO = / , QO + HO + 0 O C u = r , (2) 

where M, D and K are the usual mass, damping and stiffness matrice, / is the prescribed 
structural loading vector, and Q, H and r are the capacity and conductivity matrices 
and the nodal source vector, respectively. If L denotes the differential operator 
corresponding to strain, the coupling matrix is expressed as C = J a (/x(3A + 2/a.)/ 
(A + /i))a(L/V)‘[l, l,l,0,0,0]ATdS. 


3. Conventional implicit-implicit procedure 


In many applications, the coupling term C l u that appears in the heat equation and is 
induced by the effect of the strain rate is negligible. Therefore, one expects the second part of 
(2) to remain parabolic and the temperature response to remain close to the uncoupled 
solution. Consequently, the dependent variable 0 is easier to predict than the displacement «, 
so that the most natural way of solving (2) would be 


Mu n + l + Du n + X + Ku^ { =f n + ' + C<r + |P 
Q0 n + ' + HO " + 1 = r n + ' - 0 Q C'u n * ] 


(3) 


where 0 ,, + ‘ P is the predicted temperature. Unfortunately, the above numerical procedure is 
only conditionally stable, even when each field is integrated with an unconditionally stable 
algorithm. Proofs of this result are given by Dubois-Pelerin [15] for various consistent 
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predictors. Next, 
solution of (2). 


we introduce an augmentation technique that stabilizes the staggered 


4. An augmented implicit-implicit partitioned procedure 

th Pa » k u e ! al ‘ haVC ‘ ntroduced a differential augmentation concept that was successfully used in 

Basically* 1 of°the l c^ C T H S ° ,Ut, ° n for fluid ~e intlST E 

Basically, one of the coupled equations is injected into the other in order to ‘soften’ the 

hnmH 1 ’ either by , reduang the lar § e eigenvalues of the uncoupled stiff equation or by 
ntroducmg some damping into it. Here, we adopt a different strategy We perfo™ I 

We aU8nKm °" e ° f ,hC W0 cou P ,ed «■»*» *Wle 

First, the structural equation is integrated with the trapezoidal rule: 

ti n + i = u n + \M(u n + 1 + ii n ) 

" + 1 M*" + + l - Du n + X - Ku n+l + ce n+l )] , 

u n+l = u n + \ A /(«' T+1 + u n ) 

= u + At «" + i A t 2 [u n + M~ l (f n+i - Dii n+ ' - Ku n+i + Cd a + l )] 
and the velocity vector is extracted as 


(4) 


(1+2 A/M i Z))«' , + i - li" + \ kt[ii n + M I (/ n+1 - Ku n+l + C0 n + l )} 
Next, the heat equation is also integrated with the trapezoidal rule: 

r +I = r + i A/(r +, + o 

= d n + i A t[6 n + Q-\r n + l -H0 n + l - 0 o c'u n+l )] . 

Finally, the system is augmented by recasting (5) in (6) to obtain 


0 n+l -8 n + I bt{d n + Q~ l [r n + l - H0 n+l - e 0 C'(l+ | A/M’^)" 1 

x (“" + 2 A t{ii n + + l - Ku n + 1 + C0 rt+l )))]} . 


Substituting (5) into the second part of (4) and re-arranging (7) leads to 
(I + i Ar - 1 At 2 B{M)M~ l Ce n + l = F n + > , 

(~ 4 A / 0 o AA')u' ,+l + (1+ £ A tQ~ l H + ^ A/ 2 8 0 AC)e n + l = R n + l , 


where 


(5) 


(6) 


(7) 


(8) 


A = Q 'C'M , 
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fl(Af) = (I + 2 A tM~ l D)~ l , 

F n + 1 = u + l 2 A /(I f B(At))u’' + \ Ar(B(At)u + M~ l B(At)f n+l ) , (9) 

R n + 1 = d n + \ A/(0" + Q~\r n + l - 6 0 CB{M)u )] 

- | Sf[0 n Q~ l C l (B(At)u n + B(At)M~'f n + l )] . 

Now, a displacement predicted staggered procedure for the solution of (8) is 

1. Predict the displacement field: 

n + l P n 

u = u . 

2. Solve for the temperature field: 

(1+ i A tQ~ l H+ \ A/ 2 e 0 AC)d n+l =R n + ' + i St 2 0 o AKu n + l ' > . 

3. Correct the displacement field: 

(I + i At 2 B{M)M' [ K)u n+l = F n + ' + | Ar 2 B(At)M l C0 n+l . 

4. Compute velocity, acceleration and flux fields: 

u n+l = B(At){u n + \ A/fu' 1 + - Ku n+l + Cfl n + 1 )]} , 

ii n+l = 4 C0 n + l -Du"* 1 -Ku n+l ) . 

0 n+l = Q~\r n + l - 0 o C‘« n + 1 - H0 n + X ) . 

REMARK 1. The predictor u n+l is simply the previous step solution. It has been found (see, 
for example, [17]) that this is the most stable predictor when used in conjunction with the 
trapezoidal rule, while still maintaining a second-order accuracy. 

REMARK 2. The injection of (5) into (6) is not arbitrary. It will be shown in Section 6 that 
this is more economical than injecting (6) into (5). 

REMARK 3. Equations (13) define the computational path of the staggered procedure. 


( 10 ) 

(ID 

( 12 ) 

(13) 


5. Stability and accuracy analyses 

In this section, we establish that ( 10)— ( 13) result in an unconditionally stable second order 
accurate transient algorithm for the time integration of the coupled system (2). To avoid 
lengthy expressions, we consider the undampled ( D = 0) and unforced (f=r = 0) case. Note 
however that even when D = 0, the quantity C0 still transmits a rate dependent damping effect 
to the structural equation. 


354 


C. Farhat et ai.. An unconditionally stable staggered algorithm for transient FEM 


“ rt + 1 " 


” rt ~ 

u 

Ii" +1 

“ft + 1 

_ 1 + z 

u 

* n 

U 

-ft 

u 

1 z 

u 

e n+l 

e n 

J n+l m 


J n . 


STABILITY. The stability of the proposed staggered procedure can be examined by seeking 
a nontrivial solution in the form 5 


(14) 


and determining under what condition the real part of z is positive. Substitution of (10) into 
(11) and (14) into (11)— (13) yields, after some algebraic manipulations, 

z 2 I+\St 2 AT l K -\M 2 M~ x C 

. -(! - **)i Ar OqAK z 2 l + z\ StQ~ l H + $ A t 2 d^AC 

Therefore, the characteristic equation associated with (15) is 

|Mz 3 + VMk St z 2 + (K + e G CQ 'C + i A/ 2 e o CQ l C l M x K)\ A/ 2 z + VffJ A/ 3 | = 0 , 

where 

V=CUC\ U = Q~ l H{C l C)~ l 


u 

e n 


(15) 


(16) 


and | denotes the matrix determinant. If the matrices M, K, Q and H are positive definite 
and the coupling matrix C has full column rank, then U, V and each matrix coefficient of the 
detenmmant expression (16) is positive definite. If C is column rank deficient, U and V are 
positive semi-definite. In any case, all coefficients of the stability polynomial are non-negative 

saTsfiedTn Ler 6 ! 6 " 5 !, 0* ^ R ° uth " Hurwitz criterion for unconditional stability is 

proWem l ? T C( ; m P onent of this Pterion, we consider a 2-dof model 

promem tor (2). The corresponding scalar form of (16) is 


a 3 z 3 + a 2 z 2 + a,z + a 0 = 0 , 


(17) 


where 


2q 


r 2 , %c 2 / 

f At 2 2 \1 

o> + 

1 H — 0) 2 )\ 

L qm \ 

4 /J 


a n = 


A/ 3 h 

8q 


CO 


Since A /, h, q, a r, d 0 , c 2 and m > 0, all the coefficients of the polynomial (17) in z are positive 
Moreover, the quantity v 


a i°2 a 0 a 3 ~ 


%h£ A/ 3 
8mq 2 


, Ar 

l+ — OJ 


-) 


is also positive which demonstrates that the staggered solution procedure is unconditionally 
stable for the 2-dof model problem. y 
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For the general multi-dimensional case, it turns out that the limiting case K = 0 which states 
that the structural system will grow quadratically in time, provides a sufficient test. For this 
case, (16) reduces to 

\Mz 2 + \ Ar VMz + i A/ 2 %CQ~ x C l | = 0 . 

Since M is positive definite and VM and CQ~ l C' are at least positive semi-definite, the 
procedure is unconditionally stable for the limiting case K = 0, as discussed in Bellman [19], 
This argument has been extensively utilized in [17] during the analysis of several partitioned 
procedures. Therefore, we conclude that the procedure given by (10)-(13) is unconditionally 

stable. 

REMARK 4. The characteristic equation (16) reveals that the proposed procedure ( 10)— ( 13) 
is algorithmically identical to the one obtained by first differentiating the second part of (2). 

Q0 + H0 + d 0 C'ii « r , 

then substituting ii from the first part of (2) into the above equation. 

Q0 + H0 + 0 o C l M l C0 = r - 0 o C'M~\f- Ku) 

However, differentiating the nodal source vector may be not practical, for example, if r is a 
discontinuous function of time. In our present derivation (11)— (13) we avoid this problem. 

REMARK 5. The first-order thermal equation is algorithmically modified to behave as a 
dampled second-order system. It should be emphasized that the described stabilization 
technique has not introduced any artificial damping. The only augmentation that is used is part 
of the governing equation of motion itself. 

Accuracy. After differentiation, the third part of (13) in the unforced case reads 

0 n + 1 = - 0 O Q - Q~'H0 n ' 1 . ( 18 ) 

Expanding the various terms in (8) around the time n Ar and injecting (13) and (18) when 
needed leads to 

Mu + Ku n = C0 n + O(Ar) , Q0 n + H0 n = -0 Q C l tt n + O(Ar) . (19) 

Comparing (2) and (19) demonstrates that the staggered procedure is second order accurate. 
The same result can be proved for the damped ( D ^0) and forced (f ^ 0, r#0) case. 


6. Computational aspects 

In the remainder of this paper, we consider the case where the structure is undamped 
(D = 0) and the mass and capacity matrices are lumped (M, Q are diagonal). The uncondition- 
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ally stable staggered procedure (10)-(13) can be implemented as: 

1. Form 


>* + r 


— I 


+ Q[B n + 1 M{0 n - 0 0 C'u n )] 

- \ A/ 2 ^ C'[u " + + { - Ku n+ir )] 


2. Solve 


( 20 ) 


( Q + 2 + J A/ 2 0(,C‘A/~ l C)0 ,,+1 = /r +I ’ . 


3. Form 

F = M[u + A/(u” + | A/ it' 1 )] + j A t 2 (f n + l + CO"* 1 ) 

4. Solve 


(21) 


( 22 ) 


(M + | Ar K)u n * 1 = F n + l 


(23) 


5. Update 


«" +1 = A/ 


- 1 


(f n * 1 +C0 n + l -Ku n+l ), 


«" +1 * «" + i Ar(u" + k" + 1 ) , 

0 n + > = Q~\r n *' - 0 O C m' , + i - H6 n + l ) . 


(24) 


oX e — ^?' r piici ' 

special attention. In parttcular, it is important to note that ’ * deSerVK 

T . c 1S n °t a full matrix, it is a symmetric banded operator Let n „ h ™a k a . 
die sizes and the semi-bandwidths of the structural and heat matrices, respectively TypicalV 

symmetric banded system. On the other hand, if (6) had been injectedXo (5)-that is* iTthe* 

..r,:Tw e o“ 

md dens^rTha^ (ZirFOT^T* sym ' metric systemThat^ several^mes larger 

pat^lSc^^ 

— the additional cost incurred by the augmentation term is restricted to the factorization ,.H 
subsequent solutions of (21). The precise value of this additional cos, . “Z , ,he 
conven uonal procedure (3)) depends on the cleverness of the implementation ? 

At this point we also note that the quantity C'M 'C is common to several coupled field 
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Fig. 1. Patterns of the coupling matrices for a rectilinear mesh with 2D truss elements. 


problems. Its pattern, storage and computational properties have also been recognized and 
analyzed by previous investigators in different areas (see for example [11]). 

In order to illustrate the computational costs of the proposed numerical procedure, we 
consider the problem of a damped square plate where the edges are exposed to a sudden 
heating. The finite element mesh is composed of N x N 4-node regular elements. The stiffness 
and conductivity matrices K and Q are assumed to be stored in banded form so that operation 
counting is facilitated. In practice, these matrices are compacted in skyline data structures. We 
denote by d and p the number of structural degrees of freedom per node ( d =£ 6) and the 
number of integration steps, respectively. 

The assumption of an N x N regular mesh with a number of fixed degrees of freedom at 
each node is unlikely in practice. However, it is the worst case as far as the computational 
effort required for the evaluation of the product 

For the above problem, the formation and factorization of (21) and (23) require (2 + d)N 4 
and kd 3 N 4 multiplications, respectively. The resolution of (20)-(24) requires (Id 2 + 6 d + 
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3)N multiplications for each time step. Therefore, the total computational effort needed for 
the transient coupled solution using the proposed stabilized procedure is 

£ s ~ ( \d 3 + d + 2)N 4 + p\ld 2 + 6 d + 3)N 3 . (25) 

For the same problem, the computational cost associated with a conventional second-order 
accurate conditionally stable procedure (3) is 

£ c ~ k{d 3 + l)iV 4 + p\ld 2 + 6d + 3 )N 3 . (26) 

unconditional stability is obtained at the cost of (d + *)N 4 additional flowing point 
operations. For linear problems, this computational effort is needed once. In the following we 
show that this overhead is compensated by a much larger time step. S ’ 

The natural frequencies of the clamped square plate are given by 


CO = TT‘ 
rrt n 


El 3 


12(1 - v 2 )p 


m~ + n~ 


(27) 


where £, v, / and a are Young modulus, Poisson’s coefficient, the plate thickness and its edee 
size, respectively [20], Therefore, the lowest frequency is g 


a>„ = 


2tt 2 


El 3 


12(1 - v 2 )p 

and a good approximation of the highest element frequency is 


(28) 


« (e) = ~ yv 2 

max 2 iy 


El 3 


12(1 - u 2 )p 


(29) 


An adequate time step for the stabilized procedure is given by aj AT = tt/10. For the 
conventional conditionally stable staggered procedure where both u and 0 are integrated with 

on S Stab,£ time $tep " expressed as a ™ltiple of the time step based 
="j h x 9 C -) ^ ondlt,on associated with the hyperbolic structural equation. Hence, AT 
where m ^ 1. Using (28) and (29) we have 


AT 


a' 

20ir 


12(1 — v 2 )p 


El 3 


AT = 


tt 2 N 2 


ma~ 12( 1 — i> 2 )p 


El 3 


(30) 


so that 


£=40, 


P = 


2ttN 2 


m 


(31) 


are the number of steps which would cover twice the largest period of the problem. The 
computational costs for both procedures become 
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£ S ~(M + d +2)N 4 , E c (Id 2 + 6d + 3)N 5 , (32) 

m 

which demonstrates the superiority of the proposed stabilized staggered procedure for N 
sufficiently large ( N > ml 14). 


7. Numerical examples 

First, we consider the Second Danilovskaya problem ( 13]. An elastic half-space (x > 0) with 
the surface plane x = 0 assumed free of tractions for all time is exposed to a sudden high 
ambient temperature 0 X . The continuum is assumed to be mechanically constrained and 
thermally insulated so that the displacement and temperature fields are given by 

u x = u x (x, t) , u,=0, u x = 0, 0 = d(x, t) . (33) 

The boundary and initial conditions for this problem are 

MO, 0 = 0, k - (0, 0 - mo, o - <o 

and ^ (34) 

u x( x > 0) = 0 , u x (x t 0) = 0 , d(x, O) = 0 o , 

where h is the boundary -layer conductance. The following dimensionless variables are 
introduced: 


where 


ax 

x = — , 

K 

- 


a 2 t 

X 



. _ a( A + 2(x)u x 
U “POO 



2 A + 2fx 
a = 


P - 


a 

3A + 2 ix 


(35) 


(36) 


The thermomechanical coupling parameter is defined by 

8 = P\ = P%_ 

pc( A + 2/jl) p 2 a 2 c 


(37) 


The exact solution for this problem can be obtained using the Laplace transform (see [21]). 
The finite element solution is carried out using 2-node linear elements. The ratio xh/ak is 
fixed to 0.5 and the thermomechanical coupling parameter 8 is set to 1. We report on the 
generalized results for two time integration steps, Af (1) = Tr/5a> miII and /lt {2) = At 1 u /2 = 
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Fig. 2. Dimensionless temperature at x = 1 .0. 


tr/10a» mjn . These correspond to sampling the largest period of the mechanical ^problem into 10 
and 20 steps, respectively. Figure 2 depicts the dimensionless temperature 6 at x = 1 0 as a 
function of the_ dimensionless time t, for A/ = Ar (,) . Figure 3 reports the dimensionless 
displacement u(t ) at x — 1.0, for Ar = A/ (2) . As expected, the results for Ar = A/ (2) are more 
accurate than those for A t = A/ (1) . However in both cases, the generated solutions are in good 
agreement with the exact ones. 

Next, we consider the case of an infinitely long elastic circular shaft of radius R, where the 
surface temperature undergoes a sudden uniform change over a finite band of length Z and is 
steadily maintained thereafter (Fig. 4). Youngdahl and Sternberg have presented in [14] an 
*xact solution of the transient temperature and thermal stresses distributions in the shaft 
when thermomechanical coupling is neglected, in the form of definite integrals and infinite 
series. In cylindrical coordinates (r, <f>, z), the axisymmetric torsionless displacement and 
temperature fields are given as 


u r = u r (r, z, t) , u*= 0, u z = u z {r, z, t ) , 6 = 6(r, z, l ) . 


(38) 
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Fig. 3. Dimensionless displacement at x = 1.0. 



The boundary and initial conditions for this problem are 
a- rr (R, z, t) = 0 , cr rl (R, z, t) = 0 , 
c r rr -*0 as|z|— * «, ^-►O as|z|-*-a>, 

<r zz —>0 as | z| — »- 0t > , cr rz -+Q as|z|— 

d(R,z,t) = e„, \z\<\Z , d(R, z, r) = 0 , \z\> \Z (39) 

and 

u r (r,z, 0) = 0, u z (r , z, 0) = 0 , ii r (r, z, 0) = 0 , 


u z (r, z,0) = 0 , d(r , z, 0) = 0 . 
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z 



> r 


Fig. 4. Problem geometry and finite element discretization. 



The following new dimensionless variables (there should be no confusion about the present 
definition of these variables and their earlier use) are introduced: 


For all computations, we set L - 2R and v - \ . The finite element solution is carried out 
usiog 4-node axisymmetnc linear elements, and a time step A / = ir/10<u . Figure 5 compares 

the predicted temperatures at the center of the shaft (p = 0) with the exact ones for 5 = 0 and 
reports on the effect of thermocoupling (5 = 0.5) on temperature distribution. Clearly the 
stabilized procedure provides accurate solutions. The variations of the radial stress at /= 0.1 
for 5 - 0 and 8 - 0.5 are depicted in Fig. 6. All numerical results are reported at t = 0.2. It is 
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Fig. 5. Dimensionless temperature at /> = 0 for f = 0.2. 


interesting to note that when the thermocoupling effeci is neglected the temperature field is 
overestimated, but the radial stress distribution is underestimated. 


8. Conclusion 

An implicit-implicit staggered procedure for the solution of thermoelastic problems is 
presented. It is stabilized with a cost-effective semi-algebraic augmentation scheme. The 
resulting transient algorithm is unconditionally stable and second-order accurate. 
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Fig. 6 . Dimensionless radial stress at £ = 0. 1 for t = 0.2. 
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Abstract— Electromagnetic finite elements are denved based on a variational principle that uses the 
electromagnetic four-potential as primary variable. The Lorentz gauge normalization is incorporated as 
a constraint condition through a Lagrange multiplier field X. This “gauged principle is used to construct 
elements suitable for downstream coupling with mechanical and thermal finite elements for the analysis 
of high- temperature superconductor devices of potential use in aerospace applications. The main 
advantages of the four-potential formulation are: jump discontinuities on interfaces are naturally handled, 
no a priori approximations are invoked, and the number of degrees of freedom per node remains modest 
as the problem dimensionality increases. The new elements are tested on two magnetostatic axisymmetnc 
problems. The results are in excellent agreement with analytical solutions and previous “ungauged” finite 
element solutions for the one-dimensional problem of a conducting infinite wire, in which case the 
multiplier field has no effect. For the two-dimensional problem of a hollow cylinder connected to an 
infinite cylindrical feed wire, the results make physical sense although there is no known analytical 
solution. In this case, the multiplier field X couples the potentials in the radial and axial directions. The 
effect of full and selective integration on X, as well as that of leaving X out of the problem, are assessed. 
For materials of widely different permeability, jump conditions are found to be naturally accommodated 
by the present formulation 


NOMENCLATURE 

A magnetic potential vector; also computational 

vector of finite element node values of mag- 
netic potentials 
magnetic fiux density vector 
damping matrix of finite element discretiz- 
ation 

speed of light in arbitrary material 
speed of light in vacuum 
electric flux density vector 
= dDfdt displacement current density vector 
electric field intensity vector 
element identifier (as superscript) 
field strength tensor 

force vector of finite element discretization 
, G«,G X matrices relating element magnetic, electric 
and multiplier fields, respectively, to node 
values 

electric conductivity 
magnetic field intensity 
total current intensity earned by a conductor 
when not used as subscript, imaginary unit 
four-current vector 
current density vector 

stiffness matrix of finite element discretization 
Lagrangian 
gauged Lagrangian 

mass matnx of finite element discretization 
finite element shape function vector 
governing functional 

radial coordinate in cylindrical coordinate 
system 
/ time 

it finite element node value computational 

vector containing magnetic potentials, electric 
potential and X 
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four-space coordinates 
longitudinal coordinate in cylindrical co- 
ordinate system 

magnetic and electric energy density, respect- 
ively 

normalization factor in Lagrangian 
variation symbol 

susceptibility (also called capacitivity and per- 
mittivity) 

susceptibility of vacuum 

circumferential (longitude) coordinate in 

cylindrical coordinate system 

Lagrangian multiplier field for Lorentz gauge 

constraint 

finite element vector of Lagrange multipliers 
magnetic permeability (also called inductivity) 
magnetic permeability of vacuum 
electric charge density 
electric potential 

finite element node value vector of electric 
potentials 

four-potential vector 
gradient operator 
divergence operator 
curl operator 

D’Alambertian (four-wave) operator 
abbreviation for temporal derivative 
matrix transposition 


I. MOTIVATION AND APPROACH 

The present work is part of a research program for 
the numerical simulation of electromagnetic/ 
mechanical systems that involve high- temperature 
superconductors (HTS). These are composite 
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Tabic 1. Potential aerospace applications of HTS 
devi ces 1 

Magnetic thrusters 
Microwave power transmission 
Superconducting magnetic energy storage 
Electromagnetic launch and braking 
Aircraft power systems 


materials whose structural and environmental prop- 
erties are presently the subject of intensive experimen- 
tal research. Devices fabricated with these materials 
are expected to have a major impact in space propul- 
sion, power, digital computing and communication 
systems in the next century. Some potential appli- 
cations 1 of this rapidly evolving technology to 
aerospace systems are listed in Table 1. 

The computer simulation of HTS devices involves 
the interaction of the following four components. 

(1) Mechanical fields: displacements, stresses, strains 
and mechanical forces. 

(2) Thermal fields: temperature and heat fluxes. 

(3) Electromagnetic (EM) fields: electric and mag- 
netic field strengths and fluxes, currents and 
charges. 

(4) Coupling fields: the fundamental coupling effect 
is the constitutive behavior of the materials 
involved. Particularly important are the metal- 
lurgical and superconducting phase change 
phenomena triggered by thermal, mechanical and 
EM fields. 

1. 1. Finite element treatment 

The first three fields (mechanical, thermal and 
electromagnetic) are treated by the finite element 
method. This treatment produces the spatial dis- 
cretization of the continuum into mechanical, 
thermal and electromagnetic meshes of a finite 
number of degrees of freedom. The finite element 
discretization may be developed in two ways. 

(1) Simultaneous treatment. The whole problem is 
treated as an indivisible whole. The three meshes 
noted above become tightly coupled, with com- 
mon nodes and dements. 

(2) Staged treatment. The mechanical, thermal and 
electromagnetic components of the problem are 
treated separately. Finite element meshes for 
these components may be developed separately. 
Coupling effects are viewed as information that 
has to be transferred between these three meshes. 

The present research follows the staged treatment. 
More specifically, we develop finite element models 
for the fields in isolation, and then treat coupling 
effects as interaction forces between these models. 
This “divide and conquer” strategy is ingrained in the 
partitioned treatment of coupled problems, 2,3 which 
offers significant advantages in terms of compu- 
tational efficiency and software modularity. Another 
advantage relates to the way research into complex 


problems can be made more productive. It centers on 
the observation that some aspects of the problem are 
either better understood or less physically relevant 
than others. These aspects may then be temporarily 
left alone while efforts are concentrated on the less 
developed and/or more physically important aspects. 
The staged treatment is better suited to this approach. 

1.2. Mechanical elements 

Mechanical elements for this research have been 
derived using general variational principles that de- 
couple the element boundary from the interior, thus 
providing efficient ways to work out coupling with 
non-mechanical fields. The point of departure was the 
previous research into the free-formulation vari- 
ational principles presented by Felippa. 4 A more 
general formulation for the mechanical elements, 
which includes the assumed natural strain formu- 
lation, was established and presented by Felippa and 
Militello. 5 -* New representations of thermal fields 
have not been addressed as standard formulations are 
considered adequate for the coupled-field phases of 
this research. However, research in thermomechani- 
cal interaction supported by this program has re- 
sulted in the construction of robust and efficient 
staggered solution procedures. 9 

1.3. Electromagnetic elements 

The development of EM finite elements to date has 
not received the same degree of attention given to 
mechanical and thermal elements. Part of the reason 
is the widespread use of analytical and semianalytical 
methods in electrical engineering. These methods 
have been highly refined for specialized but important 
problems such as circuits and waveguides. Thus the 
advantages of finite elements in terms of generality 
have not been enough to counterweight established 
techniques. Much of the EM finite element work to 
date has been done in England and is well described 
in the surveys by Davies 10 and Trowbridge. 11 The 
general impression conveyed by these surveys is one 
of an unsettled subject, reminiscent of the early 
period (1960-1970) of finite elements in structural 
mechanics. A great number of formulations that 
combine flux, intensity, and scalar potentials are 
described with the recommended choice varying ac- 
cording to the application, medium involved (polariz- 
able, dielectric, semiconductors, etc.), number of 
space dimensions, time-dependent characteristics 
(static, quasi-static, harmonic or transient;, . ■; well as 
other factors of lesser importance. The possibility of 
a general variational formulation has not apparently 
been recognized. 

In the present work, the derivation of EM elements 
is based on a variational formulation that uses the 
four-potential as the primary variable. The electric 
field is represented by a scalar potential and the 
magnetic field by a vector potential. The formulation 
of this variational principle proceeds along lines 
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previously developed for the acoustic fluid prob- 
lem. I2J3 The Lorentz gauge normalization is incor- 
porated in the variational (weak) form through the 
adjunction of a Lagrange multiplier field. 

The main advantages of using potentials as pri- 
mary variables in contrast to existing EM finite 
elements based on intensity and/cr flux fields are, in 
order of importance, as follows. 

(1) Interface discontinuities are automatically taken 
care of without any special intervention. 

(2) No approximations are invoked a priori since the 
general Maxwell equations are used. 

(3) The number of degrees of freedom per finite 
element node is kept modest as the problem 
dimensionality increases. 

(4) Coupling with the mechanical and thermal fields, 
which involves derived fields can be naturally 
evaluated at the Gauss points where derivatives 
of the potentials are computed. 

Following a recapitulation ot the basic field 
equations, the variational principle is stated 
and specialized to an axisymmetric geometry. 
The discretization of this principle into finite 
element equations produces semidiscrete dynamical 
equations, which reduce to the electromagneto- 
static equations in the time-independent case. These 
equations are tested in the simulation of a cylindrical 
conductor wire and of a hollow conducting “can” 
connected to an infinite feed wire 

2. ELECTROMAGNETIC FIELD EQUATIONS 

2.1. The Maxwell equations 

The original Maxwell equations 1873) involve four 
spatial fields: B, D, E and H. Vectors E and H 
represents the electric and magnetic field strengths 
(also called intensities), respectively, whereas D and 
B represent the electric and magnetic flux densities, 
respectively. All of these are three -vector quantities, 
that is, vector fields in three-dimensional space 
(x { s x, x 2 = v, x } s z) 



Other quantities are the electric current three- vector 
j and the electric charge density p (a scalar). 

Using superposed dots to denote differentiation 
with respect to time /, we can state the Maxwell 
equations ast 


tSome authors, for example Eyges . 14 include 4k factors 
and the speed of light c in the Maxwell equations. Other 
textbooks, e.g. those of Rojanski 15 anc Shadowitz , 16 follow 
Heaviside's advice in using technical units that eliminate 
such confusing factors. 


6 + V x E = 0 

V x H — D = j 

VD = p 

V B = 0. 


The first and second equations are also known as the 
Faraday and Ampere-Maxwell laws, respectively. 

The system (2) supplies a total of eight partial 
differential equations which, as stated, are indepen- 
dent of the properties of the underlying medium. 


2.2. Constitutive equations 

The field intensities E and H and the corresponding 
flux densities 0 and B are not independent but are 
connected by the electromagnetic constitutive 
equations. For an electromagnetically isotropic, non- 
polarized material the equations are 


B = pH D = eE, 


( 3 ) 


where p and e are the permeability and susceptibility, 
respectively, of the material (other names are often 
used, cf. Nomenclature). These coefficients are func- 
tions of position but (for static or harmonic fields) do 
not depend on time. In the general case of a non- 
isotropic material both p and e become tensors. Even 
in isotropic media p may be a complicated function 
of H; in ferromagnetic materials exhibiting hysteretic 
effects p depends on the previous history. 

In free space p = po and e = £<,, which are con- 
nected by 


c 


1 

Wo' 


(4) 


where c 0 is the speed of light in free-space. 

The electrical field strength E is further related to 
the current density j by Ohm’s law 


j = *E, (5) 

where g is the conductivity of the material. Again for 
a non-isotropic material, g is generally a tensor which 
may also contain real and imaginary components, in 
which case the above relation becomes the general- 
ized Ohm’s law. For good conductors g e; for bad 
conductors g <i e. In free space, g = 0. 


2.3. Maxwell equations in terms of E and B 

To pass to the four-potential formulation it is 
convenient to express Maxwell’s equations in terms 
of the electrical field strength E and the magnetic flux 
B. In fact this is the pair most frequently used in 
electromagnetic works that involve arbitrary media. 
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On eliminating D and H through the constitutive 
equations (3) we obtain 


ft -h V 4- E = 0 V x B - = M-j 

V • E = p/e V * B = 0. 


( 6 ) 


The second equation assumes that e is independent of 
time; otherwise e£ = e dE/d / should be replaced by 
d(eE)/d/. In charge-free vacuum Eqs (6) reduce to 


ft + V x E = 0 


V x B--£ = 0 

c 5 


V • E = 0 V • B = 0. (7) 


2.4. The electromagnetic potentials 


The electric scalar potential 0 and the magnetic 
vector potential A are introduced by the definitions 


E = - V<D - A B = V x A. 


( 8 ) 


These definitions satisfy the two homogeneous 
Maxwell equations in Eqs (7). The definition of A 
leaves its divergence V • A arbitrary. We shall use the 
Lorentz gauge 17 


V A + pe<t> = 0. 


(9) 


With this choice the two non-homogeneous Maxwell 
equations written in terms of and A separate into 
the wave equations 


V 2 0 - p£<f> = —p/e V 2 A — peA = — pj, (10) 
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Here P is an adjustment factor to be determined later. 
Similarly, introduce the four -current vector J as 


r -s 

A 


f *\ 

cpj l 


m 

A 

def 


► = Pc < 

W2 l 

A 





UJ 




jVW e )p, 


Then, for arbitrary P, the non-homogeneous Maxwell 
equations, namely V x B — pe£ = pj and V E = p/e, 
may be presented in the compact "continuity” form 
(the covariant form of these two equations) 


dx k 


-Ji- 


(14) 


The other two Maxwell equations, V B = 0 and 
V x E -h ft = 0, can be presented as 


which are only coupled on the right-hand side 
through Ohm’s law [Eq. (5)]. 


a F* t | dF km 
dx k dx, 


(15) 


3. THE ELECTROMAGNETIC FOUR-POTENTIAL 

Maxwell’s equations can be presented in a compact 
manner (a form compatible with special relativity) in 
the four-dimensional spacetime defined by the co- 
ordinates 

x ] = x x 2 s y *3 5 2 x 4 = ict, (11) 

where jc,,x 2 ,x 3 are spatial Cartesian coordinates, 
i 2 » - 1 is the imaginary unit, and c — l/^jie) is the 
speed of EM waves in the medium under consider- 
ation. In the sequel Roman subscripts will consist- 
ently go from 1 to 4 and the summation convention 
over repeated indices will be used unless otherwise 
stated. 


where the index triplet (/, /c, m) takes on the values 
(1,2,3), (4,2,3), (4,3, 1) and (4,1,2). 

3.2. The four -potential 

The electromagnetic four-potential <)> is a four- 
vector whose components are constructed with 
the electric and magnetic potential components of 
A and 


r 


r *\ 

♦i 


cA t 


def 

► = < 

cA, 

- > 

<f>j 


cA 3 

U«J 


/<h 

V*. J 


3.1. The field-strength tensor 

The unification can be expressed most conveniently 
in terms of the field-strength tensor F, which is a 
four-dimensional antisymmetric tensor constructed 
from the components of E and B as follows: 


It may then be verified that F can be expressed as the 
four-curl of 4>, that is 


F = 8<t> * dfr 

* 9.x, ax* • 


( 17 ) 
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or in more detail and using commas to abbreviate 
partial derivatives 


F = 


0 

to,i “ to .2 

to.i “ too 

too “ too 

to ,2 — too 

0 

to .2 “ too 

too “ to, 4 

to u ~ to.i 

too “ too 

0 

too — too 

too to.i 

to,4 “ too 

to,4 ~ too 

0 




(18) 


but in the numerical simulation the integration is 
truncated at a distant boundary or special devices are 
used to treat the decay behavior at infinity. 


3.4. The gauged Lagrangian 

If the fields A and <D to be inserted into L do not 
satisfy the Lorentz gauge relation (9) a priori , this 
condition has to be imposed as a constraint using a 
Lagrange multiplier field X(x,), leading to the 
modified or “gauged” Lagrangian 


L s = L + X.(V A + |j£<i>). 


(25) 


3.3. The ungauged Lagrangian 

With these definitions, the basic Lagrangian of 
electromagnetism t can be stated as 19 




= - £ 2 )-- O', Ai+h A 2 +j,A, - p«>), 

( 19 ) 


3.5. The four -field equations 

On setting the variation of the functional (25) to 
zero we recover the field equations (14) and (15) as 
well as the gauge constraint (9) as Euler- Lagrange 
equations. Taking the divergence of both sides of Eq. 
(14) and observing that F is an antisymmetric tensor, 
so that its divergence vanishes, we obtain 


— 1 = cp(V j + p) = 0. (26) 

a*, 


in which 

B 2 * B'TB = B 2 + B\ 4 B] 

E 1 » ET2 = £? + £:+ E\. (20) 

Comparing the first term with the magnetic and 
electric energy densities 14 " 16 

<% E = fD't = kE l (21) 


The vanishing term in parenthesis is the equation of 
continuity, which expresses the law of conservation of 
charge. The Lorentz gauge condition (9) may be 
stated as V <j> = 0. Finally, the potential wave 
equations (10) may be expressed in compact form as 

□<h- -4, (27) 

where □ denotes the “four-wave operator,” also 
called the D’Alembertian 

def 6 2 d 2 d 2 d 2 d 2 

□ = 3— = + ^ + ( 28) 

ox* ox* oxf ox; 0X3 c~ot 


we must have (3 2 c 2 = p 2 /(pc) — 1/|L from which 

P = Jl (22) 


Consequently, the required Lagrangian is 


1 

V 


L=^-B 1 - kzE 1 - (J, A , +j 2 4 2 +j } A) - p4>). 


The associated variational form is 

L d V dr. 




(23) 


(24) 


where V is the integration volume considered in the 
analysis. In theory V extends over the whole space. 


t L is an extension of the free-spaco Lagrangian given by 
Lanczos 1 ® to a material obeying the more general constitu- 
tive equations (3). 


Hence each component of the four-potential 4> 
satisfies an inhomogeneous wave equation. In free 
space, j = 0 and each component satisfies a homo- 
geneous wave equation. 

4. FINITE ELEMENT DISCRETIZATION 

In a previous paper 19 the ungauged Lagrangian 
(23) was used to construct one-dimensional axisym- 
metric finite dements. These elements were success- 
fully tested on a magnetostatic problem. In the 
present investigation we extend the technique to 
two-dimensional axisymmetric problems. In doing so 
we find that the finite element discretization does not 
necessarily satisfy the gauge condition (9) a priori and 
consequently the gauged Lagrangian (25) must be 
used. 

4.1. The Lagrangian in cylindrical coordinates 

-To take advantage of the axisymmetric geometry 
we choose a cylindrical coordinate system with the 
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rotational axis as the z-axis. The vector components 
in the cylindrical coordinate directions r, 9 and z are 
denoted by 

A x , B u E x a A r , B r> E r in the r (radial) direction 

A 2 , B ly E 2 = A 9t B 9t £ 0 in the 9 (circumferential) 
direction 


A 3i Ey — A 2f B : , £. in the z (longitudinal) direc- 
tion. 

The electromagnetic fields will then vary in the radial 
(r) and axial (z) directions but not in the circumfer- 
ential (9) direction. 

To construct finite element approximations we 
need to express the gauged Lagrangian 

~ 2 \± b 2 ~ — (i fA ~ p^) + MV • a + jie<i>) 


In the axisymmetric case the partials of any potential 
with respect to 9 should vanish. Consequently the 
gauged Lagrangian (30) simplifies to 



Note that this Lagrangian involves all components of 
the four- potential although the independence from 9 
has introduced some simplifications with respect to 
the full three-dimensional case. 


(29) 


in terms of the potentials written in cylindrical co- 
ordinates. For B 2 we use the expression of the curl 
(see e.g. p. 54 of Ref. 16). 


B 2 = 


/IdA) dA 2 V /dA } 
\r 09 0z ) + \ dz 



For £ 2 we use the 
formulas 


t _ I d(rA 2 ) 1 0A,V 

+ IT 1 ■ (30) 

,r dr r 09 J 


cylindrical-coordinate gradient 
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' E, - 


' Er 


r dO . 'n 

a7 + ' 4 ' 

e 2 

► 8S < 
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► = _< 

1 0<t> 

7 ee +,4j * 

£j j 




0<D 

t— + A 3 
^ dz J 


so that 


(31) 


£ 2 = E^E 



4.2. Constructing electromagnetic finite elements 

For the finite element discretization of the two- 
dimensional case we have constructed quadrilateral 
and triangular axisymmetric elements defined by 
their geometry on the r-z plane. We have used 
isoparametric elements with comer node points only. 
Additional construction details are provided in 
Sec. 5. 

In the following we consider an individual 
element identified by superscript e. The element 
nodes are locally numbered / « 1 . . . where n is 
the number of comer nodes (n = 3 for triangles and 
n — 4 for quadrilaterals). The electric potential <t> 
and the magnetic potential components, A x mA, y 
^2 = A 9t and A } = A :J are interpolated over each 
element as 


<D' = N A' t =N% A'. (35) 

Here row vectors and contain the (isoparamet- 
ric) finite element shape functions for <D* and Af t 
respectively, which are only functions of the radial 
and longitudinal coordinates r and z 

Ni = [^i t (r,r)... N% n (r,z) ] 

= I n a ( M* *) . . . M‘ Am (r t z)]; (36) 


+ 


j_0^ 0/4 2 V /0O 

r 00 + dt ) + y 0z 



(32) 


and column vectors & and A' contain the nodal 
values of <D and A,, respectively, which are only 
functions of time t 


For the Lorentz gauge we use the gradient formula 
again to obtain 


<•>* = (<!>, (r)... <D„(0) r 


n . . 1 1 3(M|) 34 , . 

V ■ A + H£<P = + — - + (XE<t>. 

r dr Sz 


(33) 


A* - 0*1, (0... 41,(0 4 2l (0...4 a> (0 


4, ,(/)... 4*(i))r. 


(37) 
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The Lagrangian multiplier field X(r, z) will be as- 
sumed to be constant over each element since the 
variational principle associated with Eq. (34) allows 
interelement discontinuities in this field. This value, 
denoted by X", may therefore be associated with an 
internal node. 

To facilitate a more compact formulation, we 
introduce the following matrix and vector notations: 


with 
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dz 


V j' = . 


(38) 


(39) 


R‘ = R‘. -R‘,-R\ + R’ a , 


in which 


■5/t; « j" | 5A' r G'/G, A' iV' ii 

**J- f' 

J'O . 


{6<D' r G; r (G^ + N‘ A') - 5A ,r N' r 
x (GS^ + N^A')} dV’ dt 

+ | 5A' 7 N'/(Gi«I>* + N'A')dF'|;; 

SR] = I ' J (5A ,7 N'/j' - pS^'NST) d V dt 
5 = j" | X.'(8A' r GJdK f dr 

+ | 5A.'(G X A' + peN; 4**) d V dt 

N; r 5«^dr dt 

X'pcNSTSift'dF'l;;. 


SR 


(42) 


Substitution of the finite element assumptions and 
our new notation into Eqs (34 ) and (24) yields the 
variational integral as a sum of element contributions 
R = Z 0 R* where 


On applying fixed-end initial conditions at r = r 0 and 
r = r, and the lemma of the calculus of variations, we 
proceed to equate each of the volume integrals to 
zero. We thus obtain for each element the following 
second-order dynamic equations for the magnetic 
and electric potentials at the nodes, which are pur- 
posely written in a notation resembling the mass- 
damping-stiffness-force equations of mechanics: 


(40) 


M'fi' + Cu f + KV = V 


(43) 


where 
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J/0 Jr* 

where V* denotes the volume of the element. On 
taking the variation with respect to the element node 
values we obtain 5 R e = dR , — <>/?' — 5/?' -f = 0, 
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Considering Eq. (43) as a set of three matrix differen- 
tial equations, we observe that the first two are the 
discrete analog of the wave equations (10). These 
equations are coupled, however, in the damping and 
stiffness terms as a consequence of the discretization 
of the gauge condition (9). We can find an expression 
for <t> in terms of A, but the reverse is not generally 
possible. 

4.3. The static case 

For the numerical experiments reported here, we 
are primarily concerned with static solutions for the 
magnetic fields. If the time dependence disappears, 
the magnetic and electric fields uncouple and the 
element equations reduce to 

= f e \t 

K (48) 

where 

K'* = 

(49) 


K*=J^ [Gi r G%]dV 
f' £ - f — pNJ r dV' 

«£-{<&*}• (50) 

Assembling these element equations in the usual 
manner, we obtain the discrete finite element 

equations of electromagnetostatics: 

= K £ u £ =f £ . (51) 

If both the current density and charge distribution are 

known a priori then these two equations may be 
solved separately. If only the charge distribution p is 
known then the electrostatic equation should be 
solved first to obtain the electric field E as gradient 
of the computed electric potential <I>; then the current 
density j can be obtained from Ohm’s law (5) and 
used to compute the force vector of the magnetic 
equation, which is then solved for the magnetic 
potential. Conversely, if only the current density 
distribution is known a priori the preceding steps are 
reversed. 

For the two test problems presented here the 
current density distribution is assumed to be known. 



r r g '/g' GH 

A A X A ut 

Jk.|_ cr oj 


and we shall be content with solving the equations for 
the magnetic flux. 


5. NUMERICAL EXPERIMENTS 
5.1. The finite element model 

The finite element formulation described in the 
previous section has been applied to the solution of 
two test problems, described below. Both problems 
are treated with quadrilateral elements. Each quadri- 
lateral element has four comer points and one in- 
terior node. These nodes are defined by their radial 
and axial positions r) and z ) . At each comer j we have 
four degrees of freedom, namely A i/9 A v , A v and <D,. 
From these values the potential components are 
interpolated with the standard bilinear shape func- 
tions, which provide the C° continuity required by the 
variational formulation. The centroidal node carries 
no physical significance and is solely used to provide 
the extra degree of freedom assigned to the Lagran- 
gian multiplier X*. Thus each quadrilateral element 
has 4x4+1 = 17 degrees of freedom. 

For the calculation of the element stiffness and 
force vectors, it is assumed that the permeability 
p and the current densities are uniform over the 
element. The desired stiffness matrix and force vector 
are calculated by numerical quadrature using Gauss 
formulas. The portion associated with potentials is 
always evaluated with a 2 x 2 rule. Three different 
schemes, on the other hand, are tried on the entries 
associated with X. 

Full integration. The same 2x2 rule as for the 
potentials is used. 

Selective integration. A one-point rule is used for 

G[ 

Zero integration. The effect of X is ignored by omit- 
ting the integration of the associated terms and 
placing ones on the diagonal. This numerical device 
effectively forces X* = 0, and thus “releases” the gauge 
constraint. 

5.2. Applying boundary conditions 

The finite element mesh is necessarily terminated at 
a finite size. For the two test problems, the outer 
radial end of the mesh is defined as the truncation 
radius r = R r . In static calculations the material 
outside the finite element mesh may be viewed as 
having zero permeability p, or, equivalently, infinite 
stiffness or zero potential. It follows that the z 
component of the potential at the nodes located on 
the truncation radius may be prescribed to be zero. 
We do this because, no matter what the shape of an 
axisymmetric conductor, it will appear to be straight 
to the far-field potential. Because of the coupling 
provided by the Lorentz gauge, the gradient of the r 
component of the potential must be a constant in the 
axial direction. For this reason, we constrain A, at the 
top and the bottom of the mesh. A r must also be 
constrained to zero on the axis if the field is to decay 
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to zero since the gradient of A z in ttie radial direction 
should also be zero. 


5.3. Assembly, solution and field recovery 


The master stiffness matrix and force vector are 
assembled following standard finite element tech- 
niques. The boundary conditions are set as explained 
previously. The modified master equations modified 
for boundary conditions are processed by a standard 
symmetric skyline solver, which provides the value of 
the potentials at the mesh nodes. 

The physical quantities of interest are not the 
potentials but the magnetic flux and electric strength 
densities £, and £,, and most especially the circumfer- 
ential magnetic flux density B 2 s . This is calcu- 
lated by discretizing the curl of A as follows. Since 
0v4,/00 = O, the magnetic fields Income, after dis- 
cretization 



0r 0r 

r € 0r 


A' 


(52) 


The nodal values for B are obtained by evaluation at 
the Gauss points followed by extrapolation to node 
locations. The average of these quantities is also 
reported as the centroidal value. As discussed below 
this value was found to be more accurate than 
intereiement-averaged node values. Consequently the 
centroidal value was used to report results. 

For both test problems, the magnetic permeability 
\i = p wire is constant inside the conductor whereas 
outside it the free-space permeability = Mo 
assumed to be unity. The current densities are as- 
sumed to be uniformly distributed and consequently 
are calculated by dividing the assumed total current 
flowing through the conductor by the total cross-sec- 
tional areas of the conductors. 


radius a 



Fig. 1. Diagram of the first test problem: infinite cylindrical 
wire conducting total current I, assumed to be uniformly 
distributed over the cross section. 



thickness a 



-thickness a 





Fig. 2. Diagram of second test problem: a cylindrical “can'* 
connected to an infinite feed wire conducting total current 
/, which is assumed to be uniformly distributed over the 
varying cross sections. The feed wire radius and can wall 
thicknesses are identical. 


5.4. Problem \ : a conducting infinite wire 

The first test problem is identical to that reported 
in Schuler and Felippa 19 with a one-dimensional 
axisymmetric discretization. As shown in Fig. 1, it 
consists of a wire conductor of radius a transporting 
a total current / = 1 in the j direction. This current 
is assumed to be uniformly distributed over the wire 
cross section. For this problem one layer of quadrilat- 
eral elements in the z direction, extending from r - 0 
through j = d, is sufficient; here the distance d is 
chosen arbitrarily. The radial direction is discretized 
with elements inside the wire and ;V frce elements 
outside the wire in free space. The mesh is terminated 
at a “truncation radius” r T t> a, where the potential 
component A,sA. is arbitrarily set to zero. Other 
boundary conditions are A 2 s A r = 0 on the nodes at 
r = 0 and : = d. 

The results obtained with r T =5a, = 4 an ^ 
i V free = 10 for the potentials were identical to those 
reported previously, 19 thus providing a check on the 
element calculations. The same results were obtained 
with the three integration schemes noted above for 
the A. term, which verifies that the Lorentz gauge 
constraint (9) is automatically satisfied by the finite 
element shape function for one-dimensional magne- 
tostatic fields. 

The computed magnetic flux density B 2 at node 
points was not as accurate as it could be expected, 
especially at r =0. The centroidal values, on the other 
hand, were considerably more accurate as regards 
matching analytical results. Thus for the second 
problem we decided to report field values at the 
element centroids. 

5.5. Problem 2: a conducting hollow can 

The second test problem, shown in Fig. 2, brings 
two-dimensional features. It is a hollow conducting 
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Fig. 3. Magnetic fieid B 2 a B 9 vs radiaJ and axial coordi- 
nates r and z for [L vnn =* I. Full integration scheme for X. 
Intersections of mesh represent element centroids. 


cylindrical “can” with infinite feed wires connected to 
the center of its top and bottom faces. These wires 
carry a total current I =■ 1 going in the direction; 
this current is assumed to be uniformly distributed 
over the varying cross sections it traverses. The wire 
radius a and the can wall thicknesses are assumed to 
be identical. 



15 20 2 I 


Fig. 5. Contour plot of magnetic field 3 2 m B 9t ^ = 1.0. 
Full integration scheme for A.. Numbers on axes represent 
the number of element centroids traversed from the center 
of the “can.” Each element is 0.02 x 0.02 square. All 
contours are equally spaced and range from minimum to 
maximum values of the fieid. 


Because of the symmetry of the problem it is 
sufficient to model only the upper half, z Ss 0. The 
results presented here were obtained using a 25 x 25 
element mesh of square elements. Within this mesh 
the wire as well as the can walls arc modeled with only 
one element across the radius or thickness, respect- 
ively. The uniform mesh indeed represents an 
overkill for the free space while it is insufficiently 
refined to capture fieid distribution details inside and 
near the conducting material. It was actually chosen 
to expedite the preparation of inputs to three-dimen- 
sional plotting software, given the limited time avail- 
able for obtaining displays. 

The problem was run using full, selective and 
zero integration schemes for the X freedoms. The 
magnetic permeability = p*, in the free space 



Fig. 4. Magnetic field B z s B 9 vs radial and axial coordi- 
nates r and r for p wire = 1. Zero integration scheme for /. 
( s gauge constraint not enforced). Intersections of mesh 
represent element centroids. 


outside the conducting material was chosen as unity. 
For the conducting material two different values 
for the permeability p = n* re were tried: 1.0 and 
10.0, the latter to check whether flux jump conditions 
are automatically accommodated by the potential 
formulation. 



Fig. 6. Contour plot of magnetic field B 2 s B 9 , p^ = 1.0. 
Zero integration scheme for X (s gauge constraint not 
enforced). Numbers on axes represent the number of el- 
ement centroids traversed from the center of the ‘‘can “ 
Each element is 0.02 x 0.02 square. All contours are equally 
spaced and range from minimum to maximum values of the 
field. 


Electromagnetic axisymmetric finite elements 


283 



Fig. 7. Magnetic field B z a vs racial and axial coordi- 
nates r and 2 for \i w , rt =* 10. Full integration scheme for X. 
Intersections of mesh represent element centroids. Note 
sharp field jump on conductor surfaces. 

Selective results are reported graphically in Figs 3 
through 8. Figures 3 and 4 shows the magnitude of 
B 2 s Z? e for = po * 1 obtained for the full 

and zero order integration schemes, respectively. 
Figures 5 and 6 show these results in contour plot 
form. Figures 7 and 8 correspond to = 10 and 
show the magnitude of B % from different viewing 
points. A general discussion of the results follows. 

The full integration scheme for X performed well 
outside the conductor. Results were compared with 
those of the analytical solution for the infinite straight 
wire (the first test problem) to determine whether they 
were physically reasonable. As r becomes large com- 
pared to the can cross dimension (towards the outer 
radial edge of the mesh), the answers agree. This is 
the expected behavior, because as r -* oo the general 
axisymmetric problem should appear as an infinite 
straight conductor. As one moves towards the top of 
the mesh, the solution again approaches that for an 
infinite wire, as can be observed in Figs 3 through 8. 
This behavior was expected because as we move 



Fig. 8. The same case as Fig. 7 shewn from a different 
viewing point to emphasize how magnetic field in feed wire 
fails to go to zero as r approaches zero because of the coarse 
conductor discretization. 


parallel to the wire in the z direction, the effects of the 
current in the can ends should tend to zero and the 
only far- field effects should be from the total current. 
The results for the magnetic field within the feed wire 
are not accurate as it did not vanish for r =* 0; this 
behavior is due to the use of only one element across 
the radius and the fact that we report only centroidal 
values as noted above. 

The selective integration scheme gave answers of 
the same general shape as those of the full integration 
scheme, but they only agreed to one or two significant 
digits; these results are not shown here as they are 
hard to distinguish in plots. The zero integration 
scheme (which in fact releases the Lorentz gauge 
coupling) gave solutions for the field that were larger 
than expected at the conductor boundary and a 
physically unrealizable field inside of the “can.” This 
field grows sharply as the can axis is approached, as 
shown in Figs 4 and 6. 

The finite element model also provided results for 
the electric potential <J> and associated electric field 
strength E, but such results have not been analyzed 
to date. 

6. CONCLUSIONS AND FUTURE WORK 

The results obtained from our two-dimensional 
axisymmetric model for magnetostatic fields are par- 
ticularly encouraging. They show that our variational 
approach can provide good models of electro- 
magnetic fields outside of the conductor and appears 
to be extensible to three-dimensional static problems 
without major difficulties. 

The results obtained for fields inside of the conduc- 
tor in the second test problem can be improved by 
using a finer (graded) mesh, higher order finite 
elements, or elements based on a Heilinger-Reissner 
principle in which both potentials and fields are 
primary variables. In our experiments with one- 
dimensional elements, the finer mesh gave excellent 
results, and it is expected that the two-dimensional 
element, being based upon the same variational prin- 
ciple, will converge upon the exact solution in the 
same manner. 

One unsettled aspect of our results is the damping 
type matrix C that appears in the dynamic equation 
(43) for the multi-dimensional case. It appears that in 
time-dependent problems we will be forced to work 
with a set of equations that are coupled on the 
construction of a finite element model for super- 
conductors. We plan to concentrate on harmonic 
currents rather than general transients as the former 
are more important in envisioned applications such 
as communications systems. 

If encouraging results are obtained in the dynamic 
case, thermocoupling effects will be added to the 
code. Recent textbooks and surveys :a ~ 22 discuss 
several different approaches applicable to various 
contexts (e.g. eddy currents) and these will have to be 
investigated for suitability for capturing the coupling 
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effects that are relevant to the superconducting prob- 
lem. Fano et a /. 20 present an interesting discussion on 
the coupling of electric and magnetic forces to mech- 
anical effects through the Lorentz force and it is 
expected that this will be the next addition to our 
code. 

After accounting for coupling effects, the following 
step will be to model the superconducting fields. The 
feasibility of using the current model for super- 
conductor applications is high, as the current density 
of a superconductor can be approximated by the 
standard current density multiplied by a constant 
squared. This constant is called the London pen- 
etration depth . Other analytical models that possess 
similar characteristics have been developed and are 
described, for example, in the books of Kittel 23 and 
Tinkham . 24 
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New elements are derived to validate and assess the assumed natural deviatoric strain (ANDES) 
formulation. This is a brand new variant of the assumed natural strain (ANS) formulation of finite 
elements, which has recently attracted attention as an effective method for constructing high- 
performance elements for linear and nonlinear analysis. The ANDES formulation is based on an 
extended parametrized variational principle developed in recent publications. The key concept is that 
only the deviatoric part of the strains is assumed over the element, whereas the mean strain part is 
discarded in favor of a constant stress assumption. Unlike conventional ANS elements, ANDES 
elements satisfy the individual element test (a stringent form of the patch test) a priori while retaining 
the favorable distortion-insensitivity properties of ANS elements. The first application of this new 
formulation is the development of several Kirchhoff plate bending triangular elements with the 
standard nine degrees of freedom. Linear curvature variations are sampled along the three sides with 
the corners as k gage reading’ points. These sample values are interpolated over the triangle using three 
schemes. Two schemes merge back to conventional ANS elements, one being identical to the discrete 
Kirchhoff triangle (DKT), whereas the third one produces two new ANDES elements. Numerical 
experiments indicate that one of the ANDES element is relatively insensitive to distortion compared to 
previously derived high-performance plate-bending elements, while retaining accuracy for nondistorted 
elements. 


1. Introduction 

Despite almost three decades of work, plates and shells remain an important area of 
research in finite element methods. Challenging topics include 

1. The construction of high performance elements. 

2. The modeling of composite and stiffened wall constructions. 

3. The treatment of prestress, imperfections, nonlinear, dissipative and dynamic effects. 

4. The development of practical error estimators and adaptive discretization methods. 

5. The interaction with nonstructural components, for example external and internal fluids. 
This paper addresses primarily the first challenge, although it must be recognized that 

progress in this direction is shaped to some extent by thinking of the others. The main 
motivation here is the construction of simple and efficient finite elements for plates and shells 
that are lock-free, rank sufficient and distortion insensitive, yield accurate answers for coarse 
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Table I 

Tools for constructing HP elements 


Technique 

Year introduced 

1. Incompatible shape functions 

early 1960s 

2. Patch test 

1965 

3. Mixed and hybrid variational principles 

1965 

4. Projectors 

1967 

5, Selective reduced integration 

1969 

6. Uniform reduced integration 

1970 

7. Partial strain assumptions 

1970 

8. Energy balancing 

1974 

9. Directional integration 

1978 

10. Limit differential equations 

1982 

11. Free formulation 

1984 

12. Assumed natural strains 

1984 


meshes, fit into displacement-based programs, and can be easily extended to nonlinear and 
dynamic problems. Elements that possess these attributes to some noticeable degree are 
collectively known as high performance or HP elements. 

Over the past three decades investigators have resorted to many ingenious devices to 
construct HP elements. The most important ones are listed in Table 1.” The underlying theme 
is that although the final product may look like a standard displacement model so as to fit 
easfiy into existing finite element programs, the conventional displacement formulation is 
abandoned. (By ‘conventional’ we mean the use of conforming displacement assumptions into 
the total potential energy principle.) 

1.1. A unified variational framework 

Table 1 conveys the feeling of a bewildering array of tools. The question arises as to 
whether some of them are just facets of the same thing. Limited progress has been made in 
this regard. One notable advance in the 1970s has been the unification of reduced /selective 
integration and mixed methods achieved by Malkus and Hughes [1], 

The present work has benefited from the unplanned confluence of two unification efforts 
An initial attempt to place the free formulation [2-5] within the framework of parametrized 
hybrid variational principles was successful [6-8], The free formulation in turn 'dragged’ 
incompatible shape functions, the patch test and energy balancing into the scene. Concurrent- 
ly a separate effort was carried out to set out the assumed natural strain (ANS) and projection 
methods in a mixed /hybrid variational framework [9, 10]. Comparison of the results led to the 
rather unexpected conclusion that a parametrized variational framework was able to en- 
compass ANS and the free formulation as well as some hitherto untried methods [11, 12], 
The common theme emerging from this unification is that a wide class of HP elements can 
be constructed usin 0 l:\vo ingredients: 

(1) A parametrized functional that contains ail variational principles of elasticitv with 
independently varied displacements as special cases. 

(2) Additional assumptions (sometimes called 'variational crimes' or 'tricks') that can he 
placed on a variational setting through Lagrange multipliers. 
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As of this writing it is not known whether the 'wide class' referred to above encompasses all 
HP elements or at least the most interesting ones. Some surprising coalescences, such as DKT 
and ANS bending elements, however, have emerged from this study. 

1.2. The assumed natural strain formulation 

The assumed natural strain (ANS) formulation of finite elements is a relatively new 
development. A restricted form of the assumed strain method (not involving natural strains) 
was introduced in 1969 by William [13], who constructed a 4-node plane-stress element by 
assuming a constant shear strain independently of the direct strains and using a strain- 
displacement mixed variational principle. (The resulting element is identical to that derivable 
by selective one-point integration.) A different approach advocated by Ashwell [14] and 
coworkers viewed ‘strain elements’ as a convenient way to generate appropriate displacement 
fields by integration of appropriately assumed compatible strain fields. (In fact, this was the 
technique originally used by Turner et al. [15] for deriving the constant-strain membrane 
triangle in their celebrated 1956 paper.) 

These and other forms of assumed-strain techniques were overshadowed in the 1970s by 
developments in reduced and selective integration methods. The assumed strain approach in 
natural coordinates, however, has recently attracted substantial attention [16-23], particularly 
in view of its effectiveness in geometrically nonlinear analysis. One of the key ingredients in 
this approach is the concept of natural coordinates developed by Argyris and coworkers in the 
early 1960s [24-27], Another important ingredient is the idea of reference lines introduced by 
Park and Stanley [21]. 

As noted above, the unification presented in [11. 12] merges two HP element construction 
schemes: the free formulation (FF) of Bergan and Nygard [4] and a variant of ANS called 
ANDES (acronym for assumed natural deviatoric strains) described in further detail below. 
The stiffness equations produced by the unified formulation enjoy the fundamental decompo- 
sition property summarized in Box 1. 

In the ANDES variant of ANS, assumptions are made only on the deviatoric portion of the 
element strains, namely that portion that integrates to zero over each element. This assump- 
tion produces the higher order stiffness labeled K hll in Box 1. The mean portion of the strains 
is left to be determined variationally from assumptions on the limit stress field, and has no 
effect on the stiffness equations. 

This paper describes the construction of the first ANDES elements. These are Kirchhoff 
plate-bending triangular elements with the standard 9 degrees of freedom (one displacement 
and two rotations at each corner). This choice is made because of the following reasons: 

1. High-performance three-node triangular plate bending elements, whether based on Kirch- 
hoff or Reissner-Mindlin mathematical models, have not been previously obtained through 
the ANS formulation. (Although the DKT element [28,29] qualifies as high-performance 
and is in fact an ANS element as shown later, it has not been derived as such.) The 
situation is in sharp contrast to four-node quadrilateral bending elements, for which HP 
elements have already been constructed through a greater variety of tools; see e.g. 
[17,20,21,30,31], 

2. High performance elements of this type have been obtained through the FF and ancestors 
of the FF [2, 3,4, 32, 33], and they are considered among the best performers available. It 
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Box 1 

Decomposition of the element stiffness equations 

Let K be the element stiffness matrix, v the visible element degrees of freedom (those degrees of freedom in 
common with other elements, also called the connectors) and / the corresponding element node forces. Then 
the element stiffness equations decompose as 

Kv = (K b + KJv=f. (1) 

K h and K b are called the basic and higher order stiffness matrices, respectively. The basic stiffness matrix, 
which is usually rank deficient, is constructed for convergence. The higher order stiffness matrix is 
constructed for stability and (in more recent work) accuracy . A decomposition of this nature, which also 
holds at the assembly level, was first obtained by Bergan and Nygard in the derivation of the free formulation 

H 

In the unified formulation presented in [11, 12] the following key properties of the decomposition (1) are 
derived. 

1. K b is formulation independent and is defined entirely by an assumed constant stress state working on 
element boundary displacements. No knowledge of the interior displacements is necessary (Box 2). The 
extension of this statement to C° plate and shell elements is not straightforward, however, and special 
considerations are necessary in order to obtain K b for those elements. 

2. K h has the general form 

= /33^h33 + j 22^*22 + 1 • (2) 

The three parameters j 2 2 * ii 3 an d hs characterize the source variational principle in the following sense: 

(a) The FF is recovered if j 22 = y 23 = 0 and = 1 - y, where y is a K h scaling coefficient studied in 
[32, 33]. The original FF of [4] is obtained if y = 0. The source variational principle is a one-parameter 
[9™!]^ * nC ^ U< ^ eS P°* ent * a l energy and stress— displacement Reissner functionals as special cases 

(b) The ANDES variant of ANS is recovered if j 22 =; 23 =0 whereas j 22 = a is a scaling parameter. The 
source variational principle is a one-parameter form that includes Reissner’s stress-displacement and 
Hu-Washizu’s functionals as special cases [12]. 

(c) If is nonzero, the last term in (2) may be viewed as being produced by an FF/ANDES 
combination. Such a combination remains unexplored. 


is therefore intriguing whether elements based on the ANDES variant can match or exceed 
this performance. 

The basic steps in the construction of K b and /f h for a general three-dimensional element are 
summarized in Boxes 2 and 3, respectively. For justification of these ‘recipees’ the reader is 
referred to [11, 12]. The derivation of conventional ANS elements is summarized in Box 4. 


2. The triangular element 

2.1. Geometric relations 

The geometry of an individual triangle is illustrated in Fig. 1. The triangle has straight sides . 
Its geometry is completely defined by the location of its three corners, which are labelled 
1, 2, 3, traversed counterclockwise. The element is referred to a local Cartesian system (jc, y) 
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Box 2 

Construction of the basic stiffness matrix K h 


Step B.L Assume a constant stress field, ar. inside the element. (This should be the element stress field that 
holds in the convergence limit; for structural elements the assumption would be on independent stress 
resultants.) The associated boundary tractions are & n ~ a • n, where n denotes the unit external normal on 
the element boundary 5. 

Step B.2. Assume boundary displacements, d . over S. This field is described in terms of the visible element 
node displacements v (also called the connectors) as 

d- N d u , (3) 

where iV d is an array of boundary shape functions. The boundary motions (3) must satisfy interelement 
continuity (or at least, zero mean discontinuity so that no energy is lost at interfaces) and contain rigid-body 
and constant-strain motions exactly. 

Step B.3. Construct the lumping matrix’ L that consistently ‘lumps’ the boundary tractions & n into element 
node forces,/, conjugate to 1 ; n the virtual work sense. That is, 

/“Jjtfj.d'.dS-/.*. (4) 

In the above, N^ n are boundarv-system projections of iV d conjugate to the surface tractions & n . 

Step BA. The basic stiffness matrix for a 3D element is 

K h - v~ l LEL { , (5) 

where E is the stress-strain constitutive matrix of elastic moduli, which are assumed to be constant over the 
element, and v = $ v dV is the dement volume measure. 

For a Kirchhoff plate bending dement, stresses, strains and stress-strain moduli become bending moments, 
curvatures and moment-curvature moduli, respectively, and the integration is performed over the element 
area A : 

K h = A~'LDL\ (6) 

where D is the matrix of moment-curvature moduli. Specific examples for L are provided in Section 4. 
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Box 3 


Construction of K h by the ANDES formulation 


Step //./. Select reference lines (in 2D elements) or reference planes (in 3D elements) where natural 

arC f ° h C Ch0Se "' By appropriate inter Polahon express the element natural strains c in 
terms of the straingage readings g at those locations: 


e = A,g, 


( 7 ) 


demenfjfh! f™" 5®“ nat “ ral coordinates that must include all constant strain states. (For structural 
elements the term strain is to be interpreted in a generalized sense.) 

Step H.2. Relate the Cartesian strains e to the natural strains: 


e-Te= TA e g = Ag 


(8) 


s a ki e pp C ed P ) 0im ^ thC eiemem ' {Ue3,e0T ' fit is possible t0 throughout in natural coordinates, the step is 
Step H.3. Relate the natural straingage readings g to the visible degrees of freedom. 


g= Qv , 


( 9 ) 


where Q is a straingage-to-node displacement transformation matrix. Techniques for doing this vary from 

•* s " to state ^ that app,y » b the 
disnlacemem fiHd h ,nterpolatlon ° ver the reference lines. (In general there is no unique internal 

ftr? fi Th W , C Symmetnc 8 radient ^ e or e. so this step cannot be done by simply integrating the 

strain field over the element and collocating u at the nodes.) ? P ' 8 g e 

Step H.4. Split the Cartesian strain field into mean (volume-averaged) and deviatoric strains: 


e - e + ej = (A + A d )g , 


( 10 ) 


j 4 ~ TA /r V ' V and = A * g h3S mean zer0 value over v - This step may also be carried out on the 
natural strains if T is constant, as is the case for the elements derived here. 

Step H.5. The higher-order stiffness matrix is given by 


K h = <*Q l K d Q with 




^A d dV, 


(11 


where a -j, 2 > 0 is a scaling coefficient (see Box 1) 

“ C „Ta™ Z ° <A “ d fl ira ° * Sing,e CUW (as 


e = AQv = (4 + AJQv = (B + BJv = Bv , 
in which case 


> = l B < 


u EB d dV . 


( 12 ) 


( 13 ) 


The notation B , =A r Q is also used in the sequel. 
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Box 4 

Construction of by the conventional ANS formulation 

Steps S.l to S.3. Identical to the first three steps H.l through H.3. in Box 3. The fourth step, strain splitting, 
is omitted. 

Step S.4. The element stiffness matrix is given by 

K = Q'K,Q . with AT, = j v A'EA dV (14) 

or, if B = AQ is readily available, 

AT = f B'EB dV . (15) 

In general this stiffness matrix does not pass the individual element test of Bergan and Hanssen [2, 3] (a 
strong form of the patch test that demands pairwise cancellation of node forces between adjacent elements in 
constant stress states). For this to happen, K must admit the decomposition 

K = K b + K h = v~L£L' +tf h , (16) 

where L is a force-lumping matnx derivable as in Box 2 and K h is orthogonal to the rigid body and constant 
strain test motions. In other words, the ANS element must coalesce with the ANDES formulation with 
a = 1. The equivalence may be checked by requiring that 

B = AQ — v~ l L ' , (17) 

where A is the mean part of A (of. Box 3). As of this writing, no general techniques for explicit construction 
of strain fields that satisfy these conditions a priori are known. 

If the patch test is not satisfied, one should switch to the ANDES formulation by replacing the basic stiffness 
constructed from constant strain, namely vB'EB. with one constructed from constant stress as in Box 2. 
Additional details are provided in Appendix A. 


which is usually taken with origin at the centroid 0, whence the corner coordinates jt ( ., y t 
satisfy the relations 

+ x 2 + x 3 = 0 , y, + y 2 + = 0 . (18) 

Coordinate differences are abbreviated by writing x 0 = x, - x j and y n — y,~ y r The signed 
triangle area A is given by 

1 1 1 

~2-A— 4T| Jfj Xj ~~ Xjiy ~ Xj^y 2\ Xj 2 y \2 ^ 12^32 ^z^y n * (19) 

y\ ^2 y.3 

and we require that A > 0. We shall make use of dimensionless triangular coordinates £, . 
and linked by (1 + £2 + £■ = 1. The following well-known relations between the triangular 
and Cartesian coordinates of a straight-sided triangle ae noted for future use: 

y ~ y \ £1 ^ y zCi ^ y sCt , . 


x x | £ | + Xj Cz x , , 


( 20 ) 
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c ,= 


i 

2/1 


[*,y k ~ **.v> + 1* - ■*„)>> + (y- y () )x kj ] , 


( 21 ) 


in which /, j and denote positive cyclic permutations of 1, 2 and 3; for example, i = 2, j = 3, 
k=l. (If the origin is taken at the centroid as in Fig. 1, jc 0 = y 0 = 0.) It follows that 




dC 


2A T;=y 3 - 2/1 


H 3 
dx 

2^-x„. 2A* 


dx 


y t 2 ’ 


dy ” 32 ’ ^ 5y ' 4 ' 3 ’ ^ dy X 2 \ ■ 

Other intrinsic dimensions and ratios of use in future derivations are (see Fig. 2) 


( 22 ) 


h* V-^Fy + y if ’ C /y Xjj/ljj , ^/y y * 


Uk = T~ - 


2A x„x, k + y : ,y k , 


= h, ~ b„ 


(23) 


. _ 

A -> - ~ ~ 

n -if ■ j if 


7 

2,2 » 

X U + y« 


A , = 1 -^ = r - 


Here / |; / yj is the length of side i—j and c (/ and s it the cosine and sine, respectively, of angle 
(* * i* x )• Furthermore b ^ and b /t are the projections of sides i—k and k—j, respectively, onto 
i-j\ A,. y and A /( being the corresponding projection ratios. 

On each side i~j, define the dimensionless natural coordinates /x ( as varying from 0 at i to 1 
at j. The coordinate fi lf of a point not on the side is that of its projection on i-j. Obviously 

dx/d^ = X fi , dyldft,, = y jt . (24) 



Fig. 2. Intrinsic dimensions of triangle. 
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2.2. Displacement, rotations, curvatures 

As we are dealing with a Kirchhoff element, its displacement field is completely defined by 
the transverse displacement w(x, y) = w{ £, f 2 , f 3 ), positive upwards. In the present section 
we assume that w is unique and known inside the element; this assumption is relaxed later. 
The midplane (covariant) rotations about x and y are 9 X = dw/ dy and d y = — dw/ dx, respec- 
tively. Along side i-j with tangential direction t and external-normal n (see Fig. 3) the 
tangential and normal rotations are defined as 


= % = d ^> ■ 


. dw 

d ' = ~J^ = d * c -' + 9 y Si ' ' 


(25) 


The visible degrees of freedom of the element collected in v (see Boxes 2 and 3) are 


K 9, 


x i 9 , i 


w 2 9*2 9 [ 


v2 


9*3 9 3 ] 


(26) 


The first and second derivatives of the displacement w with respect to the Cartesian and 
triangular coordinates are linked by the relations (summation convention used) 


dw 

dX 


d 2 w 


dw d£ _ 1 dw 

Tl lx ~ 2. A Jc, 


y /* 


dw 

dy 


dw d£ _ 1 d»v 
Jc,'dy~2Ad( l Xk '- 


-2 

d w 


H, + 9w d% 


1 


d 2 w 


dx 2 d£ H, dx dx d£ dx 2 4A‘ d(, bC, 


d 2 w 


d 2 w d£ dw d 2 £ 


d 2 w 


dxdy d£d( i dx dy d£ dxdy 4 A 2 d£ d£ 

d 2 w _ d 2 w d£ d£ dw d“£ _ 1 d 2 w 


y lk y k , . 
y jk x ik 


dy 2 d£d£ dy dy d£ dy 2 4 A d£ d£ 


X,:X 


kj^tk 


(27) 


(28) 


since d 2 £ 2 / dx 2 , d 2 £ 2 /dxdy and d 2 £ 2 / dy 2 vanish on a straight-sided triangle, cf. (21). We can 
represent the second derivative relations in matrix form as 



Fig 3. Local coordinate systems over an element side. 
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or 


d 2 w 


y L 

*32 2*32^23 

dx 2 


yh 

*n 2x i3y 3 i 

d 2 w 

dy 2 

^ d 2 w 

II 

Du - 

K» 

y> 2 

2y 23 y 3 . 

2y 3 .yi2 

2^12^25 

*21 ^*21^12 
2*32*13 *32^31 *13^23 

2*13*21 *13^12 *21-^31 

^*21*32 *21^23^*32^12 

dx dy . 



K = . 


-.2 

5 w 
d 2 w 
d 2 w 
3 2 w' 


d{ 2 

d 2 w 


Hz Hi 

d 2 w 


Hi H 


The inverse relation does not exist. 


(29) 


(30) 


2.3. Natural curvatures 


The second derivatives of w with respect to the dimensionless side directions defined in 
Section 2.1 will be called the natural curvatures and denoted by x, f = d 2 wldfi. 2 . Note that these 
curvatures have dimensions of displacement. The natural curvatures can be related to the 
Cartesian plate curvatures k xx = d 2 w/dx\ k, v = d 2 w/dy 2 and k xv = 2 d 2 w/dx dv. by chain-rule 
application of (24): 




d 2 w 







d/j . 2 2 


“ 2 




[X\ 2 ] 

_2 


*21 

yi\ 

*^2.y 2i 

X = ' 


d w 
dfx 2 j 

' = 

*32 

y 32 

■> 

* 32 y 3 2 



d 2 w 


l x h 

yi 3 

- t i 3 y i 3 _ 



d lh i 






d vv 
dx 2 
d 2 w 

dy 2 

2 

dx dy 


= T'k . 


(31) 


The inverse of this relation is 


d 2 w 




d 2 W 

dx 2 




dfM 2 2 

d~ w 

1 

y^y* y 3 .y2. 

y.2y 3 2 



Jy 2 

<■>1 

« ^ 
II 

- r 2 3 ' f l 3 - r 3 l- r 2l 

.yzi x i\ + x ny \i y 3 i' c i2 + • r i 3 > , 2i 

*, 2 -* 32 

y 12^23 + *21>S2 


d W 
d 1^23 

d 2 w 




d~W 

dx dy 




d ^ { ■ 


(32) 
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or, in compact matrix notation, 


* “ r * (33) 

A comparison of (29) with (31 ) — (32) displays the advantages of natural curvatures over 
triangle-coordinate curvatures when the curvature field is to be constructed directly. On the 
other hand, (29) is useful when the transverse displacement w over the element is built as a 
function of the triangular coordinates. 

At this point we relax the requirement that the curvatures be derivable from a displacement 
field w; consequently the partial derivative notation will be discontinued. However, the 
foregoing transformations will be assumed to hold even if the curvature fields k and \ are not 
derivable from w. 


3. Direct curvature interpolation 

3.1. The straingage readings 

ANS and ANDES plate bending elements are based on direct interpolation of natural 
curvatures. All elements discussed here adopt the three triangle sides as the reference lines 
defined in Box 3. The natural curvatures are assumed to vary linearly over each reference line, 
an assumption which is obviously consistent with cubic: beam-like variations of w over the 
sides. A linear variation on each side is determined by two straingage sample points, which we 
chose to be at the corners. 

Over each triangle side chose the isoparametric coordinates that vary from - 1 at corner i 
to +1 at corner j. These are related to the coordinates introduced in Section 2.1 by 

=2/1,, - 1- The Hermite interpolation of w over i-j is 


w 


- Ho (2 <-(„) k,n-f,) 2 (i + f,,) ( i + f„r<2 - f, ; ) 




w 


Wj f ’ 




where d n denotes the rotation about the external normal n on side ij. The natural curvature 
over side ij is given by 


d w 


*'' = ^Z = K ' W- 1 * W + D] 


K, 

W. 


(34) 


Evaluating these relations at the nodes by setting = ± 1 and converting normal rotations to 
x-y rotations through (25), we build the transformation 
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Afnlil r-6 ~4y 2 , 4 jc 21 

Afub 6 2y 2 i “2^21 

. *2 3 l 2 0 0 0 

Ms 0 0 0 

* 3 .l 3 6 -2y 13 2x u 

. *3iliJ L-6 4y 13 — 4jc,3 


6 

-2y 2I 

2jc 2i 

0 

0 

-6 

4y 2. 

“4*21 

0 

0 

-6 

-4y 3 2 

4*32 

6 

-2y 32 

6 

2y 32 

~ 2*32 

-6 

4y 32 

0 

0 

0 

-6 

-4y I3 

0 

0 

0 

6 

2y 13 



(35) 


The left-hand side is the natural straingage reading vector called g in Box 3 and thus we can 
express (35) as 

g-Qv (36) 

This relation holds for all elements discussed here. 

The six gage readings collected in g provide curvatures along the three triangle side 
directions at two corners. But nine values are needed to recover the complete curvature field 
over the element. The three additional values are the natural curvature * 23 , * 3! and \ l2 at 
corners 1, 2 and 3, respectively. Three possibilities for the missing values are discussed below. 


3.2. The average-curvature rule 

To each corner k assign the average natural curvature Xij of the opposite side. This average 
is given by (34) evaluated at £ (/ = 0. For example 


2) ^21(^2 x \ 2 (^ y 2 ^vl)' 


The natural curvature can now be interpolated linearly over the triangle: 


1 £i A* 1 2 1 2 £2 "h A* 1 2 1 3 AC12I i( £1 2 £3) + Xn 


It is readily verified that under this rule the natural curvature X\ 2 is constant over lines parallel 
to the triangle median that passes through node 3. Formulas for the other curvatures follow by 
cyclic permutation, from which we construct the matrix relation 



"f. + if 3 

(z+ lit 

0 

0 

0 

0 

Xzy * — 

0 

0 

+ lf> 

f 3 + If. 

0 

0 


0 

0 

0 

0 

>, if 2 

f. + if 2 


'Hu ( 3 f 2l -l )y 2l ( 3£ i2 + 1)jc 21 6 f , 2 ( 3 f 21 + l)y ; , ( 3 £ 12 -l)y 21 0 0 0 

= 0 0 0 6£, 2 ( 3 f , 2 - l)y,, ( 3£ 23 + l )* 32 H 23 ( 3 ^ 2 +l)y 12 ( 3 fc - l)y , 2 12. 

Hu ( 3^,3 + l)y ,3 ( 3 £„ - l)y t3 0 0 0 6(„ ( 3 f„ + l)*„ 


(39) 
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in which £, 2 = - £ 2 , etc. In the notation of Box 3, 

X = A xd g = A xa Qv =B xa v , (40) 

where subscript a identifies the ‘averaging' rule (37). Since the natural curvatures vary linearly 
over the triangle, their mean values are obtained by evaluating (39) at the centroid 


*12' 


‘0 -y 21 

*7] 

0 


“ *21 

0 

0 

0 ' 



' *23 

- — 

0 

0 

6 

0 

-y 32 


0 

y 32 

~ X 32 

v = B xa v 

(41) 

.*31, 


_o 

) 13 

“*13 

0 

0 

0 

0 

-y.3 

X \3 




Finally, the Cartesian curvatures are given by 


k = TB xa v = B a v 


(42) 


An explicit expression of these relations is easily obtained, but not required in what follows; 
however, that of the mean Cartesian curvatures #c = TB xa v = B a v (a relation valid because T is 
constant over the triangle) is enlightening; 


K = 


Kyy 

2 K,„ 


0 

0 

y 32 

0 

0 

yn 

0 

0 

y2i‘ 



0 

*32 

0 

0 

*13 

0 

0 

*21 

0 

v = B a u . 

(43) 

0 

y 23 

*23 

0 

y 3] 

*3! 

0 

y.2 

*12. 




3.3. The projection rule 

To each corner k assign the natural curvature Xq of its projection onto the opposite side. 
This results in x,, being constant along lines normal to side ij. For equilateral triangles this 
agrees with the averaging rule, but not otherwise. The underlying motivation is to make the 
element insensitive to bad aspect ratios in cylindrical bending along side directions. 

To illustrate the application of this rule consider side 1-2. For node 3 take 


Afl 2 I 3 


d 2 w 

dp .] 2 


A 2 1 X I 


2 1 2 ’ 


(44) 


where A 12 and A 21 are defined in (23). Proceeding similarly along the other sides we construct 
the matrix relation 


or 


'*12' 


rc,+A ia f, 

£2 + ^21 £3 

0 

0 

0 

0 

*23 


0 

0 

£2 + A 23 £, 

£3 + a 32 £, 

0 

0 

.*31 J 


0 

0 

0 

0 

£3 + ^£2 

£1 + A 1 3 £ 2 _ 


X = A xp g, K=TA xp g. (46) 


where subscript p identifies the ‘projection’ rule. As in the preceding rule, since T is constant 
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we can do the strain-splitting step of Box 3 directly on the natural curvatures by evaluating at 
the centroid: 


^xp (^xp A x <Jp) 


5(1 + A 12 ) 3 ( 1 + A 2 , ) 

0 0 

0 0 

£|<> A 1 2 ilM £20 A 2] C: 


+ 


0 

0 


0 

0 


0 0 0 0 

3(1 + A 23 ) j(1 + A 32 ) 0 0 

0 0 j(1 + A 31 ) j(1 + A 13 )J 

0 0 0 


30 


^20 A 23 ^|() Cm) A 3 2^| 


10 


0 


0 

0 


0 


0 


in which £, () = £, - 3 . Then 

B p = TA xp Q = T{A xp + A dp )Q = B p + B dp 


Cm A 3 | £i() + A |3 ^ 2 i) 

(47) 


(48) 


The explicit expression of these matrices is not revealing and for the construction of the 
stiffness matrix presented in Appendix B it is better to leave (48) in product form. If all A 
coefficients are 3, which happens for the equilateral triangle, the expressions reduce to those 
of the averaging rule. 


3.4. The 1 sliding beam' rule 

This is a refinement of the average-curvature rule. Consider a fictitious beam parallel to side 
i—j sliding towards corner k. The end displacements and rotation of this beam are obtained by 
interpolating w cubically, 0„ quadratically and 0, linearly, along sides i-k and j-k. Compute 
the mean natural curvature of this beam and assign to node k the limit as the beam reaches 
that corner. 

The required calculations can be simplified if we observe that the mean curvature of the 
sliding beam varies linearly as it moves from i-j , where it coincides with (41). to corner k. At 
one third of the way this mean is the natural centroidal curvature, which can then be readily 
extrapolated to k. These centroidal curvatures are given by x = B v, where subscript s 
identifies the 'sliding' rule. A symbolic calculation yields the explicit form 


2A 13 

“2( A 2i + A 31 ) 

2A 12 

fl 2 C 13 

a 3 C 2\ + a 2 C l3 

a 3 C 2l 

a i S \l 

a 2 S 2l + a 2^\ 3 

a 2 S 2\ 

2A :3 

2 A 2 i 

--2(A i2 + A 32 ) 

a \ c n 

a i C 2\ 

a ] C 2,2 a 3 C 2l 

a \ s n 

^3^21 

^1*^32 ^3^“* 1 

— 2( A l3 4* A 33 ) 

2^31 

2A 32 

^2^13 + a \ C 32 

fl 2 C [3 

a \ c n 

a 2 S \3 ^1^32 

a 2 5 13 

a [S32 


( 49 ) 
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where a ( , c iy and are defined in (23). Extrapolating to the opposite corners and interpolating 
over the triangle we get * = with 


B\ 


X S 


6(-f, + ^ + A,3^) 
2^21 (1 — 3f t ) + 3a 2 c 13 £ 3 
2x n {3C\ - 1) 4 3a 2 j |3 ^ 3 
6( Ci — Ci + a, 3 £ 3 ) 

2y 2 l(3f 2 — 1) 3fl(C 3 24 3 

3-^21 ( 1 ~ 3£>) + 3a ,.s 32 £ 3 
— 6( A :3 + A i3 )£ 3 
(3«2 C 13 3fliC 32 )^ 3 

(3a 2 5 13 + 3a,s 32 )£ 3 


-6(A 2i + A 31 )^ 
(3a 3 c 21 + 3 a 2 c 13 )£, 
(3a 3 5,, + 3a^ l3 )^, 

2y 32 (l- 3£ 2 ) + 3fl 3 c 2I £, 
2x 3 ,(3f 2 - 1) + 3a 3 j,,^, 
6(^2" i’j + Aj.^,) 
32(3 ^”3 — 1 ) + 3a 2 c 13 ^| 
3-^32 (1 — 3£ 3 ) + 3a 2 s xy £ x 


6(^3 - Ci + ^Ji) 

3 y 13 ( 3 ^! — 1) + 3a 3 c 21 £, 
2jf, 3 (l-3f l ) + 3 a 3 ^,£ 2 
-6(A 12 + A 32 K 2 
(3a,c 32 + 3a 3 c 2 , )£> 

( 3«, ^32 + 3a 3 5 21 )^ 2 

6( — £3 + Ci + A 32 C2 ) 

2jV 1 3 ( 1 ~ 3^ 3 ) + 3a,c 32 £ 2 
2^13(3^3 ~ 1) + 3a,5 32 ^ 2 


It should be noted that A x and Q are inextricably enmeshed in the above formula and cannot 
be easily separated. Premultiplication by T yields k = fl s u. Evaluation of B % at the centroid 
yields B s = L' q /A, where L' q — ATB XS is the force lumping matrix given in (56). 

A variation on the sliding-beam theme would consist of interpolating the normal rotation 0„ 
along i-k and j-k linearly rather than quadratically. This scheme turns out to be identical, 
however, to the average curvature rule and thus it provides nothing new. 


3.5. The six beam lattice rute 

In addition to the sides, consider three fictitious beams along the triangle medians. 
Determine the displacements and rotations at the triangle midpoints by the same interpolation 
procedure as in the sliding beam rule. The linear curvatures along the medians are thus readily 
computed. At each triangle corner we now know the curvatures in three directions: the two 
sides and the median. We can therefore transform to jc-y curvatures using (32), and 
interpolate these linearly over the element. This apparently new model gives, however, 
identical results to the projection rule, a result that can be a posteriori justified by geometric 
reasoning. Consequently this scheme will not be pursued further. 


3.6. The ANS elements 

Three ANS elements based on the previous interpolation rules may be constructed by 
following the prescription of Box 4. Their total stiffness matrices are identified as K 3 , K p and 
for averaging, projection and sliding-beam, respectively. The following properties hold for 
these elements. 

Patch test. Assuming that the element has constant thickness and material properties, K 3 and 
K s pass the individual element test, but K p does not. This claim can be analytically confirmed 
by applying the criterion of ( 1.6)— ( 17) and noting that == L\lA and B s = L'jA. where L, and 
L q are the force lumping matrices derived in Section 4. 
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Equivalence with DKT. K s turns out to be identical to the stiffness matrix of the discrete 
Kirchhoff triangle (DKT) element, which was originally constructed in a completely different 
way [28, 29] that involves assumed rotation fields. Thus DKT is an ANS element, and also 
(because of the equivalence noted below) an ANDES element. This equivalence provides the 
first variational justification of DKT, as well as the proof that DKT passes the patch test 
without any numerical verification. 

ANSI ANDES equivalence. If the basic stiffness matrices K bl and K bq derived in Section 4.1 
are used in conjunction with the averaging and sliding-beam rules and a = 1, the ANDES 
formulation yields the same results as ANS if the element has constant thickness and material 
properties. (If the element has variable thickness, or the material properties vary, the 
equivalence does not hold.) The ANDES formulation used with the projection rule yields two 
elements, called ALR and AQR in the sequel, which differ in their basic stiffnesses. Both of 
these elements pass the patch test and are not equivalent to the ANS formulation. 


4. Stiffness matrix computation 


4.1. The basic stiffness 

As explained in Box 2, the basic stiffness is obtained by constructing the lumping matrix L. 
In our case this is a 9 x 3 matrix that ‘lumps’ an internal constant bending-moment field 
(m„, m„, ™ xy ) t0 node forces /conjugate to v. 

On each element side, the constant moment field produces boundary moments m nn and m nl 
referred to a local edge coordinate system n, t (see Fig. 3): 



(51) 


The boundary motions d conjugate to m nn and m n , are dw/dn = -0, and dw/dt = d n (see Fig. 
3). Given the degree of freedom configuration (26), the normal slope dw/dn = -6 t along side 
i-j can at most vary linearly (it could be also taken as constant and equal to 3(0,. + 0 ) but the 
results are the same as for a linear variation). 

For the tangential slope (the rotation about the normal) dw/dt = there are three options: 
constant, linear and quadratic variation. But a constant d n = (w ; - w,) turns out to be 
equivalent to the quadratic variation and a constant 9 n = i(9 ni + d nj ) equivalent to the linear 
variation. Consequently only the linear and quadratic cases need to be examined. 

Linear normal rotation. The variation of d, and 6 n along each side is linear: 


", 

% 


HI _i 

'0 l-f 0 0 

1 + f 

0 * 

kin 2 

.0 0 1 - f 0 

0 

l + £. 


% 

*-i 


( 52 ) 
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where £ = £,.- Under the assumption one obtains [33] 


U l 2 


0 0 
0 a: 


32 


y^: o 0 y 13 

0 0 ;c 13 0 


0 0 y 2l 

0 x 2l 0 


0 y 23 *23 0 ^31 -*31 0 y 


12 * 12 . 


(53) 


where superscript / stands for ‘linear 9 n \ The corresponding basic stiffness is 
K bl = A-%DL\ , 


(54) 


where D is the Cartesian moment-curvature constitutive matrix resulting from the integration 
of E through the plate thickness. This matrix has been used as component of the free 
formulation (FT) element presented in [33]. 

Quadratic normal rotation. A quadratic variation of 6 n can be accommodated in conjunction 
with the cubic variation of w along the side: 


0,1 _ ,[ 0 l-£ o 0 

0J„ T3(? 2 -!)// 0 *(3£ + !)(£-!) 3(f J -l )// 


l + f 0 

0 t(3f-l)(f + l) 


W. 


w , 

% 

K 


(55) 


where ^ s ^ and l = l, r Then the resulting force lumping matrix can be presented as 


— C 12 ^i2 + C h 5 31 

C 3 1^31 + C \ 2 S \2 

(^31 ~ C 3l) “ (^12 ~ ^ 1 2 ) 

2 (^12*12 + 5 3l*3l) 

2 12*12 C 3l*3l) 

C 12^21 + C 31 y 13 

2 (^12^21 + & 

- Hc 2 i 2 y 2 1 + c \ t y l3 ) 

^ 1 2* 1 2 ~ ^ 3 1*3 1 

~ ^23^23 ^ ^ 2^12 

~ C \ 2 S \Z + C 23^23 

(■*12 _ ^12) (^23 ^23) 

2 (■5’ 12* 12 ^ ^21*23) 

2 (C 12 ^ l2 + ^23*23) 

C 12-V 2 1 C 23^32 

_ 2 12-V 21 + ^23^32) 

“ 2 ( C 12^21 + C 23^2 3) 

"■*12*12 ~ ^23*23 

^31^31 + C 3*^23 

~~ C 22 S 23 + ^31^31 

(^23 " C 23) “ 0*31 “ C 3l) 

2 (*^23*23 ^3 *31) 

2 ( C 23*23 ^ ^3 1*3 1 ) 

C 23^32 + C 31^13 

“ 2 (4^32 + A \ y \*) 

2 (^23^ 32 + C 31.y 13 ) 

^23*23 _ ^31*31 


(56) 


The corresponding basic stiflness matrix is denoted by 

K bq = A~ x L q DL' q . (57) 

4.2. The higher order stiffness 

The higher order stiffness for the ANDES elements described in Section 3 is 
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A l ix DA dx dA 




dA 


( 58 ) 


where x - a. p, s for the average, projection and sliding-beam rules, respectively. (The last 
expression is appropriate when B dx is not easily factored into A dx Q, as in the sliding-beam 
rule.) Since A dx varies linearly, if D is constant we could numerically integrate K dx in (58) 
exactly with a three point Gauss rule; for example the three-midpoint formula. But as the 
element stiffness formation time is dominated by these calculations it is of interest to derive K 
in closed form. This is done in Appendix B for Af hp , which from the numerical experiments 
appears to be the best performer. 


5. Numerical experiments: General description 

An extensive set of numerical experiments has been run to assess the performance of the 
new ANDES elements based on the projection rule (ALR and AQR) and to compare them 
with other existing high-performance triangular elements. Table 2 lists the tests, material 
properties and some relevant geometrical properties, whereas Table 3 lists elements, loading 
and mesh identifiers. " 

An inspection of the element identifiers in Table 3 displays two important points: the 
difference in the result obtained with AQR and ALR can be attributed to their basic stiffness, 
whereas differences between AQR and DKT can be attributed to their higher order stiffness 
With these facts in mind, we conducted first a set of distortion tests so that the less distortion 
sensitive combinations can be identified. Then, the best performers are submitted to a set of 
representative thin-plate bending problems in linear elasticity. 

The scaling a = 1.5 for ALR and a = 1.0 for AQR have been chosen to obtain energy 
balance in some simple cylindrical bending tests. No further adjustment of these parameters 
was made. In the distortion tests we included the results obtained with the free formulation 
(FF) element presented in [33], since that paper did not report such tests. 

Whenever the simply supported condition appears it implies that only the transverse 
displacement w is restrained. It is equivalent to the SSI condition described in Hughes’ 
textbook [34], 5 


Table 2 


Key to material and geometrical data 


Test 

Description 

Square plate 

Isotropic material v = 0, £= 1; thickness r= 1, plate span 10; 
load scaled so that center deflection w = 100 

Cantilever beam 

Isotropic material v = 0, E ~ 1; thickness t = 1; load scaled so 
that center deflection w = 100 

Twisted ribbon 

Isotropic material i/ = 0.25. £= 10 7 ; thic.. -ss ' = 0.05; transverse 
load at tip so that P„ = -P A = 1 

Rhombic cantilever 

Isotropic material t» = 0.3. E = 10.5- 10"; thickness t = 0.125; 
uniform transverse load q = 0.26066 

Rhombic plate 

Isotropic material v =0.3. E= 1; thickness t = 1, plate side 
a = 100, uniform transverse load q scaled so that tv = 100 
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Table 3 

Key to element, loading and mesh identifiers 

Key Explanation 

ALR ANDES element K hi + 1.5tf hp 

AQR ANDES element if bq + tf hp 

FF FF element of [33] with 3-parameter scaling of K h 

DKT ANS/ANDES element K blf + K h1 .: identical to DKT 

CL Consistent lumping (60) of uniform load q 

TL Triangular lumping (59) of uniform load q 

SDC In rhombic meshes, triangles obtained by splitting quadrilateral 

mesh units with short diagonal cuts 

LDC In rhombic meshes, triangles obtained by splitting quadrilateral 

mesh units with long diagonal cuts 


For tests involving a uniform distributed load q, two node-force computation schemes are 
usually reported: 

1. Triangular lumping (TL), in which one third of the load qA is assigned to each triangle 
corners, and nodal moments are set to zero: 

f'=hqA[ 1 0 0 1 0 0 1 0 0], (59) 


2. Consisting lumping (CL), in which the element node force vector is 

,«_M |\ y. U +?21 *13+ *12 , ^23+^32 1 

J 3 L 8 8 1 8 


(60) 


The lumping was obtained using the transverse displacement w of the FF element in [33]. It 
is used for the ANS and ANDES elements as a matter of expediency, since for such 
elements a unique internal transverse displacement does not exist. 

Inasmuch as the present dements pass the linear patch test by virtue of their construction, 
no validation experiments along these lines are necessary once the elements are correctly 
programmed. 


6. Distortion tests 

6.1. Simply supported square plate under central load 

This distortion test was proposed by Kang [31]. The use of a coarse mesh exacerbates the 
distortion effect when far from the converged solution. (In a fine mesh the distortion effect 
would be diluted.) The mesh and distortion parameters are shown in Fig. 4. When the 
distortion parameter a approaches 2.5 the mesh converges to a four element cross-diagonal 
mesh. Results are reported as a percentage of the deterioration with respect to the undistorted 
mesh. 

The results given in Tabic 4 show that AQR is superior in this test. FF and ALR are the 
worst performers for a >2. DKT and AQR display low deterioration rate from a = 2 up to 
a — 2.49, but DKT behaves poorly for a <2. 
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Fig. 4. Square plate: mesh for distortion analysis. 


Table 4 

Distortion analysis of centrally loaded SS square plate: percent error of 
center deflection with respect to undistorted mesh 


Element 

type 

0.50 

Distortion parameter 
1.00 1.50 2.00 

2.49 

ALR 

0.83 

2.65 

5.05 

7.88 

10.38 

AQR 

0.17 

-0.14 

-1.59 

-3.29 

-4.40 

DKT 

-0.95 

-3.46 

-6.29 

-8.06 

-8.42 

FF 

0.81 

2.27 

3.69 

4.85 

-13.50 


6.2. Cantilever beam 

A cantilever beam with a transverse load at the tip was selected for this test. Two meshes 
shown in Fig. 5, A and B, are used to observe the effect of the element orientation under a 
linear bending state. The results are reported in Table 5. Also shown in this table is the ratio 
of the computed tip deflection to the exact value w ex for zero distortion. 

For mesh A, AQR is the best performer closely followed by DKT. FF and ALR behave 
poorly. 

For mesh B , FF is the best performer in terms of deterioration, followed by AQR, DKT 
and ALR. However, it must be noted that FF and ALR recover only 11% of the exact 
solution. This is a serious drawback in elements supposedly capable of providing an appropri- 


10 



A 
C 

_ Mesh B 

D 

Fig. 5. Distorted meshes for cantilever beam and twisted ribbon. 
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Table 5 

Distortion analysis of cantilever beam: percent error at node C with respect to 
undistorted Mesh 


Mesh 

Element 

type 

Distortion parameter 
1.00 3.00 4.90 

W J w c„ 
(no distortion) 

A 

ALR 

-10.70 

-19.80 

8.40 

1.031 

A 

AQR 

0.15 

0.10 

-2.05 

0.995 

A 

DKT 

0.20 

-0.59 

3.41 

0.982 

A 

FF 

-7.75 

-17.30 

-18.35 

0.974 

B 

ALR 

0.20 

3.00 

45.90 

0.764 

B 

AQR 

-0.10 

0.40 

-2.85 

0.995 

B 

DKT 

-0.13 

-1.09 

-3.49 

0.979 

B 

FF 

-0.05 

-0.15 

2.20 

0.769 


Table 6 


Distortion analysis of twisted ribbon: loss of symmetry under 
distortion (Mesh B) 


Element 

type 

Node 

Distortion parameter 
1.00 3.00 4.90 

ALR 

A 

1.016 

1.122 

1.363 


B 

1.013 

1.098 

1.076 

AQR 

A 

0.989 

0.966 

0.945 


B 

1.010 

1.029 

0.995 

DKT 

A 

0.993 

0.978 

0.940 


B 

1 .006 

1.015 

1.018 

FF 

A 

0.983 

0.933 

0.789 


B 

0.994 

0.877 

0.877 


ate response for linear bending. This shortcoming can be attributed to the basic stiffness K bi 
which is the same for both elements. AQR and DKT recover almost 99% of the response for 
both meshes. 

6.3. Twisted ribbon 

This test has been selected to assess the distortion effect under a field which combines 
bending and twisting. The test uses mesh B of of Fig. 5. The results shown in Table 6 indicate 
that AQR and DKT are the least distortion sensitive elements for this problem. 


7. Convergence studies 


From the distortion test results, it can be concluded that elements whose basic stiffness is 
K hq are less distortion sensitive. Consequently only results for the AQR and DKT elements 
are presented in the following studies. 
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7.1. Square plate 


In this analysis a square plate with either simply-supported or clamped edges is considered. 
Due to symmetry only one quarter of the plate is modeled. The two different mesh 
orientations, A and B, used in the analysis are illustrated in Fig. 6. The number of elements 
used is 2N~, where N is the number of side subdivisions. 

For the cases involving a concentrated load. Figs. 7 and 8 show that for both meshes AQR 
converges faster and is less sensitive to mesh orientation than DKT. 

In the case of uniform loading with triangular lumping, Figs. 9 and 10, the convergence is 
uniform for all the meshes and elements. For the simply-supported condition all answers are 
within the 5% error limit for N = 4. Clearly DKT converges faster in this case. For the 
clamped condition and N = 4, DKT(A) is outside the 5% error limit. 




12 4 8 

Number of subdivisions on each side 


Fig. 7. Central deflection of centrally loaded SS 
square plate. 



12 4 8 

Number of subdivisions on each side 


Fig. 8. Central deflection of centrally loaded clamped 
square plate. 



Number of subdivisions on each side 
Fig. 9. Central deflection of uniformly loaded SS 
square plate with TL force lumping. 
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Number of subdivisions on each side 
Fig. 10. Central deflection of uniformly loaded clam- 
ped square plate with TL force lumping. 


12 



Fig. 11. Rhombic cantilever: meshes for convergence 
studies. 


Table 7 

Uniformly loaded square plate with CL force lumping: percent error of central 
deflection 


Support 

Element 

type 

Mesh 

type 

Mesh over quarter plate 
1 x 1 2x2 4x4 

8x8 

ss 

DKT 

A 

31.73 

4.49 

1.01 

0.24 



B 

4.55 

5.37 

1.56 

0.41 


AQR 

A 

16.28 

2.20 

0.47 

0.11 



B 

-1.55 

2.30 

0.74 

0.20 

Clamped 

DKT 

A 

46.35 

14.90 

4.10 

1.03 



B 

-21.60 

2.08 

1.30 

0.36 


AQR 

A 

26.65 

8.26 

1.87 

0.44 



B 

-41.20 

-3.22 

-0.28 

-0.05 


For consistent force lumping, the results shown in Table 7 indicate a dramatic improvement 
of AQR. DKT also improves in the sense that becomes less mesh sensitive and that all the 
results fall within 5% error tor N = 4. 

7.2. Rhombic cantilever 

The test involves a rhombic cantilevered plate subjected to uniform load. This problem was 
used in [28J to test the DKT element with reference given to an experimental deflection result; 
however, no convergence analysis was performed. This has been done here taking into 
account the two possible mesh subdivision patterns, SDC and LDC, depicted in Fig. 11. 
Triangular force lumping has been used. 

The results are shown in Table 8. For the LDC mesh DKT converges from above to an 
answer 4% below the experimental value quoted in [28]. On the other hand. AQR converges 
from below. For the SDC mesh both elements behave identically and converge to a value 4% 
under the experimental one. 

It is clear from these results that the experimental tip deflection given in [28] is in error by 
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Table 8 

Rhombic cantilever: percent difference of tip- 4 deflection with re- 
spect to experimental value reported in [28] 


Mesh 

type 

Element 

type 

Subdivision of whole plate 
4x4 8x8 16x16 

LDC 

DKT 

2.3 

-3.7 

-4.0 


AQR 

-17.8 

-10.4 

-6.0 

SDC 

DKT 

-6.7 

-5.0 

-4.0 


AQR 

-6.3 

-5.0 

-4.0 

Table 9 





Uniformly loaded SS rhombic plate with TL force lumping: percent 

error m center deflection 




Mesh 

Element 

Subdivision of whole plate 

type 

type 

4x4 

8x8 

16 x 16 

SDC 

DKT 

11.05 

4.07 

2.86 


AQR 

13.86 

4.56 

2.89 

LDC 

DKT 

80.97 

22.64 

7.51 


AQR 

6.85 

-0.36 

-2.91 


about +4% with respect to the analytical value for the load and material properties quoted 
The apparently small error for the 2 x 2 DKT/LDC mesh is thus fortuitous. 

7.3. Simply supported rhombic plate 

This problem poses severe difficulties for ordinary finite element methods because of the 
presence of a singularity in the bending moments at the obtuse corner. A detailed description 
of this problem may be seen for example in [33], The acute skew angle 30° was selected for the 
test. Again both SDC and LDC meshes were tried. 

The results are shown in Table 9. For the SDC meshes AQR and DKT show slight 
difference and almost the same rate of convergence. For the LDC meshes DKT is too flexible 
whereas AQR converges faster. 


8. Conclusions 

The main conclusions of the present study can be summarized as follows. 

1. The ANDES formulation represents a variant of the ANS formulation that merits serious 

study. The key advantages of ANDES over ANS are 

(a) A priori satisfaction of the patch test. Although this advantage is less clear for elements 
where ANS and ANDES coalesce for constant thickness and material properties, it 
reappears for more general cases. 

(b) The separation of the higher order stiffness allows the application of a scaling 
parameter. Furthermore it opens the possibility for an energy-balanced combination 
with other formulations as per eq. (2), although this possibility presently remains 
unexplored. 
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2. The study of plate bending elements shows that the widely used DKT element is both an 
ANS and an ANDES element. This discovery provides a variational foundation hereto 
lacking and analytically proves (because of the ANDEIS connection) that DKT passes the 

patch test. . 

3 The numerical results clearly demonstrate that the choice of basic stiffness is of paramount 
importance in the behavior of elements based on the ANDES formulation. Of the two 
elements sharing the quadratic-rotation basic stiffness, namely AQR and DKT, the former 
has excelled in geometric distortion tests and in convergence studies that involve concen- 
trated forces. For other cases the performance of AQR and DKT is similar, and generally 
superior to those elements that use the linear-rotation basic stiffness. 

The numerical experiments have not addressed questions of material sensitivity such as 
element performance for highly anisotropic and composite plates. This behavior, as well as the 
possibility of applying this technology to C° bending elements, is currently under investigation. 
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Appendix A. Sanitizing incompatible elements 


The stiffness-splitting technique summarized in Box 1 provides a systematic way for 
‘sanitizing’ existing nonconforming bending elements that do not pass the patch test. The 
technique essentially amounts to the replacement of the basic stiffness. The main steps will be 
briefly outlined for the simplest such element: the BCIZ triangle proposed in 1965 by Bazeley 
et al. [35). The assumed transverse displacement is given explicitly in [36] as 


w = 


£i(3 - 2f,) + 2£, £ 2 £ 3 
12^2 ~ £ 3 ) + y \ ^£3 

C 1 (**21 ^2 r i3^) + *t ^2^3 

C 2 ( -V23^3 y \ 2^1 ) + £ 2^3 

C 2(^32 £3 *21 £1 ) + *2 £1 £2 £3 

£5(3-2f 3 ) + 2£i£2f3 

3 ( -V 3 1 ^1 “ -V 23^2) + £2^3 

£ 3 (*n£i “ * 32 ^ 2 ) + * 3 £1 £ 2^3 


v , 


(61) 


where y x =y i2 “) ; 3P ^2 = . y 23 “ . Vl 2 > *1 == *21 X ! 3 ’ *2 *32 *21 > *3 x 
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x 32 . The strain-displacement matrix B is obtained bv double differentiation with * 

triangular coordinates and application of (30): different, at, on with respect to the 


K = 


Sr 

2 «xy 


= WRv = Bv = (B 0 + B X <T, + B 2 C 2 + B^ 3 )v , 
in which W is given by (29), and 


(62) 


R‘ = 2 


3(1-^,) 

-Vi2^» 

*12(2 ”* x y\ Cy 
0 
0 
0 
0 
0 
0 


0 

0 

0 

3(1 ~ i 2 ) 

yzyiy y 1 z 
X y 2 i\ ~~ X ~> 
0 
0 
0 




0 

0 

0 

0 

0 

0 

3(1 -fc) 

y*tii ~ y 21(2 

X \iii ~ X 32 £2 


iy 

y \zi\ + ^9\Cy 
x 2iit + i*,f, 
iy 


it 

*y.f, 

it 


1 - Si 

+ iy_iiy y 2 yi 2 + 1 /: i, 
~ X 2til + l X 2 iy Xy 2 i 2 + $£,{, 

. £■ f, 


£, 


£2 

+ i9,{ 2 

~ X nit k x \ i-y 

i 2 

\9 2 i 2 

i9ziz 

ii 


y**i* + ^9jCi y y\iy + 5 9yi x 

~ x niy + l x yi 2 x n i> + 


(63) 


(64) 


Split the strain-displacement equations as 
* = K + #c d = (B + B d )v , 

where * = B„ + } (fl, + fi, + «,), B d = B-B. Then the -sanitized' stiffness matrix is 

+ (65) 
where is one of the basic stiffness matrices derived in Sertinn a i f r 1 

imo d ririd h h e d ame reS “" bU ' “ 3 ' eSS direC ' 

into rigid body, constant curvature and higher order states Aithrmrrh *u decomposed 

itKensitivhy PatCh * * UnHkeiy l ° be com P etitive wi * ANDES element distortion 


Appendix B. Explicit representation of higher order stiffness 


To obtain an explicit representation of K hp , begin by definii 


C = T'DT = 


c c 

^11 ^12 

r 

symm 


C, 3 

0>3 

^23 


( 66 ) 


which can be interpreted as a constitutive 
natural curvatures Then 


matrix that relates the natural 


moments T'm to the 
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''u 

“ r ii 

'12 

"'•12 

r i3 

“ r l3 




r ii “ 

'12 

r n 

“ r i3 

r .3 

*dp-/^iC4 d <M = 

i4 



r 22 

" r 22 

r 23 

“ r 23 

36 


symm 


r 22 

~ r 23 

r 23 







r 33 

— r 33 



_ 





*33 J 


where r, 7 = $ it C ti for / = 1, 2, 3, j = 1, 2, 3, and 

$\\ = 2( A 12 “ A 12 1) , $22 ~ 2( ^23 ~~ ^23 ^ 0 > 

A 33 = 2( A 31 — A 31 -*■ 1) , /3 12 = (2 — ^ 12)^23 ^12 ~ 1 » 


(67) 


^23 (2 ^ 23)^31 ^23 1 > $\ 3 (2 ^3t)^12 ^31 1 * (68) 

Carrying out the congruential transformation AT hp = Q l K dp Q with MACSYMA yields the 
following matrix entries: 


K u — 4(r 33 r 13 r 13 + r n ) , 


^12 = 2 ((r n — ^13)^21 4 " ( r \3 ~ ^33)^13) * 

^13 “ 2 ((r I3 “ ^n)- l 2 i 4* (^33 ^* 13 )^ 13 ) ’ 

^14 “ 4(-“r 23 + r l3 f r 12 — r u ) , 


^i5““^((r 12 ^*23)^32 + ( r n r 1 3 )y 21 ) ♦ 

^16 = 2((^23 _ r 12 )* r 32 + ( r \3 ~~ r \ 1 )^ 21 ) ’ 


K X1 = 4 (— r 33 + r 23 ¥ r 13 ~ r n ) , 

^18 = ^(( r !2 ~ ^23).^32 4* ( r t3 ~ r 33 )Y 13 ) ’ 

^19 = 2((^*23 ” ^ 12 ) r 32 4" (^33 “ ^13)^13) ’ 

^22 = 4 * 2r l3 y l3 y 21 ¥ r 33 y 13 , 

^23 = (~ r U X 2\ “ r \3 X \3)yi\ + (~ r i3 JC 2t “ r 33^u)) ; i3 ’ 

^24 == 2((r 12 “ r \ 1 ),V 21 4 " (r 23 — r n)yi 3 ) * 

^25 = ( r i 2^21 4 " r 23 Y 1 3 ) Y32 4 * ^ii^l + '* 13 ^ 13^21 ’ 

^26 = i~ r \2 X 32 ~ r \\ X 2\)y2\ (” r 23*32 “ r i3’ AC 21 )Y 13) ’ 


^27 2((/l3 ^*12) ^21 + ( r 33 r 23 )-y 1 3 ) > 


^28 ( r I2-V21 + ^*23 ^ 13)-^ 32 4" r 13-V 13-^21 4” r 33y 13 ’ 


^29 “ ( r !2*32 r i3* r n)3 ; 21 + ( r i3 X 32 r 33' X 13 1 3 ’ 

*33 = '*11*21 + l r \ 3 X l 3 X 2 X + r 33 X \3 > 


^34 = 2 ((r„ - r 12 )x 2l + (r 13 - r 23 )* 13 ) , 

^35 * ( r 12^21 “ r 23' r 13 )-V 32 + (“^n^2t ” r i3* X 13)> 7 21 * 
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^36 — (^*12^21 4" ^*23^1 3)^32 4“ ^li-^21 ^13*13*21 1 

^37 “ -(( r !2 “ r 13 ) JC 2 1 + ( r 23 “ r 33 ) ;C 1 3) ’ 

^38 “ (~ r i2*21 ~ ^*23*^1 3 32 (“ r i3^21 “ ^33^ 13 1 3 ’ 

K 39 — ( r \2 X 2\ 4* r 23-^ 1 3 )-^32 4“ r \3 X \3 X 2\ 4" r 33 X \3 » 

^44 “ ^(^22 ~ r i2 ~~ ^*12 4“ ^1 1 ) * 

^45 ^((^*22 ^12)^32 4" ( r \2 ” ^1 1 )y21 ) * 

^46 *“ ^((^*12 ~~ ^22)^32 — ^12)^21 ) y 

^47=4 (r 23 - r 22 — r 13 + r l2 ) , 

^48 ” 2 ((r 2 2 — r 12)3^32 4 “ (^23 ^3)^13) » 

^49 ^((^12 "" ^*22)^32 4“ (^13 ^23)^13) » 

^55 ~ r 22^32 4" 2/* 12 y2l332 4“ ’ 

^56 — ( ^22*32 ~ r [2 X 2\)y 32 4* ( ^*1 2*^32 ~~ 1*^21 )^2I * 

^51 ~~ ^((r 23 ^22)^32 4" (f \ 3 — ^12)^21) ’ 

^58 = r i2y 2 32 + (r 12 ^ 21 + r 23 y x3 )y n + r 13 y ]3 jy 21 , 

^59 — ( ^22 X 32 ~ r 23 Jt 13 )-V 32 4" (“ ^[2*32 r 13 X 13)) ; 21 > 

^66 r 22 X 32 4“ ^^12^21^32 4* ^*11^21 ’ 

^67 “ 2(( r 22 “ r 23)^32 4" (^12 — r 1 3 ) J! '2 1 ) ’ 

^68 ~ r 22 X 32 ~ r \2 X 2l)y32 4" ( ^23^32 ~ T 1 3-^2 1 )-V K 3 ’ 

^69 “ ^22*^32 4" (^12*^21 4" ^23*13)**32 4" T 1 3-^ 1 3*^ 2 1 > 

^ 77 = 4(r 33 - r 23 - r 23 4- r 22 ) , 

^78 “ ^((^23 ~~ ^22)^32 4" (^33 ~ ^*23 )«V 13) ’ 

^79 ~ 2((^*22 r 23)^32 4" (^*23 ^*33 )*^ 1 3 ) ’ 

^88 = r 22^32 4 * 2 r 23 _y 13 y 32 + r 33 y 2 {3 , 

^89 = ( _r 22 X 32 " r 23 JC n)> ; 32 4* (~ r 23 X 32 “ r 33*^ 1 3 )>^ 13 > 

^99 = r 22 X 32 4" ^ r 23 X i3 X 22 4" r 33^ 13 • 

The same stiffness expression applies for tf ha , if one sets A 12 = A 23 = A 31 ■*- \ . 
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Abstract— A parametrized five-field variational principle that can accommodate both compressible 
and incompressible hyperelasticity is presented. The primai-y vanables are mean and deviatoric 
stresses, mean and deviatoric strains, and displacements. Through appropriate selection of par- 
ameters the functional of this general principle specializes to those previously presented by Atluri- 
Reissner, Herrmann and Franca. 


1. GOVERNING EQUATIONS 

Consider a linearly hyoerelastic body under static loading that occupies the volume V. The 
body is bounded by the surface S , which is decomposed into S:S d uS,. Displacements are 
prescribed on S d while surface tractions are prescribed on S,. The outward unit normal on 
S’ is denoted by n — n, 

The three unknown volume fields are displacements u = u„ infinitesimal strains e = e,„ 
and stresses a = <r, 7 . The problem data include : the body force field b s b, in V, prescribed 
displacements d = 3, on S d , and prescribed surface tractions t = /, on S,. 

The relations between the volume fields are the strain— displacement equations 

e = i(Vu + V r u) = Du or e,, = U.u iJ + u jJ ) in V, (1) 

the constitutive equations 

<r = Ee or o 0 = E t/ e u in V, (2) 

and the equilibrium (balance) equations 

-div a = D*<t = b or a ijm j+h, = 0 in V, (3) 

in which D* = -div denotes the adjoint operator of the symmetric gradient D = I(V + V r ). 

The stress vector with respect to a direction defined by the unit vector v is denoted as 

= <r-v, or <j r , = <7 ijVj. On S the surface-traction stress vector is defined as a„ = <r-n or 
With this notation the traction and displacement boundary conditions may be 

stated as 


On = ti 


or o lJ n J = t, on S„ 


and u = d or «, = d, on S d . 


(4) 


2. NOTATION 


2. 1 . Field dependency 

In this investigation of variational methods, the notational conventions in Felippa 
(1989a,b,c) and Felippa and Militello (1989, 1990) are used. An independently varied 
field will be identified by a superposed tilde, for example u. A dependent field is identified 
by writing the independent field symbol as superscript. For example, if the displacements 
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are independently varied, the derived strain and stress fields are 

e w = i(V + V r )u = Du, <t u = Ee“ - EDu. (5) 

Using this convention, tildeless symbols such as u, e and a are reserved for the exact or for 
generic fields. 

2.2. Integral abbreviations 

Volume and surface integrals may be abbreviated by placing domain-subscripted 
parentheses and square brackets, respectively, around the integrand. For example : 

* f r c 

(/),= fdV, [f]s = fdS, [f} s /= fdS, [f] s , = fdS. (6) 

Jr JS JSj JS t 

If f and g are vector functions, and p and q tensor functions, their inner product over V is 
denoted in the usual manner : 

(f, g)v= f fg, dV, (p, q) „ = I p„q„ dK (7) 

J v Jy 

and similarly for surface integrals, in which case square brackets are used. 

2.3. Stress and strain vectors 

To facilitate the construction of variational matrix expressions, stresses and strains 
will be arranged as 6-component column vectors constructed from the tensors a i} and e tJ 
following the usual conventions of structural mechanics : 

e 22 

*33 
2*12 
2* 23 

2e }[ 

Then (<r,eV = (a ij e ij ) y = (<r r e) K , and so on. Similarly, fourth-order constitutive tensors 
such as Eijki are arranged as symmetric 6x6 matrices (resulting from their restriction to 
the space of symmetric stress-strain tensors) in the usual manner. 

3. STRESS-STRAIN SPLITTINGS 

For incompressible materials, in which div u = tr Vu = u u = 0, the stress-strain 
relation (2) only holds in the space of traceless strain tensors, and its inverse does not exist. 
With a view to including both compressible and incompressible elasticity in the variational 
^'■’ riples, some general splittings of the strain and stress fields are studied below. Define 
(actual) pressure p and total strain condensation (negative of the volumetric strain) 9 as 

p = - 3 tr <7 - — 3(<X n +<7 :2 + <7 33 ) 

9 = -tr e = “—(*,! +*22 +*3 3 ) = “div u. (9) 

Throughout this paper it shall be assumed that the material is volumetrically isotropic in 
the sense 




p = k9. 


( 10 ) 
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where k > 0 is the modulus of compression (one third of the bulk modulus K). In the 
incompressible limit, k oc. 

3.1. Parametrized splitting 

A family of stress - strain splittings considered here is 

a » = *(£)<; - ZpStj, e<j = g(n),, - ( 1 1 ) 

where <5 iy is the Kronecker delta, and c, and rj are scalars in the range [0, 1] that determine 
the splitting. If £ = 0, 5(0),, = <r, ; , whereas if <; = I, j( 1),, reduce to the usual deviatoric 
stresses s tJ and the argument f will be omitted. If c = 0, g( 0), y = e,„ whereas if ^ = 1, ^(l) 
reduce to the usual deviatoric strains g,j and the argument rj will be omitted. 

Using the matrix notation (8) tor strains and stresses, (11) is represented as 

<r = s(^)-<;ph, e = g(?j) —rjdh, (12) 


where h is the 6-component column vector: 


h = { 1 1 10 0 0} r . (13) 

Note that h r h = 3, h ft - tr a = - 3p. h r e = tr e = —9, h r s(c) = trs(£) = -3(1 ~^)p, 
h r g(rj) = trg(r;) = -(1 -i/)d, and h r s = h r g = 0 . 

3.2. Constraints on q and r\ 

Parameters q and r; are not independent but chosen so that s(<;) and g (rj) are connected 
by an invertible “devialoric” constitutive equation 


s(c) = Cg(^) or *(£),> = C,, kl g(l) k i, (14) 

where C is finite and nonsingular. This condition is assumed to hold if £ = rj = 1 for any 
material. For other values the choice is possible if the material is fully isotropic because, if 
this is so, (2) may be written [see e.g. Section 22 of Gurtm (1972)] : 


<r (/ = 2ge,, + ke kk or a = 2ge-kdh, (15) 

where g and k are the Lame coefficients (g is the same as the shear modulus G), so that 
^ 2/iI. Furthermore, g, k and k are related to the elastic modulus E and Poisson’s ratio 

v through 


k = 


A(I +v) 


= ](3;. + 2 g), 0 = ^— = (16) 


3v 3(1 -2v) 2(1 +v)' 

Substituting these relations into (15) and (14) one obtains the relation 


(1 + v)<j-(l -2v)q = 3v. ( 17 ) 

The pair <5 = ^=1 satisfies this constraint for any v. If n # 0.5, specifying 0 ^ i < 1 or g 
determines the other; for example if g = 0, £ = 3v/(l + v). If the material is incompressible, 
i.e. v = 0.5, <; = 1 regardless of the value of tj. 

3.3. Deviatoric splitting 

The usual deviatoric stress-strain splitting is obtained by taking £ = g = l : 

<r = s-/?h. e = g-]0h. (18) 

As noted above, this choice satisfies the condition ( 14) for isotropic or anisotropic materials. 
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3.4. Lame splitting 

The Lame splitting for isotropic materials — so called because of its intimate relation- 
ship with the constitutive form (15) that displays the two Lame coefficients — is obtained if 
r\ = 0 so that g = e. Then £ is chosen so that r = s(<;) = 2pe : 

3v 

a — Ce — £/?h = 2pe — y-^/?h = t — qh. (19) 

In the literature q = £p is called the pseudo pressure whereas t = s(£) = 2/ze = Ce is called 
the extra stress, although a better name would be pseudo deviatoric stress. In the incom- 
pressible limit, pseudo pressure q and extra stress t reduce to ordinary pressure p and 
deviatoric stress s, respectively. 

Although the Lame splitting may in principle be extended to anisotropic materials, par- 
ameter <5 then becomes a matrix : I — (3/c)~ ‘C, which complicates derivations substantially. 
The same is true of (12) unless { =* r\ = L It follows that splittings other than (18) are of 
limited value for non-isotropic behavior. 


4. THE GENERALIZED STRAIN ENERGY 

The variational principles of linear elasticity studied here have the general form 

n = U-P. (20) 

Here U is the generalized strain energy, which characterizes the stored energy of defor- 
mation, and P is the forcing potential, which characterizes all other contributions. The 
conventional form of P is 

P c = (b,u)^ + [u-d,ff„] s<( +[i,u] S( . (21) 

Two other forms of P, which are of interest in hybrid finite element formulations, called P d 
and P‘ for displacement-generalized and traction-generalized, respectively, are studied in 
Felippa (1989a,b,c) and Felippa and Militello (1989, 1990). As this term is not affected by 
material behavior, attention will be focused on U . 

For a compressible material, the generalized strain energy introduced in Felippa and 
Militello (1989, 1990) has the following parametrized structure: 

U 38 ij\ +7 \ 3 ( 0 % y + 1 i/33(<r u , c u )k> (22) 

where j u through y 33 are numerical coefficients. The three independent fields are stresses a, 
strains e and displacements fi. Following the notational conventions stated in Section 2, the 
derived fields that appear in (22) are 

tri = Ee, a u = EDu, e ff = E~ e u = Du. (23) 

As an example, the U of Hu-Washizu’s functional is obtained by setting; l2 = — l,y 1 3 = 1, 
jn = 1, all others being zero : 

£/„(*,£, u) * \{<f,h) v + [{b,e u -e)v + {{a u -tr‘,e a ) y = i(<r%e) K -h(flf,e"-e) K . (24) 


Equation (22) can be rewritten in matrix form as 


a 

T 

j 1 1 1 7 i 2* y 1 3I™ 

a * 

. 

722I 723I 



symm y 33 L 


dV 


(25) 


where I denotes the 6 x 6 identity matrix. The functional-generating symmetric matrix (to 
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justify the symmetry note, for example, thatj l3 (tf, e“) K == i/i 3 (S, an ^ so 

on) 


h 


J II 7l2 7l3 

j\2 J22 7 23 

-7l3 7 23 733- 


(26) 


is seen to fully characterize (22) hence, once the forcing potential Pis selected, the functional 
(20). The subscript of J identifies the number of independent parameters, as shown below. 
On replacing (23) into (22), U may be expressed in terms of the independent fields as 


U = 


a 

e 

V.UJ 


7 itE 1 7 1 2 1 j 13 D 

7i 2I 722®- 7:3®-®) 

Ly l 3 D r ; 23 D r E y 33 D r ED-l lu. 



(27) 


which verifies the symmetry of J 3 . Using (27) the first variation of U may be presented as 
8U - (Ae, dir)y + (Aa, c5e) K — (div <+, 5u)y + [<ri, 5u] s , (28) 


where 


Ae — j\ je ff -hy'n^+y t3 e “> A<r = y l2 3'-hj22 <rf +j23<** 1 

& = jn& +j33 tfU - (29) 

The last two terms in (28) combine with contributions from the forcing potential variation. 
For example, if P is the conventional forcing potential (21), the complete variation of 

rr = u-p c is 

SU C = (Ae,<5S) r + (Atf,<£) K -(div<j' + b,<5u) K + ^^ (30) 

Using P d or P* does not change the volume terms. Consequently the Euler equations 
associated with the volume terms of the first variation 

Ae = 0, Aa = 0, div<x'-Fb = 0, (31) 


are independent of the forcing potential. 

For consistency of the Euler equations with the field equations ( 1 ) — (3), one must have 
Ae = 0, A<y = 0 and & = <r if the assumed stress and strain fields reduce to the exact ones. 
Therefore 


]\\ +7l2+7l3 ~ 

712+722+723 = 0, 

713 +723 +733 = 1 - ( 32 ) 

Because of these constraints, the maximum number of independent parameters that define 
the entries of J 3 is three as claimed. The specialization of these functionals to conventional 
and parametrized forms is discussed in Felippa and Militello (1989, 1990). 


5. SPLIT FORM OF GENERALIZED STRAIN ENERGY 

The expression (22) for U is not suitable for incompressible materials. To construct a 
parametrized form that encompasses incompressibiliiy the generalized strain energy is 
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augmented with additional independent fields, one of which must be the pressure. There 
are several ways of accomplishing this objective. Here the starting point is the conventional 
dev, a tone splitting (18) and construction of an augmented generalized strain energy U * 
(subscripts stand for “deviatonc split”) in terms of the five independent fields s, g, u. p and 
6. Using (25) as a “template” the following quadratic form is postulated 


U d , = r 


s 

/ 

7,i I 

7,21 

Jnl 

7uh 

7,5*1 

7,6*1 


V 

s # 


72,1 

7221 

7231 

724*1 

725*1 

726*1 


g 

s“ 

► 

73,1 

7321 

733 1 

734*1 

73 sh 

736*1 


g“ 1 

p 


74,h r 

742h r 

74 3 h r 

7 44 

j 45 

746 


d p 

p° 


7s, h r 

752h r 

753h r 

75 4 

j 5 5 

756 


§ 

rJ 


76, h r 

762h r 

763^ 

7 64 

765 

766 


9 U 


y dv. 


(33) 


in which the derived fields are 


g“ = (D- jh div)u = D^u. g J = C~ 


9 P = k~ l p. 


d u = — div u. 


* « Cg, s" = Cg" = CD,u. p 9 = kl p“ = led" = -k div u. (34) 

The kernel matrix of the quadratic form (33) is now 21 x 21 and is characterized by the 36 
j coefficients^ Unlike the treatment in Section 4, coefficient symmetry conditions are not set 

imrio. Substituting (34) into (33), may be expressed in terms of the five independent 
helds as the quadratic form 


2 


r s " 

T r 

g 


1 fi 

> 

p 


J) 



7 m C- 
7:,I 


y' 4 ih r C“ 1 
7ji*h r C-' 
ynDj+y'^h div 
y 23 CD v +y 26 Ch div 
D « r C(y 31 D tf +y' 16 h div) 

+k grad (y 63 h r D„ +y 66 div) y 34 Ar 'DjCh+y 64 grad 
y 43 h r D ! , +y 46 div 
j i} kh r Dy+j 56 k div 


7,21 

J22C 

jj 2 ^gC +j 62 k grad h r 
742fi r 
7s2*h r 

7,4*“ 'h 

724*“ 'Ch 


744* 

754 

7,5>> 

725CI1 

7 3 s D.fCh + j 6S k grad 

745 
75 5* 



r - -\ 

s 


g 


u > 


p 


J) 


VdV (35) 


in which 


grad = div r = [cjdx, c/dx 2 d/dx,} T 

when applied to a scalar function. The kernel matrix in (35) must be symmetric, a condition 
that provides the following symmetry relations: 

jmn=Jnm, w = 1 , 2, 3 n = 1,2.3 j mn = j nm , m = 4.5,6 rt = 4, 5, 6 
imn I = j„„k 1 C. m = 4, 5, 6 n = 1.2.3. 


(36) 
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If these conditions are imposed on (33) that kernel matrix becomes 


jn I 

7 . 2 1 

7.3 1 

7 14^ 

7.5*> 

7.6*» 

y.al 

jul 

7231 

724^ 

72sh 

726h 

y'ui 

h 2 I 

7331 

734^ 

7j sh 

736^ 

j l4 k-' Ch r 

j u k~ l Ch r 

j 34 k~' Ch r 

744 

745 

746 

j\sk-'Ch T 

j 25 k- 'Ch r 

j iS k~ 'Ch T 

74 5 

755 

756 

Ch r 

j 2fl k- 'Ch r 

hJr 'Ch r 

746 

756 

766 


This is fully characterized by the 6 x 6 functional-generating symmetric matrix 


7 t 1 

7 1 2 

7 1 3 

7 14 

7 is 

7l6 

7 1 2 

722 

723 

724 

72 5 

726 

7 » 3 

723 

733 

734 

73 5 

736 

7 1 4 

72 4 

734 

744 

74 5 

746 

7t5 

72 5 

73 5 

745 

75 5 

756 

7 16 

726 

73 6 

746 

756 

766 


(the J subscript denotes the number of free parameters, as explained below). The kernel 
matrix of (35) becomes 


7iiC 1 ;' I2 I JuD,— y'| 6 hdlv 

juC j: jCDj — yi 6 Ch div 

j^DgCDg+j^k grad div) 
~~j <6(D[Ch div + grad h r CD,) 

symm 


j\ 4 k~ 'h 
y^Ar'Ch 
j\ 4 k~ ' DjCh 
-746 grad 

j^k- 1 


j r 5 h 
ji 5 Ch 

735D[Ch 

-j^k grad 

745 
j 5 5^ 


(39) 


The first variation of (35) is 

dUj, = (Ag,<5s) K + (As.<$g) r -(div<x\<5fi)^ + (A0 4 dp)v + (Ap y dff) y + [o'„,5u\ s , (40) 

where 


Ag = j M g* +7 1 2 g +7 1 3g w + h ( j 1 4 0' +y , 5 0 +y J 6 9 U ) , 

As = j\ 2 s+j 2 >s 9 +j 2 iS u + Ch(j u d p +j 25 8+j 2b 6 u ), 

<*' =j\ 3 S+y 2 jS* +73 jS" + 8(7340' +7*3 5 0 +7*360* > 

+ hh T (j, b s+j 2fi s f ' +j }f ,s u )-h(j A6 p+j 56 p u +j 6(t p u ) 

= 7l 3S+72 3 S ^ +7* 3 3 + 8(7*340' +7350 +7360 14 1 “ ^(j^bP +756^ +766P*)’ 

A0 = h r t _l (7 !4 S+724S y +734S J )+7440 /? +7450+7460 M =7440 P +7450+7460“^ 

A p = h r (7i S s +7,38^+7338") +745^+755/ +jstP U =745^+755/+756/? M (41) 


where 8 = (I — 3 hh r )Ch. and the simplifications in o', A0 and A p result from 
h r s = h V = hV = 0 since the deviatoric stress tensor is traceless. Applying again the 
consistency argument and noting that mean and deviatoric parts may vary independently. 
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one obtains the constraint conditions 


7*11+7*12+7*13 = 0, 7,4+7,5+7*16 = 0, 712+722+723=0, 
724 +725 +726 = 0, 7, 3 +723 +y 33 = 1, y 34 +j 15 +j i6 = 0, 
j 46 +7 56 +7 66 — 744+745+746 = 0, 745+755+756 = 0. 


( 42 ) 


Because of these nine constraints the maximum number of independent parameters that 
define the coefficients of matrix (38) is 21 - 9 = 12 as claimed. 


6 . SIMPLIFICATIONS 

Having a oo 1 2 family of functionals for constructing approximation methods such as 
finite elements leaves the selection wide open. In the absence of other information it appears 
prudent to reduce the number of free parameters by setting all coefficients that couple mean 
and deviatoric quantities equal to zero : 


J6 = 


7 1 1 

i i2 

7 1 3 

0 

0 

0 

7*1 2 

jl2 

723 

0 

0 

0 

7 1 3 

j)2 

733 

0 

0 

0 

0 

0 

0 

744 

745 

746 

0 

0 

0 

745 

755 

756 

0 

0 

0 

746 

7 s 6 

766 

the 

row 

(and 

column) 

sums 


(43) 


* ' r l puiumClLlO. 

The next question is how to include exact incompressibility, for which k -* oo. A study 
of the matrix (39) reveals that the only coefficients affecting terms multiplied by k are j s 5 
and 7 66 . One solution would be to take j 55 =f S5 /k, and j 6i = f 6 Jk with the primed 
coefficients as source data. A more expedient solution is to set those coefficients to zero 
which reduces (43) to 


J* = 


7i i 

7*12 

7*13 

0 

0 

0 

7*1 2 

722 

723 

0 

0 

0 

7*13 

73 2 

73 3 

0 

0 

0 

0 

0 

0 

2 co — 1 

— co 

1 —CO 

0 

0 

0 

—co 

0 

CO 

0 

0 

0 

1 —co 

CO 

0 


(44) 


where co is a free parameter that determines the lower 3x3 principal minor. The total 
number of parameters is reduced to four, just one more than in compressible elasticity. 
Thus the following practical rule emerges : any compressible-elasticity principle characterized 
by the coefficients (26) can be extended to embody incompressibility by modifying U as 
follows : 

(a) Replace a and e by s and g, respectively. (In fact, only the first modification is 
actually needed, since s r g = s r e, etc.) 

(b) Add the pressure and volumetric strain terms characterized by the lower 3x3 
principal minor in (44). If co is zero the volumetric strain drops out as independent field 
and the additional terms reduce to 


&*)„+ \(p\9 p )y = — J ^+/7divuJdF. 

Furthermore, in exact incompressibility only the term — /?div u survives. 


( 45 ) 
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Consideration of the Lame splitting (19) is of interest because of historical reasons, 
since the first mixed principle encompassing compressible and incompressible elasticity con- 
structed by Herrmann ( 1 965) was based on it. Again one can start by postulating a quadratic 
form for the generalized strain energy U Ls (where subscripts stand for “Lame split”) : 


U Ls = 


T 

T* 

r" 

<7 

q* 


/l«I 

/12I 

/. 3I 

l uh 

/, 5 h 

/»«!» 

til I 

/„ I 

/ 2 jI 

/ 24 h 

/ 23 h 

/ 2 «fc 

/3.I 

Ini 

/33I 

/ 3 4h 

/ 35 h 

/36h 

/4,h r 

/ 42 h r 

/4 3 h r 

/ 44 

^45 

Ub 

/ 5 ,h r 

/ 52 h r 

/ 53 h r 

^54 

hs 

hb 

/6,h r 

^62^ r 

uy 



Ub 



e J 


e 


e“ 

< 

> 

9 * 


8 


9“ " 


> dV, 


(46) 


in which the /’ s coefficients take the place of the j s, and where the new terms are 


t - « Ce. r" = CDu, = 3»/(l + »), 

q = ip, q e = iXd, q u = - iX div u, = q/X. (47) 


Going through the same mechanics one obtains relations similar to (35)-(40) with s, g, p , 
k and D ? replaced by t, e, q, X and D. respectively. But now h r t is not necessarily zero and 
consequently the counterpart of (41) retains more terms : 


Ae = / M e , + / l2 e+/ 13 e“ + h(/ l4 0’ + / l5 £+/ 14 0“), 

At = /|2T-f*/ 2 2^ 3 t^ 1 + Ch(/ 24 0 « -|- / 2 5^ -t- f 2 6^ 11 )* 

a = l t) i+l 2 )T e +l„T u +Ch(l i4 9 q + !, 5 9 + l i6 9 u ) 

+ hh r (/ 16 t + / 26 t' + ( 36^) — h(/ 46 /7+/ 56 p fl + / 66 p“) 

Ad ■— h r /. 1 (/ 1 4 r + / 24 x e + / 34 t m ) + / 44 d , + / 4 50 + , 

Aq = h T (l ti i + l ls r e + l 35 T u ) + l i5 q + l 55 q e + l 56 q u . (48) 

Consistency with the held equations provides the twelve constraints 


O 

II 

+ 

*>• 

+ 

+ 

II 

O 

^12+^22+^23 = 0» 


^24 + ^25 + ^26 — 0, 

^13 + ^23 + ^33 = U 

^34 +^35 +^36 — 0» 


6 + ^26 + ^36 = 

^46 + ^5 6 + ^66 = L 

^14+^24 +^34 = 0, 


/d4 + , 45 +/46 “ 0. 

^15+^25+^35 = 

^45 + ^55+^56 = 0- 

(49) 


This leaves 21 — 12 = 9 independent parameters in the functional-generating symmetric 
matrix 


/.1 


/,3 

^ 1 4 

(| 5 

/,6 



/*3 

^24 

/ 25 

^26 


/ 2 j 

/» 

^ 34 

/ 3s 

^36 

^14 

/ 3 4 

^3 4 

/ 44 

Gs 

^46 

/ 15 

/:s 

/» 

/43 

( 55 

^56 

/.» 

^2 6 

^36 

Ub 

/ J6 

^66 


If the off-diagonal blocks of this matrix are set to zero as in (43), L, becomes L 6 and the 
conditions on the remaining nonzero coefficients are identical to those of J 6 . 
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Treatment of the more general splitting (12) with rj # 0 does not cause any particular 
difficulties. However, as splittings other than (18) do not accommodate anisotropic 
materials naturally, they will not be investigated further. 

8. SPECIALIZATIONS 

The simplest principle (in the sense of having the most sparse J matrix) that accom- 
modates both compressible and incompressible elasticity is obtained by specializing (44) to 

[o 0 0 0 0 0 

0 0 0 0 0 0 

0 0 1 0 0 0 

0 0 0 -1 01 

0 0 0 0 0 0 

0 0 0 1 0 0 

This choice leaves only displacements and pressures as independent field variables and 
yields 

U P (u,p) = i(s“,g u )y~(p^ +div “)^ = + ^ divfi ) > (52) 

which may be viewed as a modification of the minimum potential energy functional. For 
practical use it is important to note that g“ may be replaced by e“ in the first integral since 
tensor sj , is traceless. In the incompressible limit U P collapses to l(s", e u ) y —(p, div \x) v . 

The specialization 

0-110 00 
-1 100 00 

1 0 0 0 0 0 

= 0 000 — 1 1 
0 00-1 10 

0 0 0 1 0 0 

reduces U d ,-P to the five-field functional presented by Atluri and Reissner (1989; in that 
paper p and 9 are defined as the negatives of the quantities used here). Notice that since 
both 3x3 principal minors of display the Hu-Washizu structure of compressible 
elasticity, use of (24) yields 

U *R = g> o) + U H (ph, 0ii, 0“h) = i(s # ,g) r + (s,g“-g) K -|- \(p\9)y+p(d“-5)„, (54) 

in which again g“ and g may be replaced by e“ and e, respectively. As j iS ^ 0, this functional 
does not accommodate exact incompressibility. This drawback can be easily corrected, 
however, through the techniques discussed in Section 6. 

Finally, specialize. of (50) to 

0 0 0 0 0 o] fo-lio 

000000 -1 100 
001000 1 000 

000-1 0 1 ' 0 0 0-1 
000000 0 000 

000100 0 001 


0 0 
0 0 
0 0 
0 1 
0 0 
0 0 






( 55 ) 
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reduces the functional U Li — P to those presented by Herrmann (1965) and Franca (1989), 
respectively; which are identified as U H — P and U F —P in the sequel. 

Herrmann's functional, which as noted above has historical importance, contains two 
independent fields : displacements u and pseudo pressure q. Its U functional is 

U H (u.q) = i (t“, e “) v + q div . (56) 

The upper and lower 3 x 3 principal minors of L H display the structure of the minimum 
potential energy and stress-displacement Reissner compressible elasticity functions, respec- 
tively. 

Franca's functional contains four independent fields: extra stress t, total strains e, 
displacements u and pseudo pressure q. Its U functional is 

U F (t,i\U,q) = i(r v ,e),/+-(T,e w -e) K -||T -h^divu^j . (57) 

The upper and lower 3x3 principal minors of display the structure of the Hu-Washizu 
and stress-displacement Reissner compressible-elasticity functions, respectively. 

9. CONCLUSIONS 

The parametrized formulations presented here extend the parametrized functionals of 
Felippa and Militello (1989, 1990) to accommodate incompressibility. In doing so a wider 
and perhaps bewildering range of possibilities is encountered, which raises some questions 
as regards the usefulness of functional parametrization techniques. 

The formulation of parametrized variational principles offers conceptual and practical 
advantages. From a conceptual standpoint the technique is intellectually satisfying in that 
all possible variational forms are obtained once and for all. This should be contrasted to 
the conventional case-by-case derivation, which can only take “p ots h° ts '’ at the infinite 
domain of possible functionals. The key practical advantage is that generating matrix 
coefficients may be left free in finite element applications down to the element level, and 
used to enhance the quality of the numerical approximations as discussed in Felippa 
(1989a,b,c) and Felippa and Militello (1989, 1990). 

However, coming face to face with twelve free parameters as in Section 5 may be 
confusing and negate the claimed benefits of generality. The simplifications of Section 6 
appear reasonable from an applications standpoint because: (1) they cut the number of 
independent parameters while retaining flexibility in the weighting of the participating fields, 
and (2) all important specific functionals proposed to date are still covered. 

Finally, the simplicity and generality of the functionals based on the deviatoric splitting 
(18) should be kept in mind. It is difficult to understand why the finite element literature is 
still preoccupied with the Lame splitting and associated functionals. Not only is this splitting 
unnatural for anisotropic materials but note that associated functionals such as (56) and 
(57) degenerate for /. = 0, which happens if v = 0. At this value, £ = 0, q vanishes identically, 
and 0/0 terms requiring special treatment appear in U. As a zero Poisson's ratio is physically 
realizable the claim to generality of application, even with restriction to isotropic behavior, 
is seriously weakened. 

Acknowledgements — The work has been supported by NASA Lewis Research Center under Grant NAG 3-934. 


REFERENCES 

Atluri, S. N. and Reissner. E. (1989). On the formulation of variational theorems involving volume constraints. 
Comput. Mech. 5, 337-344. 

Felippa, C. A. (1989a). Parameterized multifield variational principles in elasticity : I. Mixed functionals. Commun. 
Appl. Numer . Meth. 5, 79 -88 



68 


C. A. Felippa 


Felippa. C A. (1989b). Parametenzed multifield variational principles in elasticity: II. Hybrid functionals and 
the free formulation. Conrnnm. Appi. Numer. Meth. 5, 89-98. 

Felippa. C. A. (1989c). The extended free formulation of finite elements in linear elasticity. J Appi Mech 56 
609-616. 


Felippa. C. A. and Militello, C. (1989). Developments in variational methods for high-performance plate and 
shell elements. In Analytical and Computational Methods for Sheds (Edited by A. K. Noor, T. Belytschko and 
J. C. Simo), CAD Vol. 3. pp. 191-216. ASME. New York. 

Felippa, C. A. and Militello, C. (1990). The variational formulation of high-performance finite elements: 
parametenzed variational principles. Comput. Struct. 36, 1-11. 

Franca, L. P. (1989). Analysis and finite element approximation of compressible and incompressible linear 
isotropic elasticity based upon a vanational principle. Comput. Meth. Appi Mech . Engng 76, 259-273. 

Gurtm, M. (1972). The linear theory of elasticity. In Encyclopedia ofPhvsics (Edited by C. Truesdell) Vol. VTa/2 
pp. 1-295. Springer. Berlin. 


Herrmann. L. R. ( 1965). 
7. 3, 1896-1900. 


Elasticity equations for nearly incompressible materials by a vanational theorem. A l A A 


PRECEDING PX\E BLANK NOT FILMEL 


554 THE FINITE ELEMENT METHOD IN THE 90’s 


FINITE ELEMENTS IN THE 90’s, E. Ofiate, J. Feriaux, A. Samuclsson (Eds.) 

Springer-VerUg/CIMNE, Barcelona 1991 


THE INDIVIDUAL ELEMENT TEST REVISITED 

C. Militello and C. A. Felippa 

Department of Aerospace Engineering Sciences, 

and Center for Space Structures and Controls . 

University of Colorado at Boulder, 

Boulder, Colorado 80309-0429, 

USA 

SUMMARY 

The subject of the patch test for finite elements retains several unsettled 
aspects. In particular, the issue of one-element versus multielement tests needs 
clarification. Following a brief historical review, we present the individual ele- 
ment test (IET) of Bergan and Hanssen in an expanded context that encompasses 
several important classes of new elements. The relationship of the IET to the 
multielement form; A, B and C of the patch test and to the single element test 
axe clarified. 

1. BACKGROUND 

The patch test for convergence is a fascinating area in the development of 
nonconforming finite element methods. It grew up of the brilliant intuition of 
Bruce Irons. Initially developed in the mid-1960s at Rolls Rovce and then at 
the Swansea group headed by Olek Zienkiewicz, by the early 1970s the test had 
became a powerful and practical tool for evaluating and checking nonconforming 
elements. And yet today it remains a controversial issue: accepted by most finite 
element developers while ignored by others, welcomed by element programmers, 
distrusted by mathematicians. For tracing down the origins of the test there is 
no better source than a 1973 survey article by Irons and Razzaque [12]. Added 
remarks to the quoted material are inserted in footnotes, and reference numbers 
have been altered to match those of the present paper. 

Orxgxns of ike Pitch Test 

In 1965 even engineering intuition dared not predict the behavior of certain finite 
elements. Experience force those engineers who doubted it to admit that interelement 
continuity was important: the senior author* believed that it was necessary for con- 
vergence. It is not. known which ideas inspired a numerical experiment by Tocher and 
Kapur [25], which demonstrated convergence within 0.3% in a biharmonic problem 
of plate bending, using equal rectangular elements with 1 , z, y, x 2 , ry, y 2 , y 2 , x , 
x 2 y, ry 2 , y 3 , and x 3 y and ry 3 , as functional basis. The nodal variable of this Ari 
Adini rectangle ll] are w , dwjdx and dwjdy ai the four corners, and this element 
guarantees only conformity. 


1 Bruce Irons 
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Some months later, research at Rolls-Royce on the Zienkiewicz nonconforming 
triangle [2], — a similar plate-bending element 2 — clarified the situation. Three 
elements with C‘ continuity were simultaneously available, and, because the shape 
function subroutine used for numerical integration had been exhaustively tested, the 
results were trustworthy. It was observed: (a) that every problem giving constant 
curvature over the whole domain was accurately solved by the conforming elements 
whatever the mesh pattern, as was expected, and (b) that the nonconforming element 
was also successful, but only for one particular mesh pattern. 3 

Thus the patch test was born. For if the external nodes of any sub-assembly 
of a successful assembly of elements are given prescribed values corresponding to an 
arbitrary state of constant curvature, then the internal nodes must obediently take 
their correct values. (An internal node is defined as one completely surrounded by 
elements.) Conversely, if two overlapping patches can reproduce any given state of 
constant curvature, they should combine into a larger successful patch, provided that 
every external node lost is internal to one of the original patches. For such nodes are 
in equilibrium at their correct values, and should behave correctly as internal nodes of 
the extended patch. In an unsuccessful patch test, the internal nodes take unsuitable 
values, which introduce interelement discontinuities. The errors in deflection may be 
slight, but the errors in curvature may be ±20%. We must recognize two distinct 
types of errors: 

(i) The finite element equations would not be exactly satisfied by the correct 
values at the internal nodes — in structural terms, we have disequilibrium; 

(ii) The answers are nonunique because the matrix of coefficients K is semidefi- 

nite. 

Role, of the Patch Test 

Clearly the patch test provides a necessary condition for convergence with fine 
mesh. We are less confident that it provides a sufficient condition. The argument 
is that if the mesh is fine, the patches are also small. Over any patch the correct 
solution gives almost uniform conditions to which the patch is known to respond 
correctly provided that the small perturbations from uniform conditions do not 
cause a disproportionate response in the patch: we hope to prevent this by insisting 
that K is positive definite. 

The patch test is invaluable to the research worker. Already, it has made re- 
spectable 

(i) Elements that do not conform, 

(ii) Elements that contain singularities, 

(iii) Elements that are approximately integrated, 

(iv) Elements that have no clear physical basis. 

In short, the patch test will help a research worker to exploit and justify his 
wildest ideas. It largely restores the freedom enjoyed by the early unsophisticated 
experimenters. 

The late 1960s and early 1970s were a period of unquestionable success for 
the test. That optimism is evident in the article quoted above, and prompted 
Gilbert Strang to develop a mathematical version popularized in the Strang-Fix 
textbook [21]. 

Confidence was shaken in the late 1970s by several developments. Numerical 
experiments, for example, chose of Sander and Beckers [20] suggested that the 
test is not necessary for convergence, thus disproving Irons’ belief stated above. 


2 This element is that identified by ‘BCIZ’ in the present paper 

e ^ ement test re f erre d to in this sentence appears in the Addendum to 
12,. This Addendum was not part of the original paper presented at the First Wright- 
PaUerson Conference held in September 1965; it was added to the Proceedings that 
appeared in 1966. The name “patch test” wtll not be found there; see the Appendix of 
[21 J for further historical details. 
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Then a counterexample by Stummel [22] purported to show that the test is not 
even sufficient. 4 * * * * * This motivated defensive responses by Irons [13] shortly before 
his untimely death, and by Taylor, Simo, Zienkiewicz and Chan [24]. These 
papers tried to set out the engineering version of the test on a more precise 
basis. 

Despite these ruminations many questions persist, as noted in the lucid 
review article by Griffiths and Mitchell [11]. Some of them are listed below. 

Ql. What is a patch? Is it the ensemble of all possible meshes? Are some 
meshes excluded? Can these meshes contain different types of elements? 

Q2. The test was originally developed for harmonic and biharmonic compress- 
ible elasticity problems, for which the concept of “constant strains’ 1 or 
“constant curvatures” is unambiguous. But what is the equivalent con- 
cept for shells? Even Reissner-Mindlin plates (which lead to the so-called 
C° elements) pose difficulties. 

Q3. What are the modifications required for incompressible media? Is the 
test applicable to dynamic or nonlinear problems? 

Q4. Are single-element versions of the test equivalent to the conventional, 
multielement versions? 

Q5. Is the test restricted to nonconforming assumed- displacement elements? 
Can it be extended to encompass assumed-stress or assumed- strain mixed 
and hybrid elements? (For initial attempts in this direction, see [10]) 

The following treatment is aimed primarily at answering the last two ques- 
tions. No position as to the mathematical relevance of the test is taken. 

2. THE INDIVIDUAL ELEMENT TEST 

Because of practical difficulties incurred in testing all possible patches there 
have been efforts directed toward translating the original test into statements 
involving a single element. These will be collectively called one-clement tests. 

The first step along this path was taken by Strang [21], who using integration 
by parts recast the original test in terms of “jump 11 contour integrals over element 
interfaces. An updated account is given by Griffiths and Mitchell [11], who 
remark that Strang’s test can be passed in three different ways: 

JCS: Jump integrals cancel over common sides of adjacent elements (e.g. De- 
Veubeke’s 3 -midside-node triangle, Morley's plate elements). 

JOS: Jump integrals cancel over opposite element sides (e.g. Wilson’s incom- 
patible plane rectangle [26]). 


4 Stummel has constructed [23] a generalized patch test that is mathematically impeccable 

in that it provides necessary and sufficient conditions for convergence. Unfortunately 

such test lacks important side benefits of Irons’ patch test, such as element checkout by 

computer, because it is administered as a mathematically limiting process in function 

spaces. Furthermore, it does not apply to a mixture of different element types, or to 

situations such as a side shared by more than two elements. 
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JEC: Jump integrals cancel over the element contour (see examples in [11]). 

Another important development, not so well publicized as Strang’s, was 
undertaken by Bergan and coworkers at Trondheim over the period 1975-1984. 
The so called individual element test, or IET, was proposed by Bergan and 
Hanssen [4] in 1975. The underlying goal was to establish a test that could be 
directly carried out on the stiffness equations of a single element — an obvious 
improvement over the multielement form. In addition the test was to be con- 
structive, i.e M used as an a priori guide during element formulation, rather than 
as a post -facto check. 

The IET has a simple physical motivation: to demand pairwise cancellation 
of tractions among adjacent elements that are subjected to a common uniform 
stress state. This is precisely the ‘JCS’ case of the Strang test noted above. 
Because of this inclusion, the IET is said to be a strong version of the patch test 
in the following sense: any element passing the IET also verifies the conventional 
multielement form of the patch test, but the converse is not necessarily true. 

The IET has formed the basis of the free formulation (FF) later developed by 
Bergan and Nygard [6]. It has also played an important part in the development 
of high performance finite elements undertaken by the authors [7-9,15-18]. 

In an important paper written in response to Stummel’s counterexample, 
Taylor, Simo, Zienkiewicz and Chan [24] defined multielement patch tests in 
more precise terms, introducing the so-called A, B and C versions. They also 
discussed a one-element test called the “single element test,” herein abbreviated 
to SET. They used the BCIZ plate bending element [2] to show that an element 
may pass the SET but fail multielement versions, and consequently that tests 
involving single elements are to be viewed with caution. In what follow we try to 
clarify this apparent contradiction and to establish precisely what the individual 
element test entails. In particular it is shown that the IET contains a crucial 
condition that the SET lacks , and that the two tests are not therefore equivalent. 

Furthermore, we extend the IET to conditions beyond those considered by 
Bergan and Nygard by including elements with unknown internal displacement 
fields. The most important sources of such elements are: stress- assumed hy- 
brids, and elements constructed through the assumed natural strain (ANS) and 
assumed natural deviatoric strain (ANDES) formulations. 

3. ASSUMPTIONS FOR ELEMENT CONSTRUCTION 

Suppose that we want to test an individual element of volume V and bound- 
ary S with exterior normal n. The element satisfies the following assumptions. 

AI. The element shares displacement degrees of freedom - 1! ^cted in v (the so 
called visible degrees of freedom) with adjacent elements. The boundary 
displacement field d is uniquely determined by v as 


d = N d v, 

where are boundary shape functions. 


(1) 
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The term “boundary displacement field” is meant to include normal derivatives (side 
rotations or slopes) in bending problems. More generally, in a problem governed by a 
variational principle of index m > 1. d includes normal derivatives up to the (m — l) iil 
order. 

This assumption says nothing about the internal displacement field u. In free- 
formulation elements u is known and agrees with d only at the nodes. In the ANS 
[3,14,19,] and ANDES [8,9,17,18] formulations, u is unknown because the deviatoric 
strain field t \ ntroduced in A2 below is not generally integrable. 


A2. The strain field e within the element is expressible as 


e = Bv, 


( 2 ) 


which admits the following decomposition into mean and deviatoric parts: 


€ = £ + £/, = Bv + B h y = (B +■ B*)v, 


where 


We note tha: 


e dV , = e — e. 


im vL 

f B h dV = 0, f AB h dV = 0. 
Jv Jv 


in which A is an arbitrary matrix constant ovei the element. 


(3) 

(4) 

(5) 


Subscript h st mds for "high order.” The strain field *>, is not generally integrable, 
that is, associable with an internal displacement field u such that c* = Du, where 
D ss V T ) is the symmetric vector gradient operator. On the other hand, the 

mean strain field c, being constant, is integrable, as discussed under assumption A4. 


A3. Suppose the element is under a constant stress state <r$. Then a nodal 
force system p 0 conjugate to v in the sense of virtual work develops. 
These forces are connected to v through the relation 

p 0 = Lo-o, L = / N dr dS, (6) 

where L is called the force lumping matrix and N^n denotes the projection 
of the shape functions over the normal to the element side. 

Matrix L was j ntroduced by Bergan and coworkers in their studies leading to the free 
formulation [o.fi], and plays a crucial role in the individual element test. 

A4. The constant stress field <r 0 is associated with a given displacement field 
called u rc . such that the associated strain and stress fields are 


e“ = D(u re ), <r° = Ee\ (7) 

where E is the symmetric matrix of elastic moduli, assumed constant 
over the element. This constitutive assumption excludes incompressibil- 
ity, which must receive special treatment. 
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Field u rc cannot be immediately linked to v because it spans a subspace 
of the possible boundary motions. We must start by expressing u rc in 
the modal or generalized-coordinate form 

Urc - N? cqrc , (8) 

where NJ C are modal functions and q rc their amplitudes. The projection 
v rc of u rc over the space of boundary motions spanned by v can be most 
easily obtained by collocation, that is, evaluating u rc at the nodal points. 
This process yields 

v rc “ Grc^lrci (9) 

in which G rc will generally be a rectangular matrix with more rows than 
columns. 

Subscripts r and c mean that u rc is supposed to include rigid-body and constant- 
strain modes. In mathematical terms, u r c is a. polynomial of degree m - 1 when the 
variational index is m. 

4. THE STIFFNESS MATRIX 



Bergan and Nygard [6] state two constraints for FF elements, which taken 
together represent the satisfaction of the IET. The first one is 

K v rc = L cTo, ( i3) 

which is essentially an equilibrium statem^uc at the element level. Premuitiply* 
ing (13) by vj c we get vJ c Kv rc = vJ c Lcr 0 , which on introducing (9) and (11) 
becomes 


q^G^B T EBG rc q rc K + q£G£K fc G rc q rc = q^G^W 


(14) 
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If we request that K* cannot contribute to the internal energy under a constant 
strain state we must have G^K^Grc = 0, or, since K* = J v B/»EB h dV , 


B/,G rc = 0, (15) 

This may be called the higher order strain cancellation condition . Taking into 
account that <r 0 ~ EB* c q rc , where B q rc = D(N* C ), the above equation becomes 
B T EBG rc = V'- 1 LEBJ C . This can be spht into B T = V -1 L and BG rc = B£ c . 
Replacing the former in the latter we obtain 

y-’L T G rc = B’ c . (16) 

These conditions were introduced by Bergan and Nygard [6] in the context of 
the free formulation. They state that equation (16) should be used to check 
that the matrix L is correct. Then (16) is the first consistency constraint on L. 
Equations (15) and (16) are necessary in order that a single element } which is 
in equilibrium . be capable of copying a constant strain state . To prove that they 
are also sufficient conditions is straightforward. 

An important consequence of (16) can be investigated as follows. Rewrite it 
as y 1 L T G rc q r , = Du rc . Multiplying both sides by tr and integrating over 
the element volume we obtain 

L T G rc q rc = / <r 0 T Du TC dV. (17) 

Jv 

Integration by parts of the right hand side yields 

trJ'L T G rc q rc = <r% J N un dSq re , (18) 

where N u „ are t ie the projections of the modal functions over the normal to 
the element side. From the definition of L in (6) we conclude that 

/ n£, G rc q rc = J s N ^ dS q rt . (19) 

This result may be stated as follows: the force lumping produced by the bound- 
ary displacement field should be energy consistent (in the sense of virtual work) 
with that produced by the displacement field u rc over the element side. Al- 
though BJ C is unique for a given problem, since G rc is generally a rectangular 
matrix, equation (16) clearly shows that L is not necessarily unique. Examples 
that illustrate this property may be found in [17]. L is unique for simplex el- 
ements where we have the same number of nodal connectors v and rc-modal 
amplitudes q rc , because in this case G rc is square and non-singular. For these 
elements the total and basic stiffness matrices coalesce. An obvious example is 
provided by the c onstant strain triangle (CST). 
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Figure 1: A common side t - j shared by two elements 
6. SECOND CONDITION: PAIRWISE FORCE CANCELLATION 

Quoting from [4J: “The basis for the individual element test is that the 
element, when interacting with its neighbors, should be capable of identically 
reproducing an arbitrary rigid- body /constant strain field ... The interelement 
forces transferred at nodes should cancel out in a pairwise manner for adjacent 
elements during such state.” This establishes a second key constraint on L. 

Suppose we have a side i - j joining elements k and k + I, as illustrated in 
Figure 1. The second condition requires that 



The easiest way of enforcing this condition is by choosing a boundary displace- 
ment d that is uniquely defined over i-j by degrees of freedom on that interface. 

This rule can be extended to cases in which more than two elements share a side, as is the case 
in many practical structures. Note that (20) does not involve the internal displacement field in 
any way. Consequently it establishes the rruxaii/iiy of elements of different types (for example. 
FF with ANDES elements). The SET discussed in [24] omits this important condition. 

7. MULTIELEMENT PATCH TESTS AND THE IET 

Bergan and coworkers called conditions (13) and (20) the IET. We now prove 
that if the element under consideration satisfies these conditions, it will also pass 
the so-called forms A and B of the multielement patch test [24]. Furthermore, 
if the element is rank sufficient it will also pass form C. 

Let us consider the assemblage of elements shown in Figure 2 as a patch. 
The global displacement field consistent with a constant strain field is v 3 rc = 
G^ c q rc The stiffness matrix of the k th element satisfies equation (13), or its 
equivalent global form 

(P*) r K*P*v* c =(P*) T L‘<r 0 , (21) 

where P* are Boolean localization matrices. Upon assembly we obtain 


K*v? c = LV 0 = p. 


( 22 ) 
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Figure 2: An assemblage of elements 

but because of the satisfaction of condition (20) the force vector p has only 
components in nodes j , . . . j + n. Then, for the i t/l internal degree of freedom we 
have 

K h v r cj = P. = 0- (23) 

which is the statement of the form A of the patch test. If an element satisfies 
A, form B is also satisfied because from (22) we can obtain the displacement of 
the internal node 2 as: 

'>rc i =(K? t r'(p,-K, J V° rCi ), (24) 

Because the element satisfies (13), v rc can be obtained if upon removing 
the rigid body motions K k is nonsingular and can be inverted. Consequently 
K k should be rank sufficient in order to satisfy form C. 

8. CONCLUSIONS 

It has been shown that the IET constraints plus rank sufficiency provide 
sufficient conditions to pass any form of the multielement patch test. The main 
practical advantages of the IET are: 

1. By applying rules (13) and (20) elements can be constructed that will pass 
any multielement patch test a priori , provided that they are rank sufficient, 
while being capable of copying constant strain states. No such possibility 
exists in the conventional patch test, which must be necessarily applied a 
posteriori. 

2. Element mixability is immediately established. 

3. A “surgical operation” can be established to “sanitize” elements that fail 
the IET, as discussed in the Appendix of [17]. The operation essentially 
amounts to the replacement of the basic stiffness. 
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The price paid for these advantages is that the test is occasionally stronger 
than strictly necessary. For example, the BCIZ nonconforming triangle [2] fails 
the IET but passes the multielement test for certain mesh configurations. 

A potential difficulty in the application of the IET to existing elements is 
the need for extracting the force-lumping matrix L. This matrix may not be 
readily available and, as mentioned in Section 5, is not necessarily unique. 

Finally, as remarked in several places, the present statement of the IET 
is not restricted to the free formulation, and has actually been used in this 
expanded form for constructing high-performance elements based on the ANDES 
formulation [8, 9,17,18]. 
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Abstract. This paper is .he firs, of a three-part series that studies the formulation of 3-node 9-dof membrane 
elements with normal-to-element-plane rotations (the so-called drilling freedoms) within the context of 
parametrized variational principles. These principles supply a unified basis for several advanced element-con 
struclion techniques: in particular the free formulation (FF). the extended free formulation (EFF) and the 
“ "" de ™ < A NDES> formulation. In Par, I we construct an element of this ^ usm 
h.ah^Tf™ denva,,on 'Hustrates the basic steps in the application of that formulation to the construction of 
gh performance rank-sufficient, nonconforming elements with comer rotations. The element is initially 

exoansion tTh!* ° f ° f ^ ' inCar S,rain triang,e (LST) - which a,lows >he displacement 

expansion to be a complete quadratic in each component. The expansion basis contains the six linear basic 

functions and six energy-orthogonal quadratic higher-order functions. Three degrees of freedom defined as 
the midpoint deviations from linearity along the triangle-median directions, are eliminated by kinematic 
constraints. The remaining hierarchical midpoint freedoms are transformed to corner rotations. The perfor- 
mance of the resulting element is evaluated in Part III. 


1. Introduction 


The idea of including normal-rotation degrees of freedom at corner points of plane-stress 
^~ he S °‘ CalIed dntlin S freedoms— i s an old one. The main motivations behind 

(1) To improve the element performance while avoiding the use of midpoint degrees of 
freedom. Midpomt nodes have lower valency than comer nodes, demand extra effort in 

Tnd dynamics 011 ^ generat '° n ’ and Can Cause modelin 8 difficulties in nonlinear analysis 

(2) To solve the “normal rotation problem” of smooth shells analyzed with finite elements 
programs that carry six degrees of freedom per node. 

(3) To simplify the modeling of connections between plates, shells and beams, as well as the 
treatment of junctures in shells and folded plates. 

SIS 5 m™?. me "* ra " e “ith drilling freedoms were made during the 

period 1964-1975 with inconclusive results. A summary of this early work is given in the 

Introduction of an article by Bergan and Felippa [1], where it observed that Irons and Ahmad 
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in their 1980 book [2] had dismissed the task as hopeless. In fact, the subject laid largely 
dormant throughout the 1970s, but it has been revived in recent publications [1,3-8] that 
present several solutions to this challenge. Especially notewortht is the study by Hughes and 
Brezzi [9] of variational principles that include independent displacement and rotation fields. 
A membrane element with drilling freedoms based on these principles has recently been 
constructed by Ibrahimbegovic [10]. 

The first successful triangles with drilling freedoms were presented by Allman in 1984 [3] 
and Bergan and Felippa in 1985 [1]. Both elements are nonconforming and pass displace- 
ment-specified patch tests. In addition the Bergan-Felippa triangle, being rank sufficient, 
passes traction-specified patch tests. The original Allman element, based on the concept of 
vertex rotations, had remaining problems such as rank deficiency, which were corrected in an 
improved version published in 1988 [7]. The two approaches share procedural similarities, 
such as the use of imcompatible displacement functions. But the element construction 
methods are entirely different: Allman used the conventional potential energy formulation 
whereas Bergan and Felippa used the free formulation <FF) of Bergan and Nygard [11]. 
Furthermore Bergan and Felippa, following mid-1960s work at Berkeley and Trondheim 
[12-15], exploited the concept of continuum-mechanics rotations, sometimes referred to as 
true rotations. A discussion of the relative performance of these elements is given in Part III 

of this series [16]. . 

Both approaches can be extended to Quadrilateral elements with drilling freedoms for 
plane stress and shell analysis. Extensive experience with Allman-type quadrilateral shell 
elements is reported by Frey and coworkers; see the excellent survey article [17] and 
references therein. An FF-based quadrilateral called FFQ was constructed by Nyg&rd in his 
thesis [18] using quadratic and cubic higher order functions; this is presenly a workhorse shell 

element in the nonlinear program fenris [19], 

At the time the Bergan-Felippa element was constructed (summer 1984) the free formula- 
tion lacked a variational basis. This deficiency was remedied five years later by the introduc- 
tion of parametrized variational principles in a series of recent publications [20—23]. Therein 
it is shown that the energy-orthogonal FF with scaled higher-order stiffness can be accommo- 
dated in the framework of a one-parameter d-generalized hybrid variational principle that 
reduces th hybrid versions of the potential energy and Hellinger-Reissner’s principle as 
special cases. This rigorous justification of the FF opened the door to a variant called the 
extended free formulation or EFF [24], which circumvents a major kinematic restriction of the 
FF. 

The present work may be viewed as a continuation of two mid-80 papers [1,6] but now on 
firmer theoretical grounds Our main objective is to illustrate the application of the EFF to 
the construction of a triangular membrane element with drilling freedoms that initially has 
complete quadratic polynomial expansions in each displacement component. The use of 
complete quadratic expansions as departure point requires a total of twelve degrees of 
freedom. Nine freedoms are defined at the corner nodes in the usual fashion, i.e., six 
translations and three drilling rotations. Three additional degrees of freedoms, to be subse- 
quently eliminated, are needed. In the EFF such additional freedoms can be eliminated in 
three ways: duality pairing with divergence-free stresses, static condensation of augmenting 
degrees of freedom, or a-posteriori application of kinematic constraints. The present deriva- 
tion uses the last technique. 

Four choices of “eliminable midpoint freedoms” intrinsically related to the triangle 
geometry were considered: side directions, normal-to-sides, median directions, and normal- 
to-medians. It was found that only the third choice provides for stable elimination. Once this 
key discovery was made, the remaining element derivation steps, though laborious, could be 
followed in a systematic way. 
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Box 1 — Decomposition of the element stiffness equations 

Let K be the element stiffness matrix, v the visible element degrees of freedom 
(those degrees of freedom in common with other elements, also called the 
connectors) and p the corresponding element node forces. Then the element 
stiffness equations decompose as 

Kv =(AT b + K h )v =p. ( 3 .I) 

K h and K h are called the basic and higher-order stiffness matrices, respectively. 
The basic stiffness matrix, which is usually rank deficient, is constructed for 
convergence. The higher-order stiffness matrix is constructed for stability and (in 
more recent work) accuracy. A decomposition of this nature, which also holds at 
the assembly level, was first obtained by Bergan and NygSrd in the derivation of 
the free formulation [ 11 ], 

In the unified formulation presented in Refs. [22,23] the following key 
properties of the decomposition (B.l) are derived. 

(1) K b is formulation independent and is defined entirely by an assumed 
constant stress state working on element boundary displacements. As detailed in 
Box 2 t no knowledge of the interior displacements is necessary for this stiffness 
component. The extension of this statement to C° plate and shell elements is not 
straightforward, however, and special considerations are necessary in order to 
obtain K b for those elements. 

(2) K h has the general form 

K h ^>33*K33 +> 22 *h 22 + />3*h23* (B.2) 

The three parameters j 2 2 , J 23 a °d J 33 characterize the source variational 
principle in the following sense: 

(a) The FF is recovered if j 21 =j n = 0 and /„ = 1 - y, where y is a K h scaling 
coefficient studied in [1,6,25], The original FF of [ 11 ] is obtained if r = 0. The 
source variational principle is a one-parameter form that includes the potential 
energy and stress-displacement Reissner functionals as special cases. 

(b) The ANDES variant of ANS is recovered if j 23 =j 3i = o whereas j 22 is a 
scaling parameter. The source variational principle is a one-parameter form 
that includes Reissner’s stress-displacement and Hu-Washizu’s functionals as 
special cases. 

(c) If j 2 3 is nonzero, the last term in (B.2) may be viewed as being produced by a 
FF/ ANDES combination. Such a combination remains unexplored. 


The stiffness equations 


The stiffness equations derived from the parametrized variational principles referenced in 
the Introduction enjoy the fundamental decomposition property summarized in Box 1. The 
element stiffness matrix can be additively decomposed into K = K h + K h where K h is the 
basic stiffness matrix, which is constructed for convergence , and K h is the higher-order 
stiffness matrix, which is constructed for stability and accuracy. As discussed in Box 1, for 



166 


ft Akin it ai / Membrane elements with corner drilling freedoms — l 


free-formulated elements K h can be scaled by (1 - y), where y is a scaling coefficient (y < 1) 
that may be used to increase the element performance for coarse meshes. This value may vary 
from element to element without affecting convergence. This scalling is justified variationally 
in [20,21]. Multiparameter scaling is discussed in [25] to improve the performance of a specific 
plate bending element. 

The basic stiffness part of the present element (as well as that of the element derived in 
Part II [26]) is identical to that presented in Bergan and Felippa [1,6]. The higher-order 
stiffness is initially based on a modification of the twelve shape functions of the linear strain 
triangle (LST). The modification makes the higher-order (quadratic) shape functions energy 
orthogonal to the lower-order (linear) ones. The coefficients of these quadratic shape 
functions are generalized coordinates in terms of which a generalized higher-order stiffness 
matrix is readily conducted in closed form. A chain of transformations follows in which these 
generalized coordinates are first transformed to -midpoint degrees of freedom of the hierar- 
chical LST, and then to three drilling freedoms at comes and three median hierarchical 
displacements at the midpoints. Finally the latter are eliminated by invoking a parametrized 
boundary constraint. 

The main advantages sought for this element over the FF element of [1,6] are: 

(1) the higher-order stiffness matrix is obtained in explicit form without need of numerical 
inversion. Explicitness is expected to facilitate the direct derivation of energy-balancing 
formulas to attain higli performance under in-plane bending. This is especially true for 
orthotropic or anisotropic material behavior. 

(2) Shorter formation time for K h , which dominates the computation of K. 

(3) The coarse-mesh performance should be comparable to that of the linear strain triangle 
(LST) without the encumbrance of midpoint nodes. 

Experience with the EFF element, as reported in Part III [16], indicates that the first two 
advantages were realized, but the last one was not. Its performance turned out to be similar to 
that of the original FF element, except for some regular-mesh problems where explicit energy 
balancing was able to make a difference. The performance is, however, substantially better 
than all other elements tested for large element aspect ratios. 

Aside from its intrinsic value as illustration of a new technique for constructing high-per- 
formance elements, the present derivation serves as prelude to a far more challenging task: 
the construction of a rank-sufficient element in three dimensions (a 24-dof, rank- 18 tetrahe- 
dron with 12 comer rotations). 


The free formulation 

The original free formulation (FF) was developed by Bergan and Nyg&rd [11] for the 
construction of displacement-based, incompatible finite elements. This work consolidated a 
decade of research of Bergan and coworkers at Trondheim, milestones of which may be found 
in [27,28,19], The products of this research have been finite elements of high performance, 
especially for linear and nonlinear analysis of plate and shell structures. As noted in the 
Introduction, a theoretical justification based on parametrized hybrid variational principles is 
provided in Ref. [20-23]. 

The original FF was based on nonconforming displacement assumptions, the principle of 
virtual work and a specialized form of Irons’ patch test that Bergan and Hanssen [27] called 
the individual element test. The basic and higher-order stiffness are constructed in largely 
independent fashion by following the procedures outlined in Boxes 2 to 4. 

Box 2 lists the main steps for constructing the basic stiffness matrix; for justification the 
reader is referred to the previously cited references. The key steps in constructing the higher 
order stiffness matrix using the standard free formulation (FF) are listed in Box 3. 
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Box 2 — Construction of the basic stiffness K b 


Step B.l. Assume a constant stress field, or, inside the element. The associated 
boundary tractions are = v ■ n, where n denotes the unit external normal on the 
boundary S. 

Step B.2. Assume boundary displacements, d, over S. This field is described in 
terms of the visible element node displacements v (also called the connectors) as 


(B.3) 


d = N d v, 

where N d is an array of boundary shape functions. The boundary motions (B.2) 
must satisfy interelement continuity and contain rigid-body and constant-strain 
motions exactly. 

Step B.3. Construct the “force lumping matrix” 


L= fNj tt dS, 

-'C 


(B.4) 

which consistently maps the boundary tractions <r n = <F • n into element node 
forces, p, conjugate to v in the virtual work sense. That is. 


: = / *>„ 


d S = L<r. 


(B.5) 


In the above, N dn = N d .n are boundary-system projections of N d that work on the 
surface tractions <r n . 

Step B.4. The basic stiffness matrix for a three-dimensional element is 



v 


(B.6) 


where E is the stress-strain constitutive matrix of elastic moduli, which are 
assumed to be constant over the element, and v = j y dV is the element volume 
measure. For two-dimensional or one-dimensional elements, v is replaced by the 
element area A or length /, respectively, if the remaining dimensions are 
incorporated in the constitutive matrix E. 


The extended free formulation (EFF) presented in [24] removes the restriction n, =n of 
Step H.l(b) in Box 3 three methods: (1) injection of higher order divergence-free stress fields, 
(2) freedom augmentation with elimination by static consideration, or (3) freedom augmenta- 
tion with elimination by kinematic constraints. The last method, which is the one used for the 
present element, is outlined in Box 4. 

Element geometry 

The geometry of an individual triangle is illustrated in Figs. I and 2. The triangle ha„ 
straight sides. Its geometry is completely defined by the location of its three comers, which are 
labeled 1, 2, 3, traversed counterclockwise. The element is referred to a local Cartesian 
system {x, y ). The Cartesian distances from the nodes to the triangle centroid x ^ 

+ *3). = j(yi +y 2 +>'3) are denoted by x i0 =*,. -x 0 and y i0 = y, -y 0 . It follows that 

' c io + *2o+*3o = °> yin +>’20 +^30 = 0- 


( 1 ) 
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Box 3 — Construction of A^ h by FF 


Step H.L Assume an internal displacement field over the element volume V: 

u = N u q = N t q t + N c q c + N h q h , (B.7) 

rig ti body constant-strain higher order 

where array N u collects shape functions and q collects generalized coordinates. 
This assumption mut t satisfy the following conditions: 

(a) linear independence with respect to v, 

(b) the dimensions n, t and n r of vectors q and v, respectively, are the same; 

(c) the rigid motions and constant-strain fields are complete; 

(d) the higher-order displacements are energy orthogonal with respect to the 
constant-strain displacements. (Although this requirement was not mandatory 
in the original FF, it is an essential part of the variationally formulated FF.) 
Often (B.7) is written so that the rigid-body and constant-straint shape 

functions are combined: 


« = Wrc<7rc + ' V h<7h- 

Step H.2. The internal strain field derived from u is e u =Du, where D is the 
strain-displacement operator. Decompose this field as 

e u = DN u q = < + e‘‘ = B c q c + B h q h , (B.9) 


since the strains associated with rigid body motions, B r q r , must vanish. 

Step H.3. By collocation at the node points assemble the square nonsingular 
transformation 


v = Gq = G,q, + G c q c + G h g h , 


which inverted gives 


l*'\ 

Hr 

•Q 

II 

n 

II 

s? 

11 

H c 




(B.10) 


(B.ll) 


Step HA. The higher-order stiffness matrix is given by 

X h = (l-r)«X tf h. where K qh = / v <£fl h dV. (B.12) 

K qh is the generalized stiffness in terms of the q h coordinates, and (1 -y) is a 
scaling parameter (see Box 1). 


Node coordinate differences are abbreviated by writing x i} — x { —x Jy etc. The signed triangle 
area A is given by the formulas 

2/1 = *21 y 31 ~ c 31 y 21 — *32 yi2 “**12^32 = * 13^23 “ *23^13’ 

and we require that A > 0. We shall also make use of dimensionless triangular area 
coordinates £ 2 , linked by the constraint 

£.+f2 + f3- '■ 


(3) 



fC Alvin et el. / Membrane elements with comer drilling freedoms / 


169 


Box 4 Construction of /f h by EFF with freedom augmentation 


Step E.l. The internal displacement expansion is written as in (B.7) or (B.8) but 
now n q > n v is allowed. The general prescription is to augment vector v with 
n q - n L . degrees of freedom collected in subvector v x . These additional degrees of 
freedom must be chosed so as the produce an invertible square transformation 
matrix with the following hierarchical structure: 



(B.13) 


Step E.2. Solving (B.13) for q one obtains an inverse relation of the form 


<7 “ 



H c 



(B.14) 


Step E.s. Eliminate v x through a kinematic constraint, say 


v x = Tv. 

Then 



Hr 


H r 

Q = 

H c 

V = 

H c 


H*+HJ 


H h 


(B.15) 


(B.16) 


Having available, proceed as in step H.4 of Box 3. Many variations and 
shortcuts are possible. For example, H h can be often expressed as the product of k 
transformation matrices: 


• H^ k , (B.17) 

some of which can be directly constructed whereas other result from solving 
simpler inverse subproblems. If all matrices in (B.17) can be determined in closed 
form the numerical inversion of G is avoided. This is the approach followed in the 
element constructed here. 


The following well known relation between the area and Cartesian coordinates of a straight- 
sided triangle is noted for further use: 


£ 2a x kyj + ( x x o)yjk + {y ~yo) x ki\ (4) 

where i, j and k denote positive cyclic permutations of 1, 2 and 3; for example, i = 2 j = 3 
k " 1- (If the ori 8' n is taken at the centroid, x 0 =y 0 = 0.) It follows that 


2A 

af, 


df 2 

2A ~d~ yn ' 

2A i' y - 


3^3 

“it-’*- 

2 A *l- Xn . 

3 y 


( 5 ) 
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Fig. 2. Intrinsic triangle dimensions and median/norrnai-to-median coordinate systems 
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Other intrinsic dimensions of use in subsequent derivation are 


hj hi ~yij » a ij a ji 2 )l x ko + y\ o » 

*-*(£- ft). 


b u = 2 A /a tj , 

^3 = 4(^3 ~ ^13)> 


( 6 ) 


in which j and A: denote the positive cyclic permutations of for example / = 2, ; = 3, k = 1. 
The are the lengths of the triangle medians (see Fig. 2). 

In addition to the corner nodes 1, 2 and 3 we shall also use the element midpoints 4, 5 and 
6 for intermediate derivations although these nodes will not appear in the final equations. 
These are located opposite corners 3, 1 and 2, respectively. As shown in Figs. 1 and 2, two 
intrinsic coordinate systems are used on each side: 


n 21> J 21» n 32’ ■ S 32’ n 13 > ^13’ (7) 

m 2I , / 2 1> m 32> hi' m 13> 1 13- (8) 

Here n and s are oriented along the external normal-to-side and side directions, respectively, 
whereas m and t are oriented along the triangle median and normal-to-median directions, 
respectively. Note that the two coordinate sets (7) and (8) coincide only for equilateral 
triangles. The origin of these systems is left “floating” and may be adjusted as appropriate. If 
the origin is placed at the midpoints, subscripts 4, 5 and 6 may be used instead of 21, 32 and 
13, respectively, as illustrated in Fig. 2. 

The visible degrees of freedom of the element collected in vector v are 

vJ =[ V xi V yl e \ V xl v y2 e 2 U x3 V y 3 e 2 \. ( 9 ) 

Here u xi and v yi denote the nodal values of the translational displacements u x and u along 
x and y, respectively, and 9 and the nodal values of the “drilling notations” about z defined 
by 


2 \ 3jc by / 


( 10 ) 


The basic stiffness 


The assumed constant stress field of Step B.l of Box 2 is 

a xx=Vxx' <r yy = a yy , r xy = r xy . (11) 

For Step B.2, the boundary displacements ( d n , d s ) along side j-k opposite comer / in the 
normal/ tangential side coordinate system (n jk , s jk ) may be expressed in terms of the visible 
node displacements as 


jd n \ 

K 

0 


'l> nk 

0 

“h'l'BIc 

\ds) 

1 ° 

K 

0 

0 

'I'sk 

0 


(12) 
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with the shape functions 

2 + 0. 

♦„*-i(l+f) 2 (2-f). 

♦.>- 3 ( 1 - 0 . 


♦*-i/(i-0 2 (i-0. 
♦• 4 - -i/(i+0 2 (i-f). 
♦.*-3(1+0- 


( 13 ) 


Here £ is the isoparametric side coordinate g = (2s/l) - 1, which varies from - 1 at node j 
(s = 0) to + 1 at node k (s /); 5 being the side distance from node j and / = l jk the triangle 
side length. A scaling factor a h has been introduced on the shape functions that relate 
boundary normal displacements to the comer rotations. The significance of this factor is 
discussed by Bergan and Felippa [1]. (In that work this parameter is called a. The subscript b 
is used here to distinguish this parameter from a similar one that appears in the derivation of 
the higher-order stiffness.) 

The surface tractions along a side of the element are 


ar„ = 



COS 2 (0 

— sin co cos 0 ) 


sin 2 to 
sin a) cos a> 


2 sin co cos to 
cos 2 co — sin 2 a) 



(14) 


in which co = w jk is the angle of the external normal with x. In [1] it is shown that on carrying 
out the boundary integrals of eqn. (B.4) of Box 2 one obtains the force lumping matrix 


>23 

0 


*32 

0 

*32 


y 23 

6 a b>23( y 13 ~>2l) 

6 a b*32(*3l 

-*. 2 ) 

J«b( *31*13 “*I2*2|) 

>U 

0 


*13 

0 

*13 


*31 

^ af b> , 3l( V 21 ^^32) 

b a b*13(*12 

— * 23 ) 

T^b( *12*21 "* 23 ^ 32 ) 

> 12 

0 


*21 

0 

*21 


y 12 

i«b>12( V 32 ->13) 

h a b*2l( *23 

*31 ) 

I a b( x 23> ? 32 ^31 y 13 ) 


If a h = 0, the force lumping matrix of the constant strain triangle (CST) results, in which case 
all nodal forces are associated with translations only. Once L is available, it is a simple matter 
to form the basic stiffness K b according to the prescription (6), which for a two-dimensional 
element becomes 


K b = ^-L(hE)/J, (16) 

where h is the mean thickness of the element and E the plane stress constitutive matrix 
arranged as a symmetric 3 x 3 matrix in the usual manner 


£ = 


£.i 

£2, 

^,3 



(17) 


Often the thickness-integrated constitutive matrix D m = hE is specified instead of E. This is 
particularly useful for nonhomogeneous plates where E varies through the thickness. 
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The higher-order stiffness 

The internal displacement field 

The construction of the EFF higher-order stiffness requires a considerable amount of 
analytical derivations, the details of which are given in the Appendix. In the present Section 
only the key results are reported. One starts by expressing the internal displacement field u of 
Boxes 3 and 4 as 

02 

I \ _ Qx\ Qx2 Qx3 Qx4 QxS Qxb , 03 

\ W y/ ^yl *?y2 *?y3 *?y4 Qy$ Qyb (f)^ ’ ( ^) 

05 

,06j 

where the q y s are generalized coordinates, and 

01 ~ £ I > 02 = (if 

04 * tf . ~ Cl) 2 = til , 05 = (S 2 ~ Zrf = 

This expansion befits the form (B.7), with 

Qx2 9x 3 9 y I Qyi 9y 3 ], (20) 

4 9x5 9x6 9y4 9y 5 9y 6 ]- (21) 

Note that rigid-body and constant-strain terms coalesce into one set of linear shape functions. 
It is shown in the Appendix subsection “Generalized interpolation” that the six basis 
functions (19) enjoy the following properties: 

(1) They span a complete quadratic basis. 

(2) The higher-order base functions 0 4 , (f> 5 and <£ 6 are energy-orthogonal to the basic 
functions 0,, <f> 2 and <f> y 

Gradients and strains 


03 “f 3 . 

06 = (£ 3 -f,) 2 -f3 2 .- 
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where use of (1) has been made in the derivation of the last six entries in the rightmost vector. 
The displacement-derived element strains may be conveniently split as 

s,x] f 3 “</ 3 * ] 

'-ry =| 3 V 9 y \=e“+el = B rc q rc + B h q h , (23) 

Jxyj \du x /dy +du y /dx) 

where <r“ and < are associated with constant-strain and higher-order terms, respectively, as 
discussed in Box 3. The strain -displacement matrices are 

>23 y - a y m 0 0 0 


and 


where 


B,c 2 A 


0 


L 32 




3 

B,~- 


£21 
0 

2=1 0 
0 
0 


0 


£21 >"30 
0 

^ 12^30 

yjo 

o 

-x 


0 

I *21 

■ ^2 y io 

o 

> 23*10 


A 32 

y 23 

£^20 

0 

£ 31*20 


* 13 

y 3 . 


L 21 
^ 12 


0 

£|2*30 

£ 2^30 


0 

! !>23 X W 

tny 10 


0 

£31-* 20 
£^20 




(24) 


(25) 


30 

0 

£32 

0 

0 

0 

0 


y 10 

0 

-x 


10 


y 2 

0 

—X 


0 

0 

6 13 
0 
0 
0 


0 

0 

0 

£2, 

0 

0 


20 

0 

0 

0 

0 

£32 

0 


0 

“*30 

yso 
0 ' 
0 
0 
0 
0 

£.3 


0 

"*10 

yio 


0 

—x 

V 


20 


/20 


(26) 


The generalized higher-order stiffness matrix 

The higher-order stiffness matrix in terms of q h is given by the second of (B.12) in Box 3, 
which for a plate of thickness h becomes 


K qh = / Bl(hE)B k d A. 


For constant hE we can express (27) in closed form as 


K ^= AB l hE B h * J 

6x6 6X6 3x3 3x6 


(27) 


(28) 


where the asterisk denotes cntry-by-entry matrix product , and J is a purely numeric matrix. 

f£ 2 .l 

£32 


1 


'-if 


£13 

£21 

£32 

U.3 I 


/[f.M ^32 ^13 ^21 ^32 ^13 ] ^ 
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2 

-1 

-1 

2 

-1 

-1 

-1 

2 

-1 

-1 

2 

-1 

-1 

-1 

2 

-1 

-1 

2 

2 

-1 

-1 

2 

-1 

-1 

-1 

2 

-1 

-1 

2 

-1 

-1 

-1 

2 

-1 

-1 

2 


The explicit expression for the upper triangle entries of lif qh is as follows: 

^qh[l*l] = ^ 1 1 y 30 “ 2^13^30^30 + ^33 X 3o)» 

^qh[l*2] = k(( £ 13*10 ~ £n -Vio) ^30 ( ^13^10 ” £33*lo)*3o)’ 

^qht^’2] = &(( £t3*20 * ^11^20) y 30 ( ^13^20 ““ £ 33 * 20 ) * 30 ) * 

^qh[l* 4 ] — 2 &(£ l3 y 30 — ( £33 4 - £12) *30^30 £23*30)’ 

£qht 1 >5] — k (( E\2 x \q ~ E 13 y \o)y 10 + ( ^33^10 “ £23*10 )* 30 )’ 

£qh[l’ 6 ] = M( £l 2*20 ~ ^ 13 ^ 2 o) y 30 + ( £33^20 ““ £23*20 ) *30 ) ’ 

^qh[2i2] = 2 £( £\i y Jo — 2£ 13 .r l0 y l0 + £ 33 *^ 0 )* 

^qh [ 2 - 3 ] = £(( £13*10 "" £11^10)^20 + ( £* 13 ^ 10 “ £33*10) *20 )’ 

£qh[ 2 > 4 ] = A:(( £33*10 — £ 1 3 -V 10) ^30 4 - ( £12^10 '”£ 23 *lo)* 3 o)’ 

£qh[ 23 ] — 2 /c(£ 13 yf 0 — ( £33 + £’ 12 )x l0 y 10 4 - £33*10)’ 

£qh[2»6] — &(( £33*10 £13^10) y 20 4 " ( £12^10 £ 23 *lo)* 2 o)’ 

£qh[ 23 ] = 2 A: ( ,£ , j y 2 0 — 2 £ 1 3 * 2 o.y 20 ^ £33*20)’ 

£qh[ 2 » 4 ] =* &(( £33^20 ~ £13^20) y 30 4 * ( £12^20 “ £23-^20)^30)' 

^qh[2>5] — ^(( £l 2-^10 — £[3 -V 10 ) ^ 20 4* ( £33 y to — £ 23 * 10 ) X 20 ) ’ 

£qh[ 2 > 6 ] = 2 A:(£’, 3 y; 0 — ( £*33 4 - £12) *20^20 £23*20)’ 

£qh[ 4 » 4 ] = 2 A:(£ 33 y 5 0 — 2 £ 23 Ar 30 y 30 4 - £32*30)’ 

£qh[ 4 ' 5 ] * /c(( £33* 10 — £33^ 10) ^30 + ( £23^10 “ £22^10)^30)' 

£qh[ 4 » 6 ] = fc(( £23*20 ~ £33^20) 3^30 + ( £23^20 “ £22 *20) *30 )» 

£qh[^>^] = 2 ^(£ 33 y To “ 2 £ 2 3 *to>'lO + £22*^0)’ 

£qh[^'^] = ^(( £ 23*10 “ £33^ 10)^20 + ( £ 23^10 “ £22*10) *2o)’ 

£qh[ 6 ' 6 ] — 2 /c( £ 33 y 20 ~ 2 £33 *20 y 20 4 " £22*20 )> 

where * = 3/(2 A 2 ). Having formed K qh , the first of (B.12) in Box 3 says that the higher-order 
stiffness is K h = (1 - y)H^K qh H h . Thus the 6x9 matrix H h , which relates q h = H h v, 
remains to be determined. 

Building H h 

We will build H h as the product of five transformation matrices: 

" h = H qm H ms H sr H r „ H 9v 

6x9 6X6 6X6 6X6 6X3 3X9 


( 30 ) 
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These five matrices link the following vectors: 

?h = H qm m, m = H ms s ’ s = H ms r, r = H r$ 6 , 0 = H 9l v. 
Vectors q h and v are given b\ (21) and (7), respectively. The others are 


e = (0, [. 


Here m, s and r collect x-y and m-t midpoint degrees of freedom, respectively, of the 
hierarchical LST element discussed in the first two Appendix subsections (recall that m and t 
denote median and normal-to-median directions). Vector 0 collects the hierachical corner 
rotations 9 i defined in the Appendix subsection “Hierarchical drilling freedoms '. We list 
below the expression of the matrices in (30), referring all derivations to the Appendix. 


LJ _ i 
11 qm 9 




10 

2 

2 

0 

0 

O' 



2 - 

10 

2 

0 

0 

0 



2 

2 

-10 

0 

0 

0 



0 

0 

0 

-10 

2 

2 

1 


0 

0 

0 

2 - 

10 

'2 
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0 

0 

2 

2 

-10, 



X 3o/ a K 


0 

0 

- 

y v)/ a \i 

0 

0 

0 

X 

w/ a 23 

0 


0 

— y|o/ fl 23 

0 

0 


0 

*2o/ a 31 


0 

0 

-yio/ay 

y 3 o/ fl i: 


0 

0 

X 

3o/ a 12 

0 

0 

0 

yw/ a 23 

0 


0 

X K)/ a 23 

0 

0 


0 

y-. o/ fl 3 i 


0 

0 

•*2<)/ a 3l 
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0 

0 

0 

0 


0 

1 

0 

0 

0 

0 


0 

0 

1 

0 

0 

0 

H sr = 

s 3 /a 

a \2 a 23/ A 

~ a \2 a 3\/A 

3 a 12 

3 a l2 



~ a zs a n/ A 

S\/A 

“23 a 3l/ A 

" I fl 23 

2 a 23 

i a 23 


_ a 3l a l l/ A 

-a 3l a n /A 

s 2 /a 

1*31 

— 3 a 31 

I«3I 


H re = 


~Aa h /4a 1; Aa h /4a u 0 

0 -Aa h /4a 23 AaJ4a T3 

Aa h /4a 3 , 0 -AaJ4a 3i 

1 0 0 

0 1 0 

0 0 1 
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Here the a’ s and S' s are defined in (6), and a h is a scalar parameter introduced in the 
Appendix subsection “Elimination of hierarchical mean displacements by collocation”. Fi- 
nally, 


1 

*32 


4A 

*13 

y is 

0 

*21 

y 2 i 

o ' 


h 9l = — 

91 4A 

*32 

y 3 z 

0 

*13 

y 13 

4/4 

*21 

y 2 i 

0 

(37) 

_*32 

y 32 

0 

*13 

y i3 

0 

*21 

y 2 1 

4/4 



Closed-form evaluation 

Multiplying symbolically the middle three matrices in (30) a surprisingly simple closed-form 
expression emerges for H me = H ms H sr H rd . If we choose a h = 5/4, which as shown in Part III 
is optimal for pure bending, then 


( ^3 + \ a \2 )V30 + ^30 

f fl ?2 
y io 



(S 2 + j^3l)y20 ~ ^20 

f a 31 

( 5 3 - 5 a T2 ) x 3o + dy 30 
J a \2 


*!0 

( “ $2 ~ ' a 3 I ) x 20 “ 20 

J a 31 


(5 3 + 5«f2)y30 ~ '4* 30 

2 _2 
5^12 

( + i a b)yio + ^io 

•) *» 
f a b 

y 2 o 

( ^3 i a f2) J: 30 + ^30 

2 T 

i a h 

(5 t - ^ 23)^10 + ^10 

t a 23 

~*20 


y 3 o 

(5l + 1^23 )y 10 ~ Ax l0 

2 

f a 23 

(5 2 — )y: 0 “ -^zo 

“*30 

( “ J a b) x \o ~ \o 

i a h 

(*^2 “ s a 3i ) *20 + 4y :o 

t fl 3l 

(38) 


with directly computable, the fastest evaluation of K h is obtained as follows. First 
form H q9 = H qm H m9 , which can be done quickly because (33) is a block-diagonal numeric 
matrix. Next, obtain the higher-order stiffness in terms of hierarchical rotations: 


K 9 ^Hj 9 K qh H q9 . 

3x 3 3xft 6x6 6x3 

Finally, K h is obtained as 


(39) 


*h =(1 -y)Hg v K eh H 9v . (40) 

9x9 9x3 3x3 3x9 

The congruentiai transformation (40) can be speeded up because of the special nature of H dv , 
cf. (37), and the bulk of the numerical work is actually spent in (39). 


Generic stiffness template and the individual element test 


The expression (40) has significance that transcends this particular element. It is a generic 
expression for the higher-order stiffness of any satisfactory membrane triangle with this 
freedom configuration. The transformation matrix H 9y is always given by (37). Only the 
kernel K eh , which is a higher-order stiffness in terms of the hierarchical corner rotations § t , 
changes from element to element. Because this is a 3 X 3 symmetric matrix, it follows that the 
higher-order stiffness of all elements of this type form a six-parameter family. 
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Using the expression (16) for /K b , it follows that the generic template for the total stiffness 
is 

K = K b + Ky, = -- L(<x b )(hE)L(a b ) J + (1 - y)HlK 9h H 9y , (41) 

Si 

with each component contributing three to the rank of K, and where the dependence of the 
force-lumping matrix L on a b has been emphasized. It is easy to show that any element that 
befits this template passes the individual element test (IET) of Bergan and Nyg&rd, and 
consequently no numerical verification to that effect is necessary. In this regard it is 
interesting that the 1988 Allman triangle befits (41), and consequently must pass the IET; 
further details are given in the last Appendix subsection. 


Concluding remarks 

We have presented the derivation of a plane-stress triangle with drilling freedoms using the 
extended free formulation (EFF). The main advantage over the FF triangle derived in [1] is 
that an explicit form is obtained for the higher-order stiffness. This simplifies the symbolic 
determination of optimal parameters by energy balance, as investigated in Part III. In 
addition the explicit derivation reveals a generic template form that all elements of this type 
must fit. Other element implementation details, such as consistent node force calculations, as 
well as performance of the EFF element with respect to other 9-dof triangles, are discussed in 
Part III. 
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Appendix — Auxiliary derivations 

The LST interpolation 

Let w = w(£ { , f 2 , f,) denote any quantity being quadratically interpolated over the six-node 
linear strain triangle (LST), for example the displacement components. The node values of w 
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are w i9 i = 1, The hierarchical LST interpolation is [29] 




' fi ' 

*2 



<Pz 

» =* T < 

£3 
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*t\iz 
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<9* J 


t 4 «,j 


(A.l) 


where the hierarchical nodal values >v 4 , w$ and iv 6 are defined as the midpoint deviations 
from linearity: 

w 4 = ?( + w-,) + >v 4 , w 5 = ?( w 2 ^ tv 3 ) + *v 5 , w 6 = y( vv 3 + w,) + vv 6 . 

( A.2) 


If one sets w 4 = vv 5 = vv 6 = 0, (A.l) collapses to the linear interpolation of the three-node 
constant-strain triangle (CST), a property characteristics of hierarchical elements. 

Two types of shape functions appear in (A.l). Following the free-formulation (FF) 
terminology, the three linear shape functions associated with the comer nodes, namely 
ip x =( l , <p- 1 = £ 2 , and tp 3 = £-„ are called basic shape functions, because they provide the 
rigid-body and constant-strain motions when w is identified with the displacement compo- 
nents u x and u y. The three quadratic shape functions associated with the midpoint nodes, 
namely <p 4 = 4f,£ 2 , <p 5 = 4£ 2 £, and <p h = 4( } £ { , are called higher-order shape functions. The 
higher-order functions are not energy-orthogonal to the lower-order ones according to the 
definitions given below. As we shall see, (A.l) is not suitable as a departure point for the 
internal displacement expansion of an EFF element, but it is useful as an intermediate step. 


Generalized interpolation 


A generalization of the quadratic interpolation (A.l) is 


w = E £.- £i) =* [< 7 t Qz <h <h Qs 4 ft] 
/« 1 
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( A.3) 


in which the coefficients q, are not necessarily node values but may be interpreted as 
generalized coordinates. The <b, are called generalized shape functions. These functions no 
longer enjoy the nodal interpolation properties of the ordinary shape functions c 

To construct EFF elements we shall keep the same three basic shape functions in (A.2): 

4 >, =<?,=£,, ( 6 2 = o > 2 = £ 2 , 4>j=<Pz = (i. ( A - 4 ) 

As for the higher-order shape functions, the most general choice may be written 


4>4 — M l( £\ "h £l) 'h d’lCi 4” pA ^2^3 4 " £z£\ ) ’ 

4> 5 = mi(^2 + £l ) + ^z£\ + Az£z£z + a A £i(\ + 

<t> 6 = A\{£z +■ £\ ) • dz£i a A £ \&2 ■*" £z£z) > 


( A.5) 
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where /x 2 , /lx 3 and /x 4 are numerical coefficients, at least one of which must be nonzero. 
Because the functions may be scaled by an arbitrary nonzero common factor, only three 
coefficients are in fact independent. The grouping of the terms in (A.5) is dictated by 
triangular symmetries. In subsequent developments we shall restrict the choice to energy-or- 
thogonal functions defined below. The general case is briefly commented upon later. 

Energy-orthogonal shape functions 


A higher-order shape function <A ; ( j = 4, 5, 6) is said to be energy-orthogonal with respect 
to the basic shape functions f>, O' = 1, 2, 3) if the area integral of any product of their 
triangle -coordinate derivatives is zero. (This definition applies strictly to the case in which the 
thickness and material properties are constant over the element. But these conditions hold in 
the limit of infinitesimally small elements, which is the same limit of interest for the patch 
test.) This condition can be expressed as 

/ T7~ 7T dA = 1, m, n = 1, 2, 3, y = 4,5,6. (A.6) 

j a °i, m 


But since all derivatives of <£, are constant, (A.6) is equivalent to 



(A. 7) 


which expresses the fact that the element mean value of the first derivatives of an energy-or- 
thogonal shape function must vanish. 

Applying this condition to (A.5) we find that the higher-order shape functions are 
energy-orthogonal if 


2/x, +/x 3 + ju 4 = 0, /x 2 + jx 4 = 0. (A.8) 

Given fi, and /x 2 , which may not be simultaneously zero, these relations determine /x 3 and 
H 4 . Because (as noted above) only three coefficients in (A.5) are actually independent, it 
follows that the energy-orthogonal subclass forms a one-parameter family. Note that the 
choice (A.l) in which /x 3 = 4, others zero, violates the orthogonality condition (A.8). 

Two physically transparent sets of shape functions supplied by these relations are 
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(A. 10) 


which correspond to taking /x, = 1, /x 2 = 0, and /x, = -2/9, /x, = 8/9, respectively. The first 
set vanishes on the triangle medians, whereas the second set vanishes on lines parallel to sides 
passing through the centroid. Any linear combination of these functions, such as 


*^4— C i(^3 .1) +c :(^i _ 42) - 


(A. 11) 
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is also energy-orthogonal. Moreover, the sets (A.9) and (A. 10) are not independent because 
they can be linked through the linear transformations 


where 
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(A. 13) 


is an orthogonal matrix. Thus we confirm that all energy-orthogonal sets can be related by a 
linear transformation, and all of them would produce the same higher-order stiffness. 
Consequently the choice of basis for the higher-order functions is merely a matter of 
convenience. For the element derived here we select (A.9) as this choice leads to a fairly 
simple generalized higher-order stiffness matrix K qh , derived in “The basic stiffness” section. 
Thus the generalized interpolation formula (A.3) becomes 
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(A. 14) 


Freedom transformation 

We need to establish the r ransformations q - T qw w , w = Tfjq that connect nodal values to 
generalized coordinates. Formulas (A.l) and (A.9) are related by equating their left-hand 
sides because they both correspond to complete quadratic expansions referred to linearly 
independent bases: 

w = w T <p = q J <f> = * J T qw <f). (A. 15) 

Thus ip = Evaluating this relation at the six nodes yields 
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(A. 16) 
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Solving we get 
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Setting w to u x and u y in turn we can write 


qw 
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qw 



(A. 17) 


(A. 18) 


From this 12 x 12 transformation we extract the 6 x 6 matrix H qm given in (33). 
Hierarchical drilling freedoms 


We now study the “migration” of freedoms of the hierarchical LST into drilling and 
eliminabie freedoms. The continuum-mechanics rotation about the z-axis, positive counter- 
clockwise, is defined by formula (10). For the hierarchical LST element we set w to u and u 
in turn and evaluate 9 making use of (22) to get * y 
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(A. 19) 


Note that 0 varies linearly over the element. It follows that only three independent drilling 
freedoms may be defined, and the obvious locations are the comer points. Any additional 
drilling freedom (chosen, for example, at the centroid) would not be linearly independent. 
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The three corner drilling rotations 0,, d 2 and 0 3 at the corners are related to the other 
freedoms by replacing the comer triangular coordinates in (26): 

(**l\ 

U x2 

U xl 



i-- 

f 4 A 

*23 

*11 

*12 

V23 

*31 

y 1 2 

4 *ll 

0 

4*12 

4y 3 . 

0 

4y J2 " 

h 

*23 


* 12 

V23 

^31 

y 1 2 

4* 23 

4*12 

0 

4y a 

4y 12 

0 

UJ 

/u 

*11 

*12 

^23 

y.u 

y 12 

0 

4x 31 

4 *u 

0 

4y 3I 

4y 2 3 


U y5 

(A. 20) 

Subsequent manipulations are facilitated by defining the hierarchical rotations 0, = 0, - 0 O , 
i = 1, 2, 3, where 0 O is the CST rotation, that is, the mean rotation obtained if one sets 

“,4 = “,5= •• =«v6 = 0: 

1 

0O = TT(^23 «xl +*n U x2+ X l2 U x3 + y23 U yl + y31«y2 + Y \2 U yl) ■ ( A - 21 ) 


Then (A.20) simplifies to a matrix relation that involves only the hierarchical midpoint 
displacements: 
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( A.22) 


For reasons explained in the following subsection, we shall link 8 to vector s defined in (32) 
as 8 = Matrix H mi , which is displayed in (34), can be constructed by inspection of 

Fig. 2. Carrying out this multiplication and using the geometric definitions in (6) we obtain 
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C/zootf/ig eliminable freedoms 

The 12 “9 = 3 eliminable freedoms must be displacements because no more linearly 
independent drilling freedom choices remain. From symmetry and invariance considerations 
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four possible choices emerge: 

(i) The hierarchical midpoint freedoms directed along the side directions: u^, u i5 , u s6 . 

(ii) The hierarchical midpoint freedoms directed along the normal directions: u n4 , u n5 , u n6 . 

(iii) The hierarchical midpoint freedoms directed along the median directions: u u < u „ 

(iv) The hierarchical midpoint freedoms directed along the normal-to-the-median directions: 

4' ^r5’ ^ tb • 

Choices (i) and (iv) lead to transformation matrices that are singular for any triangle. Choice 
(ii) leads to a transformation matrix that is singular for right-angled triangles. That leaves 
choice (iii), which as shown below has a well conditioned inverse. The necessary relation 
relating 9 to s is available in (A.23). This is rendered square by augmenting it with the trivial 
relations u m , = u mi , i = 4, 5, 6: 



(A.24) 

or r =* H rs s in the notation of (31). The determinant of H rs is Thus H rs is 

nonsingular for any nondegenerate triangle. Symbolic inversion of this transformation pro- 
vides matrix H sr given in (35). 

Elimination of hierarchical median displacements by collocation 

We now proceed to eliminate u m4 , u m5 and u m6 through kinematic constraints. To Fix the 
ideas consider u m4 . From the boundary expansion (12) over side 1-2 we can obtain the 
normal displacement d n in terms of the freedoms on that side. The hierarchical value at 4 is 

d n* = ^/|4 — + d„i) 

= +l MO d n2 + a h('M£)01 +'Mf)02)h-O~ H d „\ +d n2 ) 

= 6 a h^\2(^2 ~ ®l) = H a h^ 12(^2 — ®l)‘ (A.25) 

Here parameter a b of (12) has been renamed a h to emphasize the fact that we can vary both 
of them independently for the basic and higher-order stiffness. Assuming the collocation 

cos (n l2 , m n ) =d n4 (b l2 /l l2 ), (A.26) 

where the b i} are defined in (6), we find 

“m4 = ia^.2(«2-®.)- , (A.27) 

Repeating this procedure for the other two sides and collecting into one matrix equation we 
get 



(A.28) 
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Augmenting this with the trivial equations 0 ( = 0 i (i = 1, 2, 3) as last three rows and replacing 
b {) - 2 A/a {j yields the transformation matrix H r6 listed in (36). An energy balance analysis 
presented in Part III shows that the best value for a h is 

a h = 5/4, (A. 29) 

a value that has been “hardwired” into (38). 

What happens for non-energy-</rthogonal functions ? 

The original FF does not depend on the energy-orthogonality concept although the 
variational justification of Refs. [21-24] does. To assess the effect of that condition on this 
element, symbolic experiments (with Macsyma) were conducted with elements derived with 
the general assumption (A.3) for the higher-order shape functions. The orthogonality condi- 
tion (A.8) was replaced by 

2^t , + + /x 4 = 5, , /x-, + /x 4 = 5 2 , (A.30) 

where 5, and <5, may be regarded as deviations from energy-orthogonality. 

The EFF higher-order stiffness depends on two parameters: y and a h , where y defines the 
scaling of K h as per eqn (B 12) of Box 3. These parameters are selected to match pure 
bending energies on regular mesh units, as described in Part III [16], When the energy-or- 
thogonal sets are selected, the matching can be made so that a set (y, a h ) works for all 
aspects ratios. With (A.30) it was found that such matching was possible only if 

(A.31) 

One choice that verifies this condition is 

U * ] [a, -<r 2 ) 2 +s 2 4>B' 

W> 5 = + ( a - 32 ) 

UJ l(£W.) 2 + M>B; 

in which </> B = fi£ 2 + f 2 £s + £ifi- This is not energy-orthogonal if 8 2 * 0. Closer examination, 
however, showed that the same higher-order stiffness matrix K h was produced for any value 
of 8 2 ; thus adding <£ B has no effect. 

Ariy deviation from the condition (A.31) made matching impossibel: only specific element 
aspect ratios could be energy balanced. Thus is appears that the main effect of departure 
from energy orthogonality is a degradation in element accuracy. Consequently the general 
assumption (A.3) was not pursued further. 

Allman triangles fit the generic template 

The rank-sufficient Allman triangle [7] was constructed with incompatible cubic shape 
functions. Numerically integrated versions of this element have been symbolically analyzed as 
prelude to the evaluation presented in Part III. Four triangle integration rules, labeled as 
follows, were considered: 
lc the 1-point centroidal integration rule; 

3m the 3-midpoint rule of quadratic accuracy; 

3i the 3-interior point rule, also of quadratic accuracy, with points at £, = 2/3, 1/6; 

7i the 7-interior point rule of cubic accuracy. 

The resultant (total) stiffness matrices will be denoted bv K Alc f K A2m y K A31 and K A1 , 
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respectively. All of them were found to fit the generic template (41) in the sense that 
tf A,c = tf b ( 4/3), 

tf A3m = K b (l) +^ m = tf b (l) +HlK%H 9l , 

K* 3i = K h ( 1) + K* = K b ( 1) + Hl.K^H 9l ., 

K M ' = K b ( 1) + K h 7i = K b ( 1) + HlKHH ev , ( A.33) 

where the argument of K b is the value of a b obtained by setting constant-stress states. The 
centroid-integrated stiffness K Alc is of course rank deficient by 3. The 3-point-integrated 
Allman elements are effectively linear-strain, quadratic-displacement triangles because such 
sampling “filters out” quadratic strain variations. The higher-order stiffness of these 3-point 
integrated elements does not fit into the present EFF family except for specific geometries. 
For example, for the equilateral triangle, K b m coincides with EFF’s K h if 1 - y = 1/4 and 
a h — (32 s V^82*)/24, whereas K b is obtained if l-y=l/36 with the same a u = (32 

± v^48 )/24. To achieve equivalence for more general geometries, however, it becomes 

necessary to generalize the present EFF formulation by allowing three a h coefficients, one 
per side, with a h , depending on the magnitude of the opposite angle. 

The main practical value of the decomposition (A.33) is that it shows that the numerically 
integrated Allman elements pass the patch test without any numerical experiments. The 
equivalent EFF elements, however, have parameter values that do not agree with the optimal 
ones determined in Part III. As a consequence, the performance of all Allman triangles 
deteriorates for high aspect ratios. 
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Abstract This is the second article in a three-part series on the construction of 3-node. 9-dof membrane 
elements with normal-to-its-piane rotational freedoms (the so-called drilling freedoms) using parametrized 
variational principles. In this part, one such element is derived within the context of the assumed natural 
deviatoric strain (ANDES) formulation. The higher-order strains are obtained by constructing three parailel- 
to-sides pure-bending modes from which natural strains are obtained at the corner points and interpolated 
over the element. To attain rank sufficiency, an additional higher-order “torsional” mode, corresponding to 
equal hierarchical rotations at each corner with ail other motions precluded, is incorporated. The resulting 
formulation has five free parameters. When these parameters' are optimized against pure bending by energy 
balance methods, the resulting element is found to coalesce with the optimal EFF element derived in Part I. 
Numerical integration as a strain filtering device is found to play a key role in this achievement. 


Introduction 


In the first part of this article series [ 1 ] T a 9-dof triangular membrane element with three 
comer drilling freedoms was constructed within the framework of the extended free formula- 
tion (EFF). In the present work, we undertake the derivation of an element with the same 
freedom configuration, using the assumed natural deviatoric strain (ANDES) formulation. 

ANDES represents a recent variant of the assumed natural strain (ANS) formulation. The 
latter is in turn a relatively new development. A restricted form of the assumed strain method, 
not involving natural strains, was introduced in 1969 by Wiliam [2]. He constructed a 4-node 
plane stress element by assuming a constant shear strain independent of the direct strains, 
and using a strain-displacement mixed variational principle; the resulting element is identical 
to that derivable by selective one-point integration. A different approach advocated by 
Ashwell and coworkers [3] viewed “strain elements” as a way to obtain appropriate displace- 
ment fields by integration of assumed compatible strain fields. (In fact, this was the same 
technique used by Turner et. al. [4] for deriving the constant-strain membrane triangle in their 
celebrated 1956 paper.) 

These and other forms of assumed strain techniques were overshadowed in the 1970s by 
developments in reduced and selective integration methods for displacement models. The 
assumed strain approach in natural coordinates, inaugurated in a pioneer paper by MacNeal 
[5], has attracted increased attention since 1980. Among the main contributors we may cite 
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Bathe and Dvorkin [6], Crisfield [7], Park and Stanley [8,9], Simo and Hughes [10], Huang and 
Hinton [11], and Jang and Pinsky [12]. The name “assumed natural strain” and the acronym 
ANS are due to Park and Stanley [8]. 

ANS applications have been focused on plates and shell elements because of the effective- 
ness of this formulation in producing elements with low distortion sensitivity, balanced 
stress/ displacement accuracy, and which are easily extendible to geometrically nonlinear 
analysis. These advantages are somewhat counterbalanced by the fact that a-priori satisfaction 
of the patch test is not guaranteed, even for flat elements, and a-posteriori verifications to 
that effect are required. 

The basic steps of the ANS formulation are summarized in Box 1. The narrative assumes 
that the element to be constructed has nodal displacement degrees of freedom collected in 
vector v (these are those nodal variables common with other elements, also called the visible 
degrees of freedom, or connectors ), elastic modulus matrix E , and volume V. A generally 
incompatible strain field (that is, one not necessarily derivable from displacements), is built in 
natural coordinates, transformed into Cartesian coordinates where it is expressed as e = Bo, 
and used to compute the stiffness matrix K by the standard formula [ l/ B T EB dV. From the 
standpoint of connected elements, an ANS element looks exactly like a displacement model 
and can be easily implemented in a standard finite element code. Extensions to geometrically 
and materially nonlinear analysis are equally straightforward. 

ANDES is a variant of ANS that exploits the fundamental decomposition of the stiffness 
equations described in Box 1 of Part I [1]: 

Kv = (K b + aK h )v ~ p, (1) 

where a > 0 is a scaling coefficient. Assumptions are made only on the “deviatoric” portion 
e d of the element strains, namely the portion that integrates to zero over the element volume: 
j v e d dV = 0. Thus instead of e = Bv we eventually get, by the procedure outlined in Box 2, 
e d = B d v, and 

K b = a( B]EB d dV. (2) 

•V 

The basic stiffness matrix K b is constructed by the same procedure described in Box 2 of Part 
I. The mean portion of the strains, namely e , is left to be determined variationally from the 
constant stress assumptions used to develop K b , and has no effect on the stiffness equations. 

The main advantages of ANDES over ANS is that elements constructed with the former 
technique are guaranteed to pass the individual element test of Bergan and Hanssen [13] (a 
strong form of the patch test that demands pairwise cancellation of surface tractions among 
adjacent elements in a constant-stress state). There are cases when an ANS element and the 
corresponding ANDES element with a = 1 coalesce. The ANDES formulation retains an 
edge, however, in that the scaling coefficient remains available to improve the element 
performance. Furthermore, the availability of K b helps in the construction of element level 
error estimators [14] for r and h mesh adaptation. 

The variational justification of the ANDES formulation was developed by Felippa and 
Militello [15,16], to which the reader is referred for details. This justification built on previous 
work [17,18] on the variational foundations of the ANS formulation. The first ANDES 
elements constructed using this theory were 9-dof Kirchhoff plate bending triangles presented 
in [19]. The technique has also been used to formulate C° plate bending elements [14], 

The present paper describes the first application of ANDES to membrane elements with 
drilling degrees of freedom. The main objective is to illustrate another application of this 
relatively new technique and assess its advantages and shortcomings when compared to FF 
and EFF. 
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Box 1 — Construction of K by the ANS formulation 

Step S.J. Select locations in the element where “natural straingage” locations are 
to be chosen. For many ANS elements these gages are placed on reference lines (in 
2-D elements) or reference planes (in 3-D elements), but this is not a general rule. 
By appropriate interpolation express the element natural strains e in terms of the 
“straingage readings” g at those locations: 

(B.1) 

where c is a strain field in natural coordinates that must include all constant strain 
states. (For structural elements the term “strain” is to be interpreted in a 
generalized sense.) 

Step S.2. Relate the Cartesian strains e to the natural strains: 
e = Tc = TA e g = Ag (g 2 ) 

at each point in the element. (If e = e, if it is possible to work throughout in 
natural coordinates, this step is skipped.) The resulting Cartesian strain interpola- 
tion is 

e = TA ( g=Ag. (B3) 

If T is constant over the element, as in the case of the triangle studied here, the 
step during which interpolation is effected becomes irrelevant. 

Step S.3. Relate the natural straingage readings g to the visible degrees of 
freedom 

g = Qv, (B.4) 

where Q is a straingage-to-node displacement transformation matrix. Techniques 
for doing this vary from element to element and it is difficult to state rules that 
apply to every situation. Often the problem is amenable to breakdown into 
subproblems; for example 

S = Q\V\ +QzV2+ •• , (B.5) 

where v u v z , ... are conveniently selected subsets of v. Some of these 
components may be derivable from displacements while others are not. 

Step S.4. For a three-dimensional element of volume V and elastic modulus matrix 
E, the element stiffness matrix is given by 

K = Q t K 3 Q, with K 3 = f A r EA dV. 

Jy 

Should B = AQ be readily available one may use the standard formula 

K = f 8 t EB dV. 

•V 


(B.7) 
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Box 1 (continued) 

In general this stiffness matrix does not necessarily pass the individual element test 
of Bergan and Hanssen [13) (a strong form of the patch test that demands pairwise 
cancellation of node forces between adjacent elements in constant stress states). 
For this to happen, K must admit the decomposition 

K = K b + K il = v-'LEL r + JC h , (B.8) 

where v — j v dV is the element volume measure, L is a force-lumping matrix 
derivable as discussed in Box 1 of Part l and K h is orthogonal to the rigid-body 
and constant-strain test motions. In other words, the ANS element must coalesce 
with the ANDES formulation with a = I. The equivalence may be checked by 
requiring that 

B =AQ = u~ l L T , (B.9) 

where A denotes the mean part of A (cf. Box 2). As of this writing, no general 
techniques for explicit construction of ANS fields that satisfy these conditions a 
priori are known. 

If the path test is not satisfied, one should switch to the ANDES formulation by 
replacing the basic stiffness constructed from constant-strain, namely vB J EB , with 
one constructed from constant-stress assumptions. 


The triangular element 

The geometry and degree-of-freedom configuration of the triangular element is identical to 
that developed in Part I, to which the reader is referred for notation, geometric and 
behavioral relationships. 


Extracting the higher-order behavior 

From the EFF development in the Appendix of Part I we learned that the most effective 
way to exhibit the higher order element behavior is to extract the hierarchical corner rotations 
6 I from the total corner rotations 

0, = 0,-0n, ( 3 > 

where i = 1, 2, 3 is the corner index and 0 () is the rotation of the constant-strain triangle 
(CST): 

1 


0 „ = 


4/4 


U^’xl + ^ H i ',2 + X i2 V x3 + y23 i 'y\ + ^ 31^2 + • 


From (3) and (4) we readily perceive the fundamental transfoimation 
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( 4 ) 


( 5 ) 
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Box 2 — Construction of K h by the ANDES formulation 

Steps HA to H.3. Identical to the first three steps SA through S.3 in Box 1. 

Step HA. Split the Cartesian strain field into mean (volume-averaged) and 
deviatoric strains: 

e = e + ej = (A+A d )g, (B.10) 

where A = c~'f y TA e dV, and e d = A d g has mean zero value over V. For elements 
of simple geometry this decomposition can often be done in advance, and e d 
constructed directly. Furthermore, this step may also be carried out on the natural 
strains if T is constant, as is the case for the elements here. 

Step H.5. The higher-order stiffness matrix is given by 

K t ,=aQ T K d Q, with K d = ( A T d EA d dV, (B.ll) 

J v 

where a = / 22 > 0 is a scaling coefficient (see Box 1). 

It is often convenient to combine the product of A and Q into a single 
strain-displacement matrix called (as usual) B, which splits into B and By. 
e = AQv = (A + A d )Qv = {B - f B d )v = Bv, (B.12) 

in which case 


K h - f BjEB d dK (B.13) 



The unsealed higher-order stiffness of this element fits the generic template introduced in 
eqn. (41) of Part I: 


K h = HlK„ h H„ v . (7) 

The main objective of all formulations investigated here, as well as those in Part I. is to 
construct the 3 x 3 matrix A„ h , which represents the higher-order stiffness in terms of the 
hierarchical rotations 0. 

Guided by these considerations, we begin by decomposing the visible degree of freedom 
vector into basic (CST) and higher order, as follows: 

v = v b + = »b + p 9’ (8) 

where 

0 
0 

0 
0 

e 2 

o 
o 

^3 




(9) 
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To simplify the problem of building higher-order strain fields, we further split the hierarchical 
rotations into mean and deviatonc: 


P 1 ) f®] K 

r 2 l r + r 2 ’ 

[flj l*J 1^3 j 

where 9 = + 9 2 + 0 3 ) and 9 , 

0 = 0 + 6', 


( 10 ) 


9, - 9. Consequently 9\ + 0' 2 + 9' 3 = 0. In matrix form 

(11) 


which in terms of the nodal displacement vector becomes 


v = v h + P{6 + 6'), ( 12 ) 

where P is the 9x3 matrix shown above. The deviatoric corner rotations define the linear 
deviatoric-rotation field: 

0' = 9\Z { +0:fi + 0jin (13) 

which integrates to zero over the element. For future use we note the matrix relation 


or 




([" 1 0 O' 

0 10 

\ 0 0 1 
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1 1 
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The hierarchical rotation decomposition is associated with a similar 
higher order strains: 


e., = e h + e. 
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H 
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(14) 


(15) 

decomposition of the 

(16) 


where subscripts b and t identify “pure bending and “torsional strain fields, respectively. 
The former is generated by the deviatoric rotations 0 whereas the latter is generated by the 
mean hierarchical rotation 9. We now proceed to examine these two components in turn. 


The pure-bending field 

This field is produced by pure inplane-bending modes associated with the deviatoric comer 
rotations Of i = 1, 2, 3. One way to visualize the nature of these modes is to think of a tiny 
triangle superposed on a thin plane beam bent to constant curvature in its plane. Place the 
triangle centroid at neutral axis height. Then rotate the triangle so that its three sides align in 
turn with the bending direction 

From this visualization it follows that the reference lines mentioned in Box 1 are the 
triangles sides. The straingage locations are chosen at the triangle corners. The natural strains 
are the three direct strains parallel to the triangle sides, traversed in the counterclockwise 
sense. These strains are collected in the vector 

e b ~ ( e h 2 l e b }2 e M.l) • ( 1 ^) 

The natural strain e ]k at corner i will be written e )k[l , the bar being used for reading 
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convenience. Vector « b at comer / is denoted by Our objective is to construct the 3 x 3 
matrices Q bi that relate natural straingage readings to the deviatoric rotations: 

*■>■ = Qb\ 0 ’’ e b2 = Qb2°'y e bi = QblO'- ( 18 ) 

Once these are known the natural bending strains can be easily obtained by linear interpola- 
tion over the triangle: 

« b = (0b.fi + 0 b2 f 2 + Qbi^o' = Q b o'. 

Consider the natural strain e b2 ,(P) at an arbitrary point P of the triangle. Denote by „ 
the signed distance from the centroid to P measured along the internal normal to side 21. In 
particular, for the comers we have 

, _ , , 2 A 

a W 3/ ' d 2i|i ~a 2 .| 2 = - id 21|3 = - — . (19) 

21 Jl l2 

We shall assume that e b21(/ , depends only on d 2nP divided by the side length /,., which 
introduces a distance scaling. These dimensionless ratios will be called v,.. - = d,. which 
specialized to the comers become ' ” 1 


*2113 


4 A 
V 2 9 


*21|1 *21/2 TTT 


2 A 

3 / 7 , 


( 20 ) 


Formulas for corners 2 and 3 are obtained by cyclic permutation. According to the assumption 
just stated, the natural straingage readings e b21| , at comer i depend only on multiplied 
by as yet unknown weighting factors. This can be written in matrix form as follows: 


«bi = 
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(21) 


where p, through p 5 are dimensionless weight factors to be determined on the basis of energy 
balancing for rectangular mesh units, as discussed previously. The distribution and sign of 
these factors is made on the basis of triangular symmetries. 

The strain field is energy orthogonal if 

Pi + P 2 = 2p 3 , p 4 +p 5 = 0, (22) 

but these conditions will not be assumed a priori. The optimal element described later will be 
found, however, satisfy (22). 

The natural strains can be related to Cartesian strains by the transformation 
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where c lx = x zx /l 2 \i s 21 = y 2 i/':i> c 32 ~ x n/hi' s n — yyi/hi* c i3 x m/^\s an< * J i3 y 13 /^ 13 - 
The inverse of this relation is 
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e yy 
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( 24 ) 


or, in compact matrix notation, e = Te. Note that T is constant over the triangle. Combining 
with (17) we get the Cartesian comer strains as e bi = B bl 0' = TQ bl 0', i - 1, 2, 3. The 
Cartesian strains are obtained by linearly interpolating over the element: 


e b = {B hi ^+B bl C 2 FBM»'-B h 9'. 


(25) 


The torsional field 

The higher-order stiffness produced by the pure bending fields alone is rank deficient (2 
instead of 3) because of the deviatoric constraint Ed/ = 0. To complete the construction of a 
rank-sufficient higher-order stiffness we need to build a strain field associated with the degree 
of freedom setting d, = d, others zero. This may be viewed as forcing each comer of the 
triangle to rotate by the same amount while corner displacements are precluded. A displace- 
ment-based solution to this problem is provided by the cubic field of the QST triangle 
constructed by Felippa [21] and developed by Carr [22] as membrane component for refined 
analysis of thin shells. The QST expansion is 
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where v xMi and v x ^ denote 0u x /3x and duj 3y, respectively, evaluated at comer i. A 
similar interpolation holds for the y displacement component u y . The torsional mode with 
unit rotations d, = 6 = 1 is imposed by setting the QST nodal displacements to 

U xi ~ U yi = V x.x\i ~ ' v.yl / = V x .y\j = “ ® ’ L ’y x\) = 

( = 0,1,2, 3, y-1,2,3. ( 2? ) 

Differentiating (26) with respect to x and y and setting the freedoms to (27), we obtain the 
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torsional strain field 


e ' IX = _ ^31^3 ~yM + ^2y3l( y\2%\ -yilCl) “> , 31^l)]^» 

e 'yy ~ [^l' r 32( X Z\iz ~ X \i£t,) + Cz x \i{ x 22^i ~ X 2 lCl) + £z x 2 l( x li£l x Z2^z) ] 0> 
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+ i>3 X 2l( yzz^z ~ yy\£\ ) ~ ^3> , 12(- r l3^l ^32^2) ] 0 ’ 

where A is the triangle area. In matrix form 

^'XX I 

e, = ~*yy > = B x 8. 



(28) 


(29) 


This strain field is compatible, varies quadratically, and vanishes at the corners and centroid. 
Integrating over the triangle and using the fact that x I2 +jc b +j 3 , = 0 and y n + y, 3 + y 3| = o 
it may be verified that all strain components are energy-orthogonal. 

The field (28) appears unduly complicated. Conversion to natural strains through the 
transformation (23) reveals, however, its intrinsic simplicity: 
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where £ 2I ■ £ 2 - f J2 = C 3 — Cz ar| d C\y = ~ C 3 - For future use, it is of interest to consider 

a midpoint-filtered version of (30), obtained by evaluating it at the three triangle midpoints 4, 
5, 6 and then interpolating linearly over the triangle: 


(31) 


To facilitate combination with the bending field, it is convenient to define the “spread” 
matrix form of (31) in which each column receives one third of the strain: 
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(32) 


The stiffness matrix 

Having constructed the higher-order strain fields, the computation of the higher-order 
stiffness can proceed according to the general rules laid out in Box 2. The bending and 
torsional strain fields are combined as 


e d =B h ff' +B l 6 = {B h J' -Bj)0 = Bj, 


(33) 
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where J' and J are the numerical matrices in (15). We shall evaluate the higher-order 
stiffness in terms of 0, namely 

K eh = [B](hE)B d dA, (34) 

J A 

where h is the plate thickness, by numerical quadrature. The 9x9 higher-order stiffness K h 
then follows from the congruential transformation (6). At this point, however, we still have the 
undetermined p, coefficients present in B d . 


The optimal element 


For reasons that will be immediately apparent, we are particularly interested in three-point 
quadrature rules defined parametrically by 

f F(C U f 2 , Ci) d A = ^r[F{£, v, v) +F(V, £> v) +F(v, V, £)L ( 35 ) 

r a * 

where 0 < £ < 1 and V = $0 " £>- In Practice the two most interesting mies °! t ^ S u type u a u ^ 
c = 2/3 (the interior-three-point rule) and £ = 0 (the midpoint rule), both of which exhibit 
quadratic accuracy. But in the present context it is instructive to leave £ free, excluding only 
the cases € = l (comers) and (- 1/3 (centroid). A symbolic analysis with Macsyma, described 
fully in Part III [20], shows that the choice 

P, = 0, p 2 -l~f, p 3 -i(W). P4 = P5 = °> ( 36) 


has the following properties: 

(1) It achieves pure-bending energy balance for rectangular mesh units of arbitrary aspect 

ratio, a test discussed in detail in Part III. . 

(2) Let /f #h (£) be the stiffness obtained with the integration rule (35) and the choice (36) or 

the p coefficients. Then the scaled stiffness 


* 9h = 




(37) 


is 


8(f ~ 1) : (£ ~ 1) 

independent of f , and coincides with that of the optimal EFF element derived in Part I 


For practical calculations it is convenient to use the midpoint rule f = 0, in which case K eh 
= j* ffh (0) for p 2 ~ 1, p 3 = 3, others zero. If there are replaced in (21), the matrices Q h , 

reduce to the simple form 
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(38) 


The seven-interior-point quadrature rule was also tried, but then it was found impossible to 
construct an energy-balanced element. Because this rule accounts for quadratic strain varia- 
tions in the torsional mode, the foregoing negative result suggests that linear strain variations 
are required to attain an optimal element. 
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The combined natural strain field 

Having chosen the optimal p coefficients and the midpoint integration rule, it is possible to 
obtain the complete higher-order natural strain field. This is done by combining the bending 
matrices (38) with the filtered torsional strain expression (32); 

e d = ( QbJ ' ~ Q?J)0 = Qj) = (Cjif, + Q d2 £ 2 + (39) 

where 
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Evaluation at the midpoints gives 
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(41) 

where Xma = KAr/,u + Xj> a ). etc. Note that te structure of Q M , Q d5 and Q d6 mimics that of 
2d3> Qdi » Q d 2 ’ respectively, the only change being the evaluation point. 

Fast computation of K h 


With the explicit strain expressions found above we are now in a position to try for the 
fastest computation of K h . For this we proceed as follows. First evaluate 


E n = T J ET, 


(42) 


which may be interpreted as a stress-strain matrix in natural coordinates. Then apply the 
midpoint rule, which for uniform thickness h yields 


Ah 

K °» = — (fiL^nfid4 + QlsE n Q*s + QLE.QAI. 


(43) 


Finally, transform to physical coordinates via (7), in which advantage should be taken of the 
special form (5) of H ev . These are essentially the same computational steps described in 
Appendix 2 of [191 for the “AQR” ANDES plate bending triangle. 
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Concluding remarks 

We have presented the derivation of a plane stress triangle with drilling freedoms using the 
assumed natural deviatoric strain (ANDES) formulation. It is somewhat surprising that the 
optimal choice in the energy-balance sense described in Part III [20] coalesces with the 
optimal EFF element. This result suggest that this may in fact be the best available triangular 
element with the present freedom configuration. 

Numerical integration is seen to play a crucial role in achieving an optimal element. The 
key effect is the function of the 3 -point rule as a strain filtering device for the torsional mode. 
Note that strain filtering was not needed for the EFF derivation in Part I, which dealt 
throughout with quadratic displacements and linear strains. 

Despite the coalescence, the ANDES derivation displays a different flavor than EFF. The 
formulation offers greater flexibility in that one is not restricted to compatible strain fields, 
allowing element developers to bypass detailed kinematic analysis. By way of contrast, the 
present element was formulated in two months whereas the derivation of the final EFF form 
took over one year. The difference may become more appreciable as one proceeds to shells 
and solid elements. 

On the other hand, the FF and EFF do provide explicitly the internal displacement field. 
This knowledge is useful in the calculation of consistent node force vectors — a topic further 
treated in Part III — consistent mass matrices, and geometric stiffness matrices. In cases 
where the same element is available from both assumed-strain and assumed-displacement 
formulations (the present element as well as DKT being examples), one would prefer the 
latter for tasks that demand knowledge of internal displacements. 
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Abstract This paper completes a three-part series on the formulation of 3-node, 9-dof membrane triangles 
with comer drilling freedoms based on parametrized variational principles. The first four sections cover 
element implementation details including determination of optimal parameters and treatment of distributed 
loads. Then three elements of this type, labeled ALL, FF and EFF-ANDES, are tested on standard plane 
stress problems. ALL represents numerically integrated versions of Allman’s 1988 triangle; FF is based on the 
free formulation triangle presented by Bergan and Felippa in 1985; and EFF-ANDES represent two different 
formulations of the optimal triangle derived in Parts I and II. The numerical studies indicate that the ALL, FF 
and EFF-ANDES elements are comparable in accuracy for elements of unitary aspect ratios. The ALL 
elements are found to stiffen rapidly in inplane bending for high aspect ratios, whereas the FF and EFF 
elements maintain accuracy. The EFF and ANDES implementations have a moderate edge in formation speed 
over the FF. 


Introduction 


This paper is the last in an article series [1,2] that deals with the formulation and 

evaluation of high-performance triangular membrane elements with comer drilling freedoms. 

Those elements were derived using two recently developed techniques: the extended free 

formulation or EFF [3] and the assumed natural deviatoric strain or ANDES [4,5], 

Part III has two main objectives: 

(1) To complete the theoretical derivations of Parts I and II with formulation and implemen- 
tation details. These include the determination of optimal parameters by energy balance 
methods, and the conversion of distributed applied loads to node forces. A third topic: 
accurate recovery of strains and stresses, is deferred because the study of superconvergent 
stress points (Barlow points) is still in progress. 

(2) To carry out a comparative evaluation of triangular elements of this type derived with 
three different construction meth'^: Allman’s element [6], FF and EFF-ANDES. The 
comparison involves accuracy for known test problems, accuracy degradation for high 
element aspect ratios, and computer formation times. 

Table 1 summarizes notational conventions for the elements considered in following sections. 

Correspondence to: Professor Carlos A. Felippa. Department of Aerospace Engineering Sciences and Center for 

Space Structures and Controls University of Colorado. Boulder, CO 80309-0429, USA. 
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Parameter determination 

The EFF and ANDES triangles derived in Parts I and II, respectively, initially carry along 
a set of numerical parameters, most of which affect the higher-order stiffness: 

K EFF = K b (a b ) + (1 -y)tf h u (a h ), (1) 

J^ANDES = K b ( ab ) + aK£(p u p 2 , p 3 , p 4 , p 5 ). (2) 

where is the unsealed higher-order stiffness. Parameter a b must be the same for all 
elements in an assembly, for otherwise the patch test would be violated. All other parameters 
may, in principle, vary from element to element without affecting convergence. 

Equations (1) and (2) display a total of 3 and 7 parameters for the EFF and ANDES 
elements, respectively. The presence of these parameters is both a nuisance and an opportu- 
nity. In production-level programs one should never leave such parameters to be defined by 
users, as that would demand specialized knowledge. On the other hand, they provide the 
opportunity to improve the element performance in some respects, a process that may define 
“optimal values” for at least some of them. Such values may then be either hardwired in the 
element subroutine, or in the element-calling programs. 

In the most favorable case the best value of a parameter is element independent ; if so it can 
be set once and for all. Example are the “magic values” a b = 3/2, ar h = 5/4 for (1). Next best 
is dependence on material properties but not on geometry; such parameters may be left as 
subroutine arguments to be set by calling routines that may examine constitutive properties. A 
typical example is the higher-order stiffness scaling factors (i = 1 - y for EFF and a for 
ANDES. Least favorable is when the best value depends on element geometry; if so some 
compromises may be called for 

The bending test 

For the present elements, parameters will be determined by an energy balance method on 
rectangular mesh units under simple but nonuniform motions. (This method resembles a 


Table 1 

Element notationai conventions 


Identifier 


Description 

ALL-3 i 


1988 Allman triangle [6] numerically integrated by the 3-interior-point rule 
with sample points at (§, £), (£ f j, £), (£, i, f ). 

ALL-3m 


Ibid., numerically integrated by the 3-midpoint rule. 

ALL-7i 


Ibid., numerically integrated by the 7-intemal-point rule. 

CST 


Constant strain triangle; same as EFF(0, 0, 0). 

EFF (a b , a h , /3) 


EFF triangle constructed in Part I, with free parameters. 

EFF 


EFF triangle with optimal parameters (6), except that 0 =» max(Ul 0.01) 

to maintain rank. 

FF(0) 


FF element constructed in (7] with a b — \ but with » 1 - y 
as free parameter. 

FF 


FF element with /3 = 

AND (ar b , a , p lt . . 

.,P,)-7i 

ANDES triangle constructed in Part II, with free parameters, numerically 
integrated by the 7-interior-point rule. 

AND (ar b , a, p x ,.. 

..p 5 )-3£ 

As above but numerically integrated by the parametrized 3-point rule with sample 
points at (£, ^<l-£), J<1 - {)), (J(l - {), f, Ul -£)),( |(1 - £), $<1 -{).£) 
for 0 ^ £ < 1, but excluding £ - 3. 

AND 


As above, upon substitution of the optimal parameters (7). Coalesces with EFF. 

EFFAND 


Designates indistinctly the optimal EFF or ANDES triangles. 
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linear patch test whose satisfaction is sought in an energy sense.) A modification of the test 
described by Bergan and Felippa [7] for the FF element is used. More specifically, we require 
exact energy response to pure bending in the configuration shown in Fig. 1. The material is 
isotropic with elastic modulus E, Poisson’s ratio v, and uniform thickness h. Each mesh unit 
is assembled with two triangles; because of the symmetry the results would be identical if four 
half-thickness overlaid triangles (with no internal nodes) were used. 

The 0 < x < L, 0 «s y < mesh unit is subjected to the pure-bending displacement field 

u x = -Kxy, u y = t / c ( jc 2 + vy 2 ), 6 = kx, ( 3 ) 

where k = M/(EI), with I = jjhH 3 , is the bending curvature. This produces an equilibrium 
plane stress state <r xx = Exy, others zero. The exact strain energy stored in the elastic body 
that occupies the mesh unit domain is 

U ex = \EhK l LH 3 = \Eh K 2 L 2 r 3 , (4) 

where r = H/L or r _l = L/H are used as aspect ratio measures in the sequel. 

Let v be the nodal displacement vector obtained by evaluating (3) at the nodes. The strain 
energy taken up by the finite element assembly is 

f/ re = iv J Kv, (5) 

where K is the total stiffness of the assembly. If the triangle stiffnesses contain parameters, 
these are taken to be the same for both. The strain energy ratio q = U^/U e% obtained 
through Macsyma is listed in Table 2 for several elements. The identification conventions of 
Table 1 are followed. All data pertain to isotropic elements; for the ANDES element of Part 
II only the case v = 0 is shown to prevent the equations from overflowing the page. Table 3 
complements Table 2 by giving numeric values for specific values of parameters, Poisson’s 
ratio v and aspect ratio r. 

It should be noted that if v = 0, the test of Fig. 1 could be further simplified by moving the 
(x, y) axes to the center of the rectangle. Because of symmetry only one triangle would then 
need to be considered. But this simplified test, which was in fact the one used in [7], does not 
properly account for the y-contraction effect if v 0 because the displacement field (3) 
applied to the nodes would not be distinguishable from a y rigid-body motion. 

Nice solutions for EFF and ANDES 

The energy-balancing condition 17 = 1 leads to algebraic Riccati equations in the free 
parameters. The resulting system is linear in /3 and a, quadratic in parameters such as a b , a h 
and the p,, and quartic or higher in the aspect ratio r. A solution of these equations is called 
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Table 2 

Energy ratios for mesh unit of Fig. 1 under pure bending — isotropic material 


Element Energy ratio tj - U EE / f/ ei Nice solutions 

Of T| “ 1 

ALL-3m [72 - 48 k 2 +(5-9x)r" : + 2r~*l/(64(l - k 2 )] None 

ALL-3i [1880- 1296k 2 + <79 — 9 1 1 / )r — 2 + 6r~ 4 ]/[1728(l - k 2 )] None 

ALL-7i [264- 180» 2 +(15- 19i h- -2 + 2r~ 4 ]/[240(l - k 2 )] None 

CST [6(2 — K 2 ) + 3(1-K)r ~ 2 1/[8C 1 - v 2 )] None 


EFF 

(« b . 


FF(/3) 


AND 

<“ b » “■ 
p,...p 5 )-7i 

(k = 0) 


[(16aj; -52ar h + 43)/3 + 2a b — I2a b +36— 18 k‘ +((afj(16i' +321 

- a h (80 + 64i/) + 50-t 55 k) 0 +(1 - nK4aJ - 12a b -9))r~ 2 
+ (48a s - 1 20a „ + 75 )0 r - 4 ]/[24< 1 - k 2 )] 

[(45 - 36k 2 +8j3)r 8 +(270 - 216 k 2 + (24k + 24 )0)r 6 +(495 - 369 k 2 
+ (24k + 64)0)r 4 + C70-216 k 2 + (8k + 4O)0)r + 45 -36 k 2 +80] 
/[48a-K 2 Xr 8 +6r fi + llr 4 +6r 2 + 1)J 

[(((60p 5 - 60p 4 + 480p 3 - 120p, - 120p,)p 5 

+ (45p, -240p, + 180p, + 180p,)p 4 + (960p } -480p 2 -480p,)p 3 
+ (195p 2 +330p| + 12)p : + 195pf - 12p, +4)a +360ag 

— 2160or b +3240)+(K300p 5 - 240p 4 -720p 3 + 480p, + 600p, -48)p 5 
+ (210p 4 + 1080p, - 180p 2 - 420p, - 24)p 4 

+ (1440p 3 - 1320p 2 - I080p| -48)p 3 +330p| +600p,p 2 
+ 390pf — 24p| + 8)o + 720ar b — 2160a b + 1620)r 
+ ((540p; - 540p 4 p 5 -<-405p 4 + 15p 2 -30p,p 2 - 12p 2 + 15pf 
+ 12p, +4)a)r-*]/1080 


J _ 3 

a b “ 2’ a h 

/J-l-y = 3(l-4K 2 ) 


None (but see text) 


None 


AND 
<ar b , a, 
p lt ..p 5 )-3£ 

{v » 0) 


{[(9£ 4 -(18p, - 18p, + 24)£ 3 +(12 p 5 2 + p 3 (96p 5 + 48p 4 ) 

+ Pi(24p 5 + 12p 4 + 96p 3 +6 p 2 -30)+ p 2 (24p 5 + 12p 4 + 96p 3 +30) 

+ 12p 4 p 5 +3p 4 + I92p 2 +21p; +21pf + 22)£ 2 
+ (p,( - 16p 5 -8p 4 - 64p 3 — 4p 2 + 14) 

+ p-,( - 16p 5 - 8p 4 - 64p 3 - 14) + p-^( - 64p 5 — 32p 4 ) 

-8p5 -8p 4 p 5 — 2p 4 - 128p 3 - 14p^ - I4p 2 -8){ 

+ 4p5 + p 3 (32p 5 - 16p 4 ) — 4p 4 p 5 + p!(-8p 5 + 12p 4 - 32p^ 3 + 22p 2 -2) 

+ p 2 ( — 8p 5 + I2p 4 - 32p 3 + 2) + 3p 4 +64p 3 + I3p; + I3p[ + Da 
+ 24a b - 144a h + 216) 

+ ((18£ 4 +(72p 5 + 3f»p 4 + 72p 3 + 36p, -48)£ 3 

+ (72 pi + p 3 (144p 5 + 72p 4 - 120)+ p,(72p 5 + 36p 4 + 120p 3 - 24p 2 -60) 
+ p 4 (72p 5 -60)- 12)p 5 + 18p 4 +96p5 -24p 2 p 3 +6p^ +42 p; + 44)£ 2 
+ (56p 5 — 48p^ + p|( - 48p 5 — 24p 4 — 80p 3 + I6p 2 + 28)+ p 4 (28 — 48p 5 ) 

+ p 3 (-96p 5 -48p 4 f 56)- 12 p 4 -64p$ + 16p 2 p 3 -4p; - 28 pf - 16)£ 

+ 20p5 + p t (40p 5 -28p 4 -72p 3 +40p 2 -4)+ p 2 (32p 5 -32p 4 — 88p 3 ) 
-8p 5 + p 4 (- 16p 5 -4)+ p 3 ( — 48p«j +72p 4 — 8)+ 14p 4 + 96pf +22p 2 
+ 26p 2 +2)a +48 aj; - 144a b + 1081r’ 2 + [9£ 4 +(18p 2 - 18p, -24)£ 3 
+ (108p5 + I08p 4 p 5 +27p 2 +9p 2 - 30p 2 + p,(30- 18p : ) + 9pf + 22)£ 2 
+ (14p 2 -72pg -72p 4 p 5 - 18p 2 -6p5 + p t (12p 2 - l4)-6p 2 -8)f 
+ 36p| -36p 45 + 27pJ + p; -2p 2 + p,(2-2p 2 )+ p 2 + l)a]r 4 )/72 


_ 3 
2 ’ 

Pi * P4 * PS * 0, 
p 2 - 2p 3 * 1 - 

2 

a ‘s(f-i) 2 (f-i ) 2 


“nice” if it yields real values for the parameters that are independent of r. Being aspect-ratio 
independent, these solutions are of significant practical value. They are sought by equating 
coefficients of powers of r to 0 or 1. 

The parametrized EFF element has the surprisingly simple nice solution 

a t> = I> a h=l» /3 = 1 - y = t(1 - 4p 2 ), (6) 

The values for a b and a h emerge as double roots of quadratic equations while /3 is the root of 
a linear equation; thus (6) is the only such solution. 
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Table 3 

Energy ratio n for Specific Elements, v and r 


1/4 


1/2 


1 /r 

ALL-3m 

ALL-3i 

ALL-7i 

CST 

EFFAND 

FF 

1/4 

1.130 

1.091 

1.104 

1.523 

1.000 

1.009 

1/2 

1.146 

1.100 

1.116 

1.594 

1.000 

0.997 

l 

1.234 

1.137 

1.171 

1.875 

1.000 

0.998 

2 

1.938 

1.326 

1.483 

3.000 

1.000 

1.009 

4 

10.375 

2.708 

4.233 

7.500 

1.000 

1.016 

8 

134.125 

18.236 

39.233 

25.500 

1.000 

1.020 

16 

2069.125 

240.347 

563.233 

97.500 

1.000 

1.021 

1/4 

1.153 

1.113 

1.126 

1.569 

1.000 

1.030 

1/2 

1.164 

1.119 

1.135 

1.625 

1.000 

1.020 

1 

1.229 

1.149 

1.178 

1.850 

1.000 

1.020 

2 

1.867 

1.309 

1.448 

2.750 

1.000 

1.029 

4 

10,417 

2.614 

4.128 

6.350 

1.000 

1.035 

8 

140.617 

18.503 

40.448 

20.750 

1.000 

1.038 

16 

2197.417 

252.725 

595.328 

78.350 

1.000 

1.039 

1/4 

1.251 

1.202 

1.219 

1.766 

1.000 

1.103 

1/2 

1.255 

1.207 

1.225 

1.812 

1.000 

1.095 

1 

1.302 

1.231 

1.258 

2.000 

1.000 

1.096 

2 

1.958 

1.378 

1.517 

2.750 

1.000 

1.103 

4 

12.083 

2.799 

4.550 

5.750 

1.000 

1.108 

8 

172.583 

21.818 

48.683 

17.750 

1.000 

1.110 

16 

2734.583 

311.225 

737.217 

65.750 

1.000 

1.111 


For the ANDES element the situation is more complicated. Ail nice solutions of the 
Riccati equations of the 7-point integrated element are imaginary. For the 3-point-integrated 
element with ^-parametrized sample points (cf. Table l), the value a h = 3/2 is exceptional in 
the sense that the nice solution 

a b = 2> Pi = P 4 = P 5 = 0, p, = 2p 2 = 1 - 
2 

8(£-l) 2 (£-I) 2 ’ (7) 

is unique (it appears as a double root of a quadratic). This can be generalized to arbitrary v 
by multiplying a by (l - 4v 2 ). If a b < 3/2, many other solution families exist that satisfy 
P4 = P 5 “0* = P 2 ~ 1 + for exam P!e, if v = £ = 0, a b — 0, P 3 = ?p 2 * (5 ± \/lJ)/4, a = 

9/( - 16 + m But since ail these solutions lead to the same K , nothing new emerges. On 
setting the values (7), the resulting element coalesces with the optimal EFF. 

The FF triangle 

For the FF element of [7] an “almost nice” solution is possible. If a b = t, the condition 
V = 1 yields the “balancing ft” as 

_ 3 (1 - 4i/ 2 )(r 8 + 6r 6 + ilr 4 + 6r 2 + I) 

13 1 7 8 r 8 "+ 3 r 6 + 8r 4 + 5r 2 + 1 + i/(3 r 6 + 3r 4 + r 2 ) * 

This expression differs somewhat from the numerical results presented in [7] because the 
energy balance test done in that paper was done on a different mesh unit that did not account 
for lateral contraction. 
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Equation (8) has the disadvantage of depending on the aspect ratio r; thus securing the 
correct energy balance for bending along x does not imply such balance for bending about y 
unless r = l (square mesh unit). Nonetheless for a given v the dependence is mild: for 
example if v = 0, /3 varies from 0.375 to 0.547 and so the “compromise” value of 1/2 was 
recommended in [7] for general use. This is confirmed by Table 3, in which one can see that 
the deviation of tj(v, r) from 1 for FF (y) never exceeds 12%. 

Orthotropic material 

All previous results can be extended to an orthotropic material characterized by the 
strain-stress relation 

' 1/E, v 12 /E, °lf <T xx| 

= V l\/ E l l /£: 0 | °Vy | ’ 

0 0 G J lcr xy j 

implying that the principal orthotropy axes are directed along the bending directions. The 
displacement equilibrium solution (5) has to be suitably modified. All previous nice solutions 
were found to apply if u 2 is replaced by v l2 v 2v The case of general anisotropic material has 
not been investigated, because for such materials the construction of a pure-bending equilib- 
rium solution is difficult. 



Body load lumping 

The conversion of distributed loads to node forces (a process herein called load lumping) 
in high-performance elements displays several points of interest. Discrepancies arise with 
respect to the well ordered world of conforming elements. These can only be explained 
satisfactorily through the underlying variational principles. To focus subsequent discussions it 
is convenient to distinguish between interior or body loads, and boundary loads. 

If body loads b T = {b K b y ) per unit volume are given within a two-dimensional FF or EFF 
element, the variational formulation says that the consistent node force vector p is given by 
the usual formula 


p = f Njhb d/4 , ( 9 ) 

J A 

where h is the element thickness and N u is a 2 x 9 matrix of shape functions that gives the 
internal displacements u in terms of the visible degrees of freedom: 



( 10 ) 


In the FF and EFF, the shape functions N u are not usually known directly but result from 
transformations on modal functions initially constructed in terms of generalized coordinates 
(cf. Part I). 

But if the element is of ANS or ANDES type, the internal displacements u are not 
necessarily known, because the assumed strains may not be integrable. A heuristic solution is 
to use the p vector of an FF, EFF, or conforming element with the same v. This expedient 
device has been used sotto voce in stress-assumed hybrid elements for over two decades. 

Although the subject is not treated here, it should be noted that a similar obstacle arises 
when computing the consistent mass matrix and geometric stiffness matrices of assumed strain 
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elements. These two calculations require knowledge of the internal displacements and their 
gradients, respectively. 


Boundary load lumping 

Suppose boundary loads t (“surface tractions” in continuum mechanics terminology) are 
specified per unit length and thickness on the boundary 5 of a two-dimensional FF, EFF, or 
ANDES element. The variational formulation presented in [8] asserts that, under certain 
assumptions examined further in the “Locality lost” section, 

p-jNjhtiS, („) 

where N d are the shape functions for the boundary displacement field. In general u and d do 
not match on S , so (11) is not necessarily the same as f s Njht dS. The following difficulties 
may arise. 

(1) N <t may depend on free parameters, for example the rotational factor a in equation (29) 
of Part I. The optimal value of these parameters may be different for the basic and 
higher-order parts; for example in the optimal EFF element, a b = 3/2 but a h = 5/4. 
Which value should be used for p? 

(2) The assumptions that lead to (11) may not be applicable, and if so the internal displace- 
ment u evaluated on the boundary, rather than d , appears for portions of t. 

These difficulties are best assessed through a detailed example relevant to the present 
application. A side of length L of a right-angled EFF triangle of constant thickness h is 
subjected to a normal distributed load / (per unit of length and h) that varies linearly from /, 
at node i to / ; at node j. The x and y axes are placed as shown in Fig. 2. We shall see that 
nodes forces p x , p y and p 9 at nodes i and j depend on /) and / ; through formulas that can 
be placed in the generic form 

+ ( 1 

Ps, = ?"(^r/i + ( 1 - <k r )fj)hL Z , 

P,/-y(0 -*«)/< + *, Ji)hL, 

Pe, = - ?"(( 1 - < K)f + <kJ,)hL 2 

Here <A r and w are numerical coefficients (subscripts t and r stand for translation and 
rotation, respectively.) A simple calculation shows that translational equilibrium is always 
satisfied by (12), but that rotational equilibrium for requires 12iA t - 6on/» r = 8 - 3w. 

Table 4 collects results from several methods outlined below. 

Boundary shape functions 

The simplest load lumping technique consists of using (11) with N d taken from the 
boundary interpolation for the basiw stiffness. This is exact if the boundary loads are uniform, 
and in any case reasonable from the standpoint of convergence. 

Using the cubic Hermite interpolation— equation (12) of Part I— with rotation shape 
functions multiplied by a f yields the coefficients listed under label “HCI(a / )” in Table 4. A 
similar calculation using linear interpolation yields the coefficients listed under label “LI”. 
This is effectively the CST load lumping, for which the fixed-end nodal moments p 9 vanish. 


Py, = 0 , 


Py, = °- 


( 12 ) 


210 


CA. Feiippa . S. Alexander / Membrane triangles with comer drilling freedoms — III 



Energy balance 

A different procedure uses energy balance (EB) concepts similar to those exploited in the 
“Parameter determination” section. Embed the triangle into the four-triangle rectangular 
mesh unit illustrated in Fig. 2(b). A stress field that equilibrates the boundary loads is 

<r„«(l -Ofi+tf,. Vyy-Vxy- (13) 

where C - 7 + x/L is a side isoparametric coordinate. The associated strain field is easily 
integrate if h is constant and the material is isotropic. Taking symmetric boundary conditions 
about the mesh unit midcenter one gets the displacement field 

u x = c m .r -c h .n\ u y = -c m uy + {(x 2 + vy 2 ), 8=c b x, (14) 

in which c m = Hf, +f,)/E and c h = (/, - /,)/(£L). Evaluate this at the nodes of the mesh 
assembly to form the 12 x l displacement vector v. Evaluate the 12 x 12 EFF stiffness K of 
the assembly using the optimal parameters (6). From the energy condition '-_v T Kv - v T p = min. 
the force vector is taken to be p — Kt> from which the forces on nodes i and j can be 
extracted. For Poisson's ratios v = 0 and v = y this method gives a formula that befits (12), 
with the coefficients listed under labels “EBZ” and “EBH”, respectively, in Table 4. 


Table 4 

Load lumping formulas for case of Fig. 2 


Identifier 

label 

Method 

description 

Coefficients of (12) 

(/f ( \it r to 

Rotational 

equilibrium? 

HCl(a,) 

Eqn. (11) with Hermite cubic interpolation shape functions 

7 

l« 

3 

5 


Only if a f = 1 

/ 





unless f t =* f } 

LI 

Eqn. (11) with linear interpolation shape functions 

1 

any 

0 

Yes 

EBZ 

Energy balance, v — 0 

17 

m 

17 

24 

l 

Yes 

EBH 

Energy balance, v - [ 

s 

S 

5 

b 

l 

Yes 

EBQ 

v = \ interpolating EBZ and EBH 

77 

'#» 

37 

4* 

1 

Yes 
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Locality lost 


What happens if v * 0 and v * 7? Then the expressions given by the EB method bring in 
the triangle dimension normal to side i-j, and forces appears on the third corner! This is 
contrary to intuition, but the variational principle in [8] explains this mystery. The original 
boundary traction energy term is ) s htu d S rather than fhtd dS. The key assumption in the 
reduction to the latter is that / be in the range of <r“ = n T ( EDu), namely the normal 
projection of the internal stresses generated by the internal displacement field u. 

Now the internal displacement field (14) is in the range of the applied load / but is not 
exactly representable by EFF elements if v * 0. Thus < can match any constant / exactly 
through the basic modes, but a linearly varying / only approximately through the higher-order 
modes. (The case v * i is a fluke in that the higher-order stiffness vanishes on setting the 
optimal £ = 3(1 - 4j/ 2 ) = 0 and only the basic stiffness survives.) As a result the boundary 
term j s htu d S emerges on part of the linear variation of /. This destroys locality because u 
along an element side does not necessarily depend only on freedoms located on that side. 

For the numerical experiments on the uniformly stretched beam the case v = 4, labeled 
“ EBQ ’ In Table 4, is handled by linear interpolation of the coefficients for EBZ and EBH, a 
device that maintains locality despite being variationally inconsistent. 


Rotational disequilibrium 


A comparative analysis of HC1, EBZ and EBH leads to the following conflict. For uniform 
load (/, = /,=/) the three expressions coincide if a f = 4 for HC1, giving 

Px< =Prj= l/T (as expected) , p ei = - Ptj = i fL 2 . (15) 

By running uniform stretch problems, reported below, it is readily verified that these 
“fixed-end moments” are the correct ones. But for a varying force (f*f) HCI violates 
rotational equilibrium unless a r = 1. This violation does not affect ultimate convergence as 
the mesh size is refined, but may worsen coarse-mesh results. 

Thus both techniques for computing node forces are found to have limitations. Use of (11) 
maintains locality but may lead to inaccurate or out-of-equilibrium formulas. The energy 
balance technique is accurate and upholds equilibrium, but brings in material properties and 
may lose locality. 


Practical recommendations 


In production programs the force computation module may not be aware of “interior 
details” such as the element type and material properties. Then it appears best to take a 
compromise value for the coefficients. For example: <^ t = 3/4 = 0.75, if r = 2/3 and w = 1, a 
set that satisfies rotational equilibrium. The difference between two equilibrium force systems 
is a self-equilibrated force system. By Saint- Venant’s principle its effect should be felt onlv 
within a few element layers. Thus for fine meshes the ch; of load lumping should make 
little difference. But the effect can be important for coarse meshes, or when accurate local 
stresses are desired. The numerical experiments on the uniformly stretched beam studied 
below corroborate this observation. 

For distributed forces tangential to element sides no such difficulties arise because the only 
possible tangential displacement interpolation is linear. Consequently the node force lumping 
of the constant strain triangle (CST) can be used. 
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Accurate recovery of strains and stresses 

One of the goals of high performance elements is to achieve comparable accuracy in 
stresses and displacements at any location. Two steps are necessary to attain that objective: 

(1) Identify superconvergent points (also called Barlow points.) at which higher order stresses 
(or stress components) are most accurate. 

(2) Devise interpolation-extrapolation procedures for “transporting” that accuracy to other 
locations of interest; for example the corner points. 

For the EFFAND and FF membrane elements these steps are being investigated and will be 
the subject of a future communication. 


Example 1 — Uniformly stretched beam 

The first numerical example, illustrated in Fig. 3, is a cantilever beam of rectangular cross 
section and length/ height rauo 16: L. The beam is under constant uniaxial stress <r xx = 100. 
Consequently the beam functions as a bar throughout its length as long as root contraction for 
v 0 is permitted; it is also important to set the drilling rotation to zero at the root. A regular 
32 X 2 mesh of square elements, each square being fabricated by four half-thickness overlaid 
triangles, is used. The elastic modulus E = 32 is chosen so that the exact end deflection is 
always 100. 

Of course this problem should be solved exactly by any membrane element with any mesh. 
The purpose of the example is to illustrate potential difficulties with the treatment of the 
applied distributed loads /=5<7 r =100 at x = 32. All energy balance (EB) load lumping 
methods listed in Table 4, as veil as HCH3/2), yield fixed-end moments ±fH 2 / 8 = ± 125 at 
the top/bottom nodes of the end section, whereas HCI(l) yields ±fH 2 / 12 = ±83.33. On the 
other hand, the linear interpolation method (LI) gives zero end moments. All these load 
lumpings satisfy equilibrium. 

Displacement results as well as maximum stress errors for EFFAND and CST elements are 
shown in Table 5. For EFFAND all load lumpings satisfying (15) yield the exact solution as 
expected. For Poisson's ratios p = 0 and j the end displacement error induced by LI is of the 
order of 3%, which is not unreasonable. But maximum stress errors at near-end locations 
reach levels of 60 to 90%. E rors disappear rapidly as one moves from the end. as may be 
expected from Saint-Venant’s principle, and are imperceptible for x < 28. For many applica- 
tions, however, those stress error levels would be intolerable. 

Results for HCK 1) fall 1 /3 of the way between those of EB and LI. Errors for v = 1/2 are 
about three times higher, these being exacerbated by the use of a very low /3 = 0.01. 



b) 
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Fig. 3. Slender beam under axial loading: 
f: - 32, v vanes. h= 1: root contraction 
allowed for v * 0; four-overlaid-triangle 
mesh units used; a 32x2 mesh is shown 
in (b). 



C-A Felippa , S. Alexander / Membrane triangles with corner drilling freedoms — III 


213 


Table 5 

Results for beam under uniaxial loading 


Element 

Load 

lumping 

Quantity 

Poisson s ratio 


i/ = 0 

v = 1 /4 

II 

NJ 

EFFAND 

EB or HCI(4) 

Ld 

100.00 

100.00 

100.00 

EFFAND 

EBor HCI(4) 

L 'xC 

100.00 

100.00 

100.00 

EFFAND 

EB or HCH j) 

Max cr xx error 

0% 

0% 

0% 

EFFAND 

HCIU) 

L 'xD 

101.12 

101.32 

103.92 

EFFAND 

HCK 1 ) 


99.74 

99.73 

99.63 

EFFAND 

HCIU) 

Max (i xx error 

22% 

29% 

71% 

EFFAND 

LI 

£ iD 

103.35 

103.94 

111.75 

EFFAND 

LI 

l 'xC 

99.23 

99.19 

98.88 

EFFAND 

LI 

Max <r xx error 

61% 

87% 

211% 

CST 

LI 

r rD 

100.00 

100.00 

100.00 

CST 

LI 

r tC 

100.00 

100.00 

100.00 

CST 

LI 

Max cr xx error 

0% 

0% 

0% 


Obviously the CST has no problems with LI load lumping or root drilling rotation settings, 
and would be the cheapest and safest element for this problem. This observation underscores 
a general rule well known to practitioners of finite element methods: Any refinement 
device — here, the inclusion of drilling freedoms — increases the potential for element misuse. 


Example 2 — Cantilever under end moment 

We take up again the slender cantilever beam of Example 1, but now subjected to an end 
moment M = 100. The problem is illustrated in Fig. 4. The modulus of elasticity is adjusted to 
E — 768 so that the exact tip deflection 5 ljp = ML /(I El) is 100. Regular meshes ranging from 
32 x 2 to 2x2 are used, each rectangle mesh unit being composed of four half-thickness 
overlaid triangles. The element aspect ratios vary from 1 : 1 through 16:1. 

Table 6 reports computed tip deflections (y displacement at C). It displays the effect of 
four variables: element type, element aspect ratio, load lumping, and Poisson's ratio. The first 
two are the most important ones. The element types are identified following Table 1. 

The root clamping condition was imposed by setting 

L ’*l ~ L xZ ~~ Tr3 “ v y2 ~ O' &xl ~ ®x2 = ~ 0, (16) 





4 M»l00 


frmiiiiutiimi ii iiii im 



Fig. 4. Slender cantilever beam under 
end moment: £ = 768, v varies. h= 1; 
root contraction for v * 0 allowed: four- 
overlaid-triangle mesh units: a 32x2 
mesh is shown in (b). 
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Table 6 

Tip deflections (exact = 100) for beam under end moment 


Element 

V 

Load 

lumping 

Mesh: ^-subdivisions x y-subdivisions 



32x2 

16x2 

f't 

X 

00 

4x2 

2x2 

ALL-3 i 

0 

EBZ 

87.99 

75.47 

37.01 

5.51 

0.42 

ALL-3 m 

0 

EBZ 

81.02 

51.62 

9.(4 

0.74 

0.04 

ALL-7i 

0 

EBZ 

85.43 

67.44 

23. (>5 

2.55 

0.17 

CST 

0 

LI 

53.33 

33.33 

13.33 

3.92 

1.02 

EFFAND 

0 

EBZ 

100.00 

100.00 

100.00 

100.00 

100.00 

FF 

0 

EBZ 

100.25 

99.15 

00 

ao 

O' 

98.08 

97.98 

ALL-3i 

1/4 

EBO 

87.08 

76.48 

38.32 

5.42 

0.39 

ALL-3m 

1/4 

EBQ 

81.36 

53.57 

9.59 

0.70 

0.03 

ALL-7i 

1/4 

EBO 

84.92 

69.09 

24.25 

2.47 

0.16 

CST 

1/4 

LI 

54.05 

36.36 

\5A5 

4.82 

1.28 

EFFAND 

1/4 

EBQ 

99.99 

99.99 

99.99 

99.96 

100.07 

FF 

1/4 

EBQ 

98.36 

97.17 

96.58 

96.34 

96.27 

ALL-3i 

1/2 

EBH 

81.26 

72.61 

35.76 

4.58 

0.31 

ALL-3m 

1/2 

EBH 

76.80 

51.06 

8.26 

0.56 

0.02 

ALL-7i 

1/2 

EBH 

79.48 

65.95 

21.98 

2.04 

0.17 

CST 

1/2 

LI 

50.00 

36.36 

17.39 

5.63 

1.52 

EFFAND 

1/2 

EBH 

99.98 

99.98 

99.98 

99.98 

99.97 

FF 

1/2 

EBH 

91.27 

90.66 

90.22 

90.06 

90.01 

EFFAND 

0 

hci<4) 

97.51 


97.50 


97.50 

EFFAND 

0 

HCK 1 ) 

100.00 


100.01 


100.00 

EFFAND 

0 

LI 

99.98 


100.01 


100.01 

EFFAND 

0 

EBZ 

100.00 


100.00 


100.(X) 

EFFAND 

0 

EBO 

99.99 


100.00 


100.00 

EFFAND 

0 

EBH 

99.97 


99.99 


100.00 

EFFAND 

1/2 

HCI(4> 

98.68 


97.67 


97.51 

EFFAND 

1/2 

HCIU) 

101.36 


100.19 


100.00 

EFFAND 

1/2 

LI 

101.66 


100.20 


99.99 

EFFAND 

1/2 

EBZ 

101.75 


100.09 


99.99 

EFFAND 

1/2 

EBO 

100.31 


100.04 


100.00 

EFFAND 

1/2 

EBH 

99.98 


99.98 


99.97 


where 1, 2, 3 are the root nodes, numbered from the top. It is essential to leave r , and v y $ 
unrestrained for v # 0. This makes allowance for the Poisson’s contraction at the root and 
makes the exact solution merge with the displacement solution (3) over the entire beam. 

The first 18 lines of Table 6 compare elements for aspect ratios varying from 1 : 1 to 16: 1 
as columns, and Poisson’s ratios of 0, 0.25 and 0.50. The EB load lumping formula appropri- 
ate to v is used for all elements, except for CST, for which the LI lumping — which is 
consistent for that element — is used. The last 12 lines compare the effect of different load 
lumping formulas on EFFAND. 

Because two elements through the height are used, the discretizations are nothing more 
that repetitions of the test mesh unit of Fig. 1 along the beam length. Consequently the 
computed deflections should be 100/17(1', r). This provides a valuable numerical confirmation 
of the Macsyma results of Tables 2 and 3. Discrepancies from IOO/17 for elements other than 
EFFAND and CST are due to ihe use of EB load lumpings which were not rederived for each 
element. 

Because 77(1/, r)s 1 for EFFAND, that triangle should maintains full accuracy for all v 
and r. The deviation from 100.00% for v = 0.25 is caused by E*BQ not being in exact energy 





C.A. Felippa, S. Alexander / Membrane triangles with comer drilling freedoms — II l 


215 



P=40 


b) h 










T~ 









Fig. 5. Cantilever under end shear: E = 
30000, y-1/4, /t— l; root contraction 
not allowed: four-overlaid-triangie mesh 
units: an 8x2 mesh is shown in (b). 


balance, as explained in the “Locality lost” section. The slight discrepancy for v = 0.5 is due 
to the use of /3 = 1 - y = 0.01 rather than 0 to keep correct rank. 

The FF element with fixed 1 — y = 0.5 maintains good to excellent accuracy. The Allman 
triangles perform well for unit aspect ratios, but rapidly become overstiff for aspect ratios 
over 2:1, and are inferior to the CST for aspect ratios exceeding 8:1. Of the three 
numerically integrated versions 3i is consistently superior, followed by 7i. 

The last 12 lines in Table 6 show that the EFFAND accuracy for low Poisson’s ratio is not 
affected by the choice of load lumping formula as long as equilibrium is maintained. In fact 
the results for v — 0.25 are virtually identical to v — 0, and are not shown here. The effect 
becomes more significant, however, as v approaches 1/2. For v = 0 the only visible difference 
from the exact solution are the results for HCH3/2), a lumping that violates rotational 
equilibrium by about 3%. 


Example 3 — Cantilever under end shear 

The shear-loaded cantilever beam defined in Fig. 5 has been selected as a test problem for 
plane stress elements by many investigators since originally proposed in [9]. A full root-clamp- 
ing condition is implemented by constraining both displacement components to zero at nodes 
located on the x = 0 section. Drilling rotations must not be constrained at the root because 
the term du y /dx in the continuum-mechanics definition is nonzero there. The applied shear 
load varies parabolically over the end section and is consistently lumped at the nodes. 

The main comparison value is the tip deflection 8 C = v yC at the center of the end-loaded 
cross section. One perplexing question concerns the analytical value of S c . An approximate 
solution derived from 2-D elasticity (based on a polynomial Airy stress function) gives 
5 ei — 0.34133 + 0.00145 = 0.35583, where the first term comes from the bending deflection 
PI? /7>El, / = Z/ 3 / 12, and the second from a quadratic shear field. The shear term coefficient 
in the second term results from assuming a warping-allowed root-clamping condition that is 
more “relaxed” than the fully-clamped condition prescribed on the FE model. Consequently 
in [9] it was argued that 5 d should be an upper bound, which was verified by the conforming 
FE models tested at that time. 

The finest grid results in [7] gave, however, 5 C * 0.35587, which exceeds that “bound” in 
the fifth place. The finest EFFAND mesh ran here — 128 x 32 — gave a still larger value: 
0.35601. The apparent explanation for this paradox is that if v ¥= 0, a mild singularity in cr yv 
and r xy , induced by the restraint u y | r _ 0 = 0, develops at the comers of the root section. This 
singularity “clouds” convergence of digits 4-5 (In retrospect it would have been better to 
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Table 7 

Tip deflections (exact =* 100) for Btam under End Shear 


Element 

Mesh: x 

-subdivisions X y-subdivisions 




8x2 

16x4 

32x8 

64 x 16 

128x32 

ALL-31 

96.41 

98.59 

99.59 

99.91 

99.99 

ALL-3m 

82.70 

94.78 

98.57 

99.62 

99.91 

ALL-71 

89.43 

96.88 

99.16 

99.79 

99.96 

CST 

55.09 

82.59 

94.90 

98.65 

99.66 

EFFAND 

101.68 

100.30 

100.03 

100.00 

100.00 

FF 

99.15 

99.71 

99.87 

99.96 

99.99 


4X2 

8X4 

16x8 

32 x 16 

64x32 

ALL-3i 

82.27 

93.22 

97.86 

99.38 

99.83 

ALL-3m 

54.23 

81.84 

94.52 

98.50 

99.61 

ALL-71 

70.71 

89.63 

96.93 

99.15 

99.77 

CST 

37.85 

69.86 

90.04 

97.25 

99.28 

EFFAND 

96.68 

98.44 

99.37 

99.78 

99.93 

FF 

94.27 

97.85 

99.23 

99.74 

99.92 


2x2 

4X4 

8X8 

16 x 16 

32x32 

ALL-3i 

42.53 

72.66 

90.72 

97.32 

99.27 

ALL- 3 m 

12.39 

31.81 

63.68 

87.24 

96.41 

ALL-7i 

26.16 

56.93 

83.54 

95.14 

98.69 

CST 

17.83 

43.84 

75.01 

92.13 

97,86 

EFFAND 

92.24 

96.99 

98.70 

99.48 

99.81 

FF 

89.26 

96.37 

98.66 

99.50 

99.83 


allow for lateral contraction effects as in Example 2 to avoid this singularity.) The percentage 
results in Tables 3-5 of [7] therefore contain errors in the 4th place. 

Table 7 gives computed deflections for rectangular mesh units with aspect ratios of 1:1, 
2:1 and 4:1, respectively. Mesh units consist of four half-thickness overlaid triangles. For 
reporting purposes the load was scaled by 100/0.35601 so that the “theoretical solution 
becomes 100.00. 

The data in Table 7 generally follow the patterns of the previous example: the main 
difference being the lack of drastically small percentages because element aspect ratios only 
go up to 4: 1. Of the three Allman triangle versions again ALL-3i outperformed the others. 
The results for FF and the optimal EFF-ANDES triangles are very similar, without the latter 
displaying the clear advantages of Example 2. The data for FF and CST change slightly from 
that of Tables 3-5 of [7] on two accounts: four-triangle, rather than two-triangle, macroele- 
ments are used to eliminate y-directionality, and the normalizing “theoretical" solution 
changes by +0.00014 as explained above. 


Example 4 — Cook’s problem 


Table 8 gives results computed for the plane stress problem defined in Fig. 6. This problem 
was proposed by Cook [10] as a test case for nonrectangular quadrilateral elements. There is 
no known analytical solution but the EFFAND results for the 64 X 64 mesh may be used for 
comparison purposes. The last 6 lines in Table 8 pertain to quadrilateral elements. Results for 
HL, HG and Q4 are taken from [10] whereas those for Q6 and QM6 are taken from [11]. 
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Table 8 

Results for Cook's problem 


Element 

Vertical deflection at C for subdivision 




2x2 

4X4 

8X8 

I6x 16 

32x32 

64X64 

ALL-3i 

21.61 

23.00 

23.66 

23.88 

23.94 


ALL-3m 

16.61 

21.05 

23.02 

23.69 

23.87 


ALL-7i 

19.01 

21.83 

23.43 

23.81 

23.91 


CST 

11.99 

18.28 

22.02 

23.41 



EFF AND 

20.56 

22.45 

23.43 

23.80 

23.91 

23.95 

FF 

20.36 

22.42 

23.41 

23.79 

23.91 


FFQ 

21.66 

23.11 

23.79 

23.88 

23.94 


HL 

18.17 

22.03 


23.81 



HG 

22.32 

23.23 


23.91 



Q4 

11.85 

18.30 


23.43 



06 

22.94 

23.48 





QM6 

21.05 

23.02 






Results for the free-formulation quadrilateral FFQ are taken from NygSrd’s thesis [12]. 
Further data on other elements are provided in [13]. 

For triangle tests, quadrilaterals were assembled with two triangles in the shortest-diago- 
nal-cut layout illustrated in Fig. 6 for a 2 x 2 mesh. Cutting the quadrilaterals the other way 
or using four-overlaid-triangle macroelements yields stiffer results. 

The performance of the drilling-freedom triangles was similar, with ALL-3i giving the best 
results, especially for coarse meshes. It should be noted that accuracy of the FF, EFF and 
ANDES triangles for this problem is dominated by the basic stiffness response. Consequently 
the deflection values provided by the FF and EFF AND elements, which share the same basic 
stiffness, are virtually identical. 



Fig. 6. Wing-like plane stress structure 
(Cook’s problem): E * 1, v * 1 /3, h * l; 
root contraction not allowed; two-trian- 
gle mesh units; a 2 X 2 mesh is shown. 
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Element formation times 

Table 9 gives a breakdown of formation times of the stiffness matrix for an individual 
triangle. Times are on milliseconds measured on a Sun 4/260: all floating-point computations 
being carried out in double precision (DP). T b and T h denotes times spent in forming the 
basic and higher-order stiffness matrices, respectively. All elements use the same basic 
stiffness routine written in 1984. For elements labeled ANDES- 1991, EFF-1991 and FF-1986, 
the subroutines listed in the Appendix, compiled with f 77 for Sun-OS level 4.1.1, were used. 
The element labeled FF-1984 shows the timing for the first FF element implementation 
reported in [7], and illustrates the progress since made in reducing the higher-order stiffness 
formation time. The CST is formed by the basic stiffness subroutine when called with a b = 0, 
in which case all computations dealing with rotational freedoms are skipped. No data are 
given for the ALL elements because their shape function subroutines are far from optimized, 
and as a result their formation times are between 5 to 10 times — depending on the 
integration rule — those of ANDES and EFF. 

From these data it can be concluded that the ANDES implementation has a minor edge 
over that of the EFF, which in turn is somewhat faster than the FF-1986 implementation. The 
last column of Table 9 gives the length in nonblank characters of the A: h subroutine, 
excluding comments. As can be seen the FF-1986 implementation is the most compact one, 
closely followed by ANDES. 


Concluding remarks 


The present study confirms the beneficial effect of adding drilling degrees of freedom to 
3-node plane stress triangles when in-plane bending performance is to be enhanced. Success- 
ful elements of this type can be constructed using methods that lead to element families. Two 
such families have been compared here: numerically integrated versions of the Allman 
triangle, and the FF, EFF and ANDES triangles based on parametrized variational principles. 

The numerical studies indicate that the performance of most of the 9-dof triangles is 
comparable for meshes containing elements of unit aspect ratio, or in problems where 
in-plane bending actions are secondary. (It can be argued, however, whether drilling freedoms 
are cost-effective under such conditions.) As regards the three tested versions of the Allman 
triangle, the one integrated with the 3-interior-point rule consistently outperformed the other 
two. For meshes containing elements of high aspect ratio under dominant inplane bending 
action, the FF, EFF and ANDES elements with optimal parameters clearly outperformed the 
others. 

Meshes with highly elongated triangles are quite common in many slender structures such 
as composite tubes and aerospace vehicle skins. Triangles with aspect ratios of 20: 1 or even 


Table 9 

DP element formation times on Sun 4/260 (in ms) 

Implementation T h T h T h + T u K h code bytes 


ANDES- 1991 

1.34 

1.55 


4739 

EFF-1991 

1.34 

1.90 

3.24 

6698 

FF-1986 

1.34 

2.07 

3.41 

4507 

FF-1984 

1.34 

6.71 

8.05 

8173 

CST 

0.77 

0.00 

0.77 



C.A. Felippa, S. Alexander / Membrane triangles with comer drilling freedoms — III 


219 



Fig. 7. Elongated mesh units in thin-tube 
wall modeling. 


50 : 1 are not uncommon (see Fig. 7). To handle such problems it would be advantageous to 
extend the present EFF and ANDES elements to plane strain and axisymmetric conditions. 

Despite substantial variation in implementation “flavors”, the performance differences 
among the optimal FF, EFF and ANDES elements are relatively slight. Any of them would 
make a fine choice for a general-purpose program whether as a stand-alone two-dimensional 
element, or as the membrane component of flat shell elements. The ANDES formulation 
appears to have a substantial edge in simplicity that would be valuable in extending the 
rotational-freedom concept to three-dimensional elements. This is counterbalanced, however, 
by the advantages accruing from the knowledge of internal displacements in FF and EFF 
elements in body-load and boundary-load lumpings. 
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Appendix — Computer programs 

This Appendix provides listings of the Fortran subroutines that implement several of the 
elements tested in the present study. A brief description of the subroutines is given below. A 
detailed description of calling sequences is presented in the comments at the beginning of the 
code. 

SM4M. This is a driver subroutine for computing the total stiffness matrix of membrane 
elements with 3 degrees of freedom per node, one being a drilling freedom. It is normally 
called to form the stiffness matrix of a quadrilateral composed of either two triangles, or four 
“overlaid” triangles of half thickness. It can also form a single triangle. 

SM3MB. This forms the 9x9 basic stiffness matrix K b used by all high-performance 
elements. Coefficient a b has been left as a free parameter to facilitate certain studies as well 
as to permit the formation of the CST, which is obtained if a b = 0. 

SM3MH F F. Forms the higher-order stiffness of the 1985 Bergan-Felippa triangle using a fast 
implementation that is a minor modification of that presented in [14], The scaling factor 
/8 - 1 - y is left as a parameter although /3 = 0.5 is recommended. 

SM3MHEFF. Forms the higher-order stiffness of the optimal EFF triangle described in Part 
I. It has a h = 5/4 hardwired, but the scaling factor 0 is left as a subroutine parameter. 

SM3MHANDES. Forms the higher-order stiffness of the optimal ANDES element described 
in Part II. The optimal p factors (7) are hardwired for the midpoint rule £ = 0. 

The numerically integrated Allman elements are formed by subroutine SM3MALL. This is 
not listed here because its shape function implementation is far from optimized and as a 
result the element formation is slow. 

Some general comments on these subroutines follow: 

Initialization. None of the subroutines clears the stiffness array internally. They simply add 
the stiffness matrix entries to the incoming array. The calling program is supposed to take 
care of initialization. In conjunction with the locator array LS discussed below, this decision is 
intended to simplify macroelement formation. 

Stiffness locator. All subroutines utilize a location pointer array LS to direct stiffness entries 
into the stiffness array SM. This has two practical uses: 

(a) The ordering of degrees of freedom can be easily changed, as illustrated in the examples 
given under the USAGE section of SM4M and SM3MB. Note, however, that the sequential 
ordering LS = 1,2,3,... has different interpretation in the driver SM4M and triangle 
subroutines as regards the position of drilling freedoms. 

(b) The formation of macroelements is facilitated. This is already illustrated by the method 
used by SM4M to merge triangles by simply setting up their stiffness locator arrays 
appropriately. Another important application, not illustratcu here, is the formation of 
shell elements in which the plane stress stiffness becomes the membrane component. 


oooooooooonnooooooonoooooooooooooo 
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Subroutine Listings 


ODECX SM4M 

C*PURP0SE Driver to form material membrane stiffness of quad assembly 
COAUTHOR C* A. Felippa, June 1984 
O VERSION July 1991 
C*EQUIPMENT Machine independent 
C*KEYVORDS finite element 

O KEYWORDS material stiffness matrix membrane plane stress drilling 
OBLQCK ABSTRACT 

SM4M is a driver that forms the material stiffness matrix of a 
membrane quadrilateral formed by 2 or 4 triangles (optionally a 
single triangle). Three nodal dof (2 translations, 1 drilling 
rotation) are assumed. Several element formulations may be used. 

‘END ABSTRACT 
‘BLOCX USAGE 

The calling sequence is 

CALL SM4M (TYPE, OPT, X, Y, DM, ALPHAB, GAMMA, 

IAT, LS, SM, M, STATUS) 

The inputs are: 

TYPE(1:3) Element type argument (upper case assumed): 

ALL Allman's element 

AND ANDES- 1991 element 

CST CST, drilling freedoms are ignored 
EFF EFF-1991 element 

FF FF-1984 element, fast reformulation of 1986 

TYPE (4:5) For ALL elements specifies integration rule: 

1C 1- interior point (centroid) 

31 3- interior-point rule 

3M 3-midpoint rule 

71 7- interior-point rule 

OPT Options character (upper case assumed) : 

B Form basic stiffness only (FF/EFF) 

H Form higher order stiffness only (FF/EFF) 

If neither of these, form total stiffness. 

C X (4x1) array of x coordinates of quad nodes. 

C (only first 3 used if IAT*0) . 

C 

C Y (4x1) array of y coordinates of quad nodes. 

C (only first 3 used if IAT*0) . 

C 
C 
C 


DM 


(3 x 3) membrane force-to-strain constitutive matrix. 
Assumed to be already thickness -integrated. 
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ALPHAB 


GAMMA 


IAT 


LS 


SM 

M 


Rotational lumping factor for basic stiffness 
Applies to AND/FF/EFF elements only. 

(1-GAMMA) is H.O. stiffness scale factor (AND/EFF/FF) 


1 0+++++++0 4 
+ + ♦ 

♦ IAT-1 + 

+ ♦ ♦ 

2 o+++++++++++o 3 


1 0-M-+++++0 4 
♦ + ♦ 

+ IAT»2 + 

+ ♦ + 

2 0+++++++++++0 3 


Identifier of assembly type (cf. sketch above): 

0 Single triangle. 

1 2 triangles: 123 and 341 (diagonal 1-3) 

2 2 triangles: 124 and 234 (diagonal 2-4) 

3 4 half -thick overlaid triangles: 123,341,124,234 

(12 x 1) array of stiffness location pointers. 

For the standard freedom ordering 

uxl,uyl,theta2, ux2, ... uy4,theta4 
set LS - 1,2,3,4,5,6,7,8,9,10,11,12. To get 
uxl,uyl,ux2,uy2, ... uy4,thetal, ... theta4 
set LS * 1 ,2,9,3,4,10,5,6, 11,6,7, 12, and so on. 

Other settings are useful when this element is to be 
inserted in a shell element as membrane component. 

Incoming stiffness array. NOT CLEARED by SM4M. 

First dimension of SM in calling program. 


The outputs are: 

SM Output stiffness array with bending stiffness 

coefficients added in. The (i,j)-th entry of the 
(12 x 12) element membrane stiffness is added 
to SM(K,L) where K-LS(I) and L*LS(J). 

STATUS Status character variable. Blank if no error 
detected; else returns appropriate message. 

END USAGE 
BLOCK FORTRAN 

subroutine SM4M 

$ (type, opt, x, y, dm, alphab, gamma, iat. Is, sm, m, status) 


ARGUMENTS 


character type*(*) , opt, status*(*) 

double precision x(3) ,y(3) ,dm(3 ,3) , alphab , gamma 
integer iat, m, ls(*) 

double precision sm(m,m) 
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C 

c 


c 

c 

c 


c 

c 

c 


c 


TYPE k DIMENSION 


double precision xt(3), yt(3) , f , fb, fh 
integer i, j, ias, n, p 

integer ntrigs(0:3), tnodes(3,4, 0:3), lst(9) 

integer nt(3) 

DATA 


data 

data 


$ 

$ 

$ 


ntrigs /I ,2,2,4/ 
tnodea /1,2,3, 9*0, 

1.2.3, 3,4,1, 6*0, 

1.2.4, 2,3,4, 6*0, 

1,2,3, 3,4,1, 1,2,4, 2,3,4/ 


LOGIC 


status * 1 * 

ias * max(0,min(iat ,3)) 

f 3 1 .DO/ (l+ias/3) 

fb - f 

fh 3 f*(l -DO-gamma) 

if (opt .eq. ’B’) fh * 0.0 

if (opt .eq. * H 1 ) fb * 0.0 


do 3000 j * 1, ntrigs (ias) 
do 2500 i * 1,3 

n 3 tnodesCi . j ,ias) 
nt(i) * n 
xt(i) * x(n) 
yt(i) 3 y(n) 
lst(2*i-l) * ls(3*n-2) 

1st (2*i ) 3 ls(3*n-l) 

lst( i+6) * ls(3*n ) 

2500 continue 


if (typed: 3) . eq * ALLO then 

p * ichar( type (4:4) )-ichar( ' 0 * ) 

if (type(5:5) .eq. 'M*) p * -3 

call SM3MALL (xt,yt, dm, p, f, lst,sm,a, status) 
else if (typed: 3) .eq. ’CSTO then 

call SM3MB (xt,yt, dm, 0.0D0, fb, lst,sm,m, status) 
else if (typed: 3) .eq. 'AND* .or. 

$ type(l:3) .eq. 'EFF’ .or. 

$ typed :2) .eq. 'FFO then 

call SM3MB (xt,yt, dm, alphab,fb, lst,sm,m, status) 
if (typed :3) .eq. 'AND 1 ) then 

call SM3MHANDES (xt,yt, dm, fh, lst,sm,m, status) 
else if (typed: 3) .eq. ’EFFO then 

call SM3MHEFF (xt,yt, dm, fh, lst,sm,m, status) 
else if (typed: 2) .eq. ’FFO then 

call SM3MHFF (xt,yt, dm, fh, lst,sm,m, status) 
end if 
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el se 

status * 
end if 
if (status (1:1) .ne. 
3000 continue 
return 
end 

C-END FORTRAN 


, SM4M: Illegal TYPE argument' 
* ) return 


C 

O 

o 

o 

o 

o 

o 

o 

c 

c 

c 

c 

c 

c= 

c> 

c 

c 

c 

c 

c 

c 

c 

c 

c 

c 

c 

c 

c 

c 

c 

c 

c 

c 

c 

c 

c 

c 

c 

c 

c 

c 

c 

c 

c 


‘DECK SM3MB 

•PURPOSE Form basic membrane stiffness of 9-dof triangle 

•AUTHOR C. A. Felippa, June 1984 

•VERSION June 1984 

■EQUIPMENT Machine independent 

■KEYWORDS finite element membrane plane stress 

■KEYWORDS basic material stiffness matrix 

■BLOCK ABSTRACT 

SM3MB forms the basic stiffness matrix of a 9-dof plane 
stress triangle (see CMAME, vol 50, pp 25-69). 

It can generate the CST as special case. 

'END ABSTRACT 
'BLOCK USAGE 

The calling sequence is 

CALL SM3MB (X, Y, DM, ALPHAB, F, LS, SM, M, STATUS) 
The inputs are: 


X 

Y 

DM 

ALPHAB 

F 

LS 


SM 

M 


(3x1) array of x coordinates of triangle nodes. 

(3 x 1) array of y coordinates of triangle nodes. 

(3 x 3) matrix relating in-plane forces to strains. 
Rotational lumping factor; if zero form CST. 

Factor by which stiffness entries will be multiplied. 
^ ^ array of stiffness location pointers. 

For the conventional dof arrangement 
vx 1 , vy 1 , thetal , vx2 , vy2 , thet a2 , vx3 , vy3 , thet a3 
set LS * 1,2, 4, 5, 7,8, 3, 6, 9. The arrangement 
vx 1 , vy 1 , vx2 , vy2 , vx3 , vy3 , thetal , thet a2 , thet a3 
is obtained if LS * 1 ,2, 3, 4, 5, 6, 7, 8,9. 

Incoming material stiffness array. 

First dimension of SM in calling program. 


The outputs are: 


SM 


STATUS 


Output stiffness array with basic stiffness 
coefficients added in. The (i,j)-th entry of the 
basic element stiffness is added to SM(K,L) , 
where K»LS(I) and L=LS(J). 

Status character variable. Blank if no error 
detected. 
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C 

OEND USAGE 
OBLOCK FORTRAN 

subrout in* SM3MB 

$ (x, y, dm, alphab , f, Is, sm, m, status) 

C 

TYPE * DIMENSION 

character* (*) status 
integer m. Is (9) 

double precision x(3),y(3), dm(3,3), alphab,f, sm(m,m) 
double precision area2, c. It (9, 3) 

double precision ell, *12, *13, *22, *23, *33 

double precision x21, x32, xl3, y21, y32, yl3 

double precision rl2, x23, x31, yl2, y23, y31 

double precision si, s2, s3 
integer i, j, k, 1, n 

C 

C LOGIC 

C 

status * ’ ’ 

if (f . eq. 0.0) return 

x21 - x(2) - x(l) 

xl2 * -x21 

x32 * x(3) - x(2) 

x23 * -x32 

xl3 ■ x(l) - x(3) 

x31 =■ -xl3 

y21 * y(2) - v(l) 

y 12 * -y21 

y32 ■ y(3) - y(2) 

y23 * -y32 

yl3 * y(l) - y(3) 

y31 * -yl3 

area2 » y21*xl3 - x21*yl3 

if (area2 .le. 0.0) then 

status * ’ SM3MB : Negative area’ 

if (area2 .eq. 0.0) status * ’ SM3MB : Zero area* 
return 
end if 

lt(l,l) ■ y23 

lt(2, 1) * 0.0 

lt(3 , 1) * y31 

lt(4,L) * 0.0 

lt(5,l) - yl2 

lt(6 , 1) =» 0.0 

lt(l, 2) - 0.0 

It (2, 2) * x32 

lt(3,2) * 0.0 

lt(4,2) * xl3 

lt(5 ,2) * 0.0 

lt(6 ,2) * x21 

lt(l, 3) * x32 


c-/ 
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It (2 ,3) - 
It (3 ,3) - 
It (4,3) - 
lt(5,3) » 
lt(6 ,3) * 
a » 

if (alphab 
lt(7 ,1) 
lt(7,2) 
It (7 ,3) 
It (8, 1) 
lt(8 ,2) 
lt(8,3) 
It (9, 1) 
lt(9,2) 
It (9,3) 
n * 

•nd if 


.n«. 0.0) 
y23*(yl3- 
x32*(x31- 
Cx31*yi3- 
y31*(y21- 
xl3*(xl2- 
Cxl2*y21- 
yl2*(y32- 
x21*(x23- 
(x23*y32- 
9 


then 

y21)*alphab/6. 

xl2)*alphab/6. 

xl2*y21)*alphab/3. 

y32)*alphab/6, 

x23)*alphab/6. 

x23*y32) *a!phab/3 . 

yl3)*alphab/6 . 

x31)*alphab/6. 

x31*yl3)*alphab/3. 


•11 * 
•22 - 
•33 » 

• 12 * 
•13 » 
•23 * 
do 3000 
1 - 
si » 
s2 * 


S3 » el3*lt ( j , 1) 
do 2500 i * 1 , j 
k * ls(i) 

sm(k,l) = sm(k f l) 
sm(l,k) * sm(k,l) 
2500 continue 
3000 continue 
return 
•nd 

C*END FORTRAN 


0 . 5D0*f /area2 
c * dad.l) 
c * dm(2 ,2) 
c * dm(3 ,3) 
c * da(l ,2) 
c * dm(l ,3) 
c * da(2,3) 

* l»a 
ls(j) 

ell*lt(j.l) + el2*lt(j ,2) ♦ el3*lt(j ,3) 
el2*lt( j , 1) + e22*lt(j,2) + e23*lt(j,3) 
el3*lt( j , 1) + e23*lt( j ,2) e33*lt(j ,3) 


(sl*lt(i,l) ♦ s2*lt(i,2) ♦ s3*lt(i ,3)) 


C»DECK SM3HHANDES 

C*PURP0SE Form high-order material stiffness of 9-dof ANDES triangle 
COAUTHOR C. A. Felippa, June 1991 
O VERSION July 1991 
C»EQUIPMENT Machine independent 
C*KEYW0RDS finite element 

C» KEYWORDS material stiffness matrix high-order 

C»KEYW0RDS triangle membrane assumed natural deviatoric strain 
■BLOCK ABSTRACT 


SM3MANDES forms the higher order element stiffness matrix 
of a 9-dof membrane triangle based on the ANDES formulation 


o o o noo 000000000000000000000000 
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C Implementation moderately optimized for speed. 

C 

OEND ABSTRACT 
OBLOCX USAGE 
C 

C The calling sequence is 

C 

C CALL SM3MHANDES (X, Y, DM, F, LS, SM, M, STATUS) 

The inputs are: 

X (3x1) array of x coordinates of triangle nodes 

Y (3x1) array of y coordinates of triangle nodes 

DM (3x3) matrix constitutive matrix already 

integrated through the thickness 

F Factor by which all stiffness entries will be multiplied. 

SM Incoming material stiffness array. 

LS (9x1) array of stiffness location pointers 

(see examples in SM3MB) 

M First dimension of SM in calling program. 

The outputs are: 

SM Output stiffness array with higher order stiffness 

coefficients added in. 

The (i,j)-th entry of the basic element stiffness is added 
to SM(K,L), where K*LS(I) and L*LS(J) . 

STATUS Status character variable. Blank if no error 
detected. 

-END USAGE 
-BLOCX FORTRAN 

subroutine SM3MHANDES 
$ (x, y f dm, f, Is, sm, m, status) 

ARGUMENTS 

integer Is (9), m 

double precision x(3),y(3), dm(3,3), f, sm(m,m) 
character status*(*) 

TYPE * DIMENSION 

double precision x!2, x21, x23, x32, x31, x!3 

double precision y!2, y21, y23 t y32, y31, y!3 

double precision 121,132,113 
double precision chi213,chi321 , chi 132 
double precision area, area2, area43 

double precision c(3,3), e(3,3), et(3), d(3) , qm(3,3,3) 
double precision t(3,3), tfac, kth(3,3) 
double precision s(3), xyij(6), sum, w(3) , vfac 
integer i, j , k, 1 

C 
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LOGIC 

status » ' ’ 

if (f -eq. 0.0) return 

xl2 » x(l) - x(2) 

x21 • -xl2 

x23 - x(2) - x(3) 

x32 - -x23 

x31 » x(3) - x(l) 

xl3 ■ -x31 

yl2 - y(l) - y(2) 

y21 ■ -yl2 

y23 ■ y(2) - y(3) 

y32 » -y23 

y31 ■ y(3) - y (1) 

yl3 ■ -y31 

area2 - x21*y31-x31*y21 

if Carea2 .le. 0.0) then 

status » ’ SM3HHANDES : Negative area' 

if (area2 .eq. 0.0) status * ' SM3MH ANDES : Zero area' 
return 
end if 

area * 0.5D0*area2 

121 * sqrt(x 21 ** 2 +y 21 ** 2 ) 

132 ■ sqrt (x32**2+y32**2) 

113 * sqrt(xl3**2*yl3**2) 

tfac * 0 . 25D0/area**2 

t(l f l) ■ tf ac*y23*y!3*121**2 

t(l,2) * tf ac*y31*y21*132**2 

t(l,3) * tf ac*yl2*y32*113**2 

t(2,l) * tf ac*x23*xl3*121**2 

t(2,2) * tf ac*x31*x21*132**2 

t(2,3) * tf ac*xl2*x32*113**2 

t (3 , 1 ) * tf ac*(y23*x31+x32*yl3)*121**2 

t(3,2) * tfac* (y3 l*xl2+x 13 *y21) *132**2 

t(3,3) * tfac* (yl2*x23+x21*y32) *113**2 

wfac =» 0 . 75D0*f *area 

e(l,l) » wfac*dm(l,l) 

e(l,2) * wf ac*dm(l ,2) 

6(1,3) ■ wf ac*dra(l ,3) 

e(2,l) * wfac*dm(2,l) 

6(2,2) * wfac*dm(2,2) 

e(2,3) * wf ac*dm(2 ,3) 

e(3,l) * wfac*dm(3,l) 

6(3,2) * wfac*do(3 , 2) 

•(3,3) * wf ac*dm(3 ,3) 

do 1600 j * 1,3 
do 1400 i a i f 3 

,t(i) * «(i . 1) *t (1 , j )+e(i ,2)*t(2, j)+e(i ,3)*t(3, j) 

1400 continue 

do 1500 i a i ( 3 

c(i.j) a t ( 1 , i)*et (l)+t (2, i)*et (2)+t(3 ,i)*et(3) 

1500 continue 
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1600 continue 


area43 ■ 

(2.D0/3.D0)*area2 

chi213 - 

area43/121**2 

chi321 ■ 

area43/132**2 

chi 132 • 

area43/l 13**2 

qmd.1,1) - 

-0.25*chi213 

qm( 1,2,1) * 

-qm( 1,1,1) 

qn( 1,3,1) - 

0.0 

qm(2,l , 1) ■ 

0.25*chi321 

qm(2,2, 1) ■ 

0.50*chi321 

qm(2,3,l) - 

qm(2 ,1,1) 

qm(3,l,l) * 

-0.50*chil32 

qn(3,2, 1) « 

-0.25*chil32 

qm(3 ,3 , 1) * 

qn(3 ,2 , l) 

qm(l ,1,2) * 

-0.25*cM213 

qm(l ,2,2) - 

-0 .50*ch3.213 

qm( 1 ,3 ,2) ■ 

qm(l , 1,2) 

qm(2 , 1 ,2) ■ 

0.0 

qm(2,2,2) * 

-0.25*ch:i321 

qm(2,3,2) * 

-qm(2 ,2 , 2) 

qm (3,1,2) * 

0 . 25*ch:il32 

qm(3,2,2) * 

qm(3 , 1 ,2) 

qm(3,3,2) * 

0 . 50*chil32 

qm(l,l,3) * 

0.50+chi213 

qmd.2,3) ■ 

0 . 25*chi213 

qn(l ,3,3) * 

qm(l ,2,3) 

qm(2, 1 ,3) * 

-0 . 25*chi321 

qm(2,2,3) » 

qm(2 ,1,3) 

qm(2,3 ,3) * 

-0.50*chi321 

qm(3 ,1,3) * 

0.25*chil32 

qm(3,2,3) * 

0.0 

qm(3 ,3 ,3) ■ 

-qm(3,l,3) 

kth(l.l) * 

0.0 

kth(l ,2) = 

0.0 

kth(l ,3) * 

0.0 

kth(2,2) = 

0.0 

kth(2 ,3) - 

0.0 

kth(3 ,3) » 

0.0 

do 2800 k » 

1 1,3 


do 2600 j * 1 , 3 

d(l) ■ c(l,l)*qm(l,j ,k)t-c(l,2)*qm(2,j ,k)+cd ,3)*qm<3, j ,k) 
d(2) * c(2, l)*qm(l , j ,k)+c(2,2)*qm(2, j ,k)+c(2,3)*qm(3, j ,k) 
d(3) * c(3, l)*qm(l , j ,k)+c(3,2)*qm(2, j ,k)+c<3,3)*qm(3, j ,k) 
do 2500 i » 1 , j 

kth(i.j) * kth(i,j) ♦ 

$ qm( 1 # i,k)*d(l)+qm(2,i,k)*d(2)+qm(3,i,k)*d(3) 

kth( j , i) * kth(i , j ) 

2500 continue 

2600 continue 
2800 continue 

s(l) - kth(l.l) ♦ kth(l,2) ♦ kth(l ,3) 

s(2) - kth(2 , 1) kth(2,2) + kth(2,3) 

a(3) * kth(3,l) ♦ kth(3,2) ♦ kth(3,3) 
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xyij(l) ■ 0 .25+x32/area 

xyij(2) » 0 .25*y32/area 

xyij (3) ■ 0. 25*xl3/area 

xyij (4) » 0.25*y 13/area 

xyij (5) * 0.25*x21/area 

xyij (6) * 0 . 25*y21/area 

do 4000 j - 1,9 
1 - lfl(j) 
do 3600 i ■ 1,3 

if (j .le. 6) then 

w(i) » s(i)*xyij(j) 
else 

w(i) * kth(i, j-6) 
end if 

3600 continue 

sum * w(l) + w(2) ♦ w(3) 
do 3700 i » l,j 
k - Is (i) 
if (i . le. 6) then 

sm(k,l) ■ sm(k,l) + sum*xyij(i) 
else 

sm(k,l) * sm(k,l) + w(i-6) 
end if 

sm(l,k) * sm(k ,1) 

3700 continue 

4000 continue 
return 
end 

C*EHD FORTRAN 


C-DECK SM3MHEFF 

C*PURP0SE Form high-order material stiffness of 9-dof EFF triangle 

OAUTHOR C. A. Feiippa 

O VERSION June 1991 

C*EQUIPMENT Machine independent 

C*KEYW0RDS finite element 

C*KEYW0RDS material stiffness matrix 

C*KEYWORDS triangle membrane high-order extended free formulation 
OBLOCK ABSTRACT 
C 

C SM3MEFF forms the higher order stiffness matrix of a 9-dof 
membrane triangle based on the extended free formulation. 
This implementation has alphah*5/4 hardwired, and is 
optimized for maximum formation speed. 

■END ABSTRACT 
■BLOCX USAGE 

The calling sequence is 

CALL SM3MHEFF (X, Y, DM, F, LS, SM, M, STATUS) 


The inputs are: 
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(3x1) array of x coordinate of triangle nodes 
(3x1) array of y coordinates of triangle nodes 
(3x3) matrix constitutive matrix already 
integrated through the thickness 

Factor by which all stiffness entries will be multiplied. 

It is beta or 0.5*beta 

Incoming material stiffness array. 

(9x1) array of stiffness location pointers 
(see examples in SM3MB) . 

three rotational DOF will appear at the end. 

First dimension of SM in calling program. 


The outputs are: 

SM Output stiffness array with higher order stiffness 

coefficients added in. 

The (i»j)-th entry of the basic element stiffness is added 
to SM(K ,L) , where K»LS(I) and L*LS(J). 

(Drilling freedoms are internally 7,8,9) 

STATUS Status character variable. Blank if no error 
detected . 

•END USAGE 
•BLOCK FORTRAN 

subroutine SM3MHEFF 

$ (x, y, dm, f, Is, sm, m, status) 

ARGUMENTS 
integer Is (9), m 

double precision x(3),y(3), dm(3,3), f, sm(m,m) 
character*(*) status 

TYPE k DIMENSION 

double precision xO,yO, xl0,x20,x30, yl0,y20,y30 

double precision x!2, x21, x23, x32, x31, xl3 

double precision y!2, y21, y23, y32, y31, yl3 

double precision aa!2,aa23 ,aa31 t ssl2,ss23,ss31 ,ssl ,ss2,ss3 

double precision caal2,caa23 ,caa31 , sum 

double precision ca,caxlO ,cax20 ,cax30,cay!0,cay20,cay30 
double precision area, area2, kfac 

double precision kqh(6,6) ,hmt(6,3) ,hqt(6,3) ,kth(3,3) 
double precision s<3) , w (6) ,xyij (3) 
double precision ell ,e22,e33 , e!2,el3,e23 
integer i,j,k,l 

LOGIC 


status * * * 

if (f .eq. 0.0) 
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xl2 « x(l) - x(2) 

x21 « -xl2 

x23 * x(2) - x(3) 

x32 - -x23 

x31 - x(3) - x(l) 

xl3 » -x31 

yl2 ■ y(l) - y(2) 

y21 ■ -yl2 

y23 ■ y(2) - y(3) 

y32 » -y23 

y31 - y(3) - y(l) 

yl3 ■ -y31 

area2 ■ x21*y31-x31*y21 

if (area2 .1*. 0.0) then 

status » * SM3MBEFF : Negative area' 

if (area2 . eq. 0.0) status ■ ’SM3MBEFF: Zero area' 
return 
end if 

area * 0.5D0*area2 

xO - (x(l)+x(2)+x(3))/3. 

yO ■ (y(l)+y(2)+y(3))/3. 

xlO » x(l) - xO 

x20 ■ x(2) - xO 

x30 - x(3) - xO 

ylO « y(l) - yO 

y20 ■ y(2) - yO 

y30 ■ y(3) - yO 

aal2 ■ 2 . 2SD0* (x30**2+y30**2) 

aa23 ■ 2.25DO*(xlO**2+ylO**2) 

aa31 ■ 2 . 25D0* (x20**2+y20«*2) 

caal2 ■ 15 . 00/(32 . *aal2) 

caa23 ■ 15.D0/(32.*aa23) 

caa31 ■ 15.D0/(32.*aa31) 

ssl2 » xl2**2+yl2**2 

ss23 * x23**2+y23**2 

ss31 ■ x31**2+y31**2 

sal ■ 0.25DO*(ssl2-ss31) 

ss2 » 0 . 25D0* (ss23-ss 12) 

sa3 - 0. 25D0*(ss31-ss23) 

caylO ■ 0. 1875D0*yl0 

cay20 • 0.1875D0*y20 

cay30 ■ 0.1875D0*y30 

caxlO ■ 0.1875D0*xl0 

cax20 * 0. 1875D0*x20 

cax30 ■ 0. 1875D0*x30 

hmt(l.l) * caal2*((-ss3+0.6D0*aal2)*y30+area*x30) 

hat(l ,2) * 3 . *cay30 - hnt(l,l) 

hat (1,3) » cay30 
hmt(2,l) ■ caylO 

hat (2, 2 ) * caa23*( v '-ssl+0.6DO*aa23)*ylO+area*xlO) 
hat (2, 3) * 3 . *caylO - hat(2,2) 

hat(3,l) * caa31*((ss2+0 . 6D0*aa31)*y20-area*x20) 
hat (3, 2) * cay20 
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hmt(3,3) * 3.*cay20 - hint (3,1) 

hmt(4,l) * caal2*((a»3-0.6D0*aal2)*x30+area*y30) 
hmt(4,2) * -3.*cax30 - hmt(4,l) 
hint (4, 3) * -cax30 
hmt(5,l) * -caxlO 

hmt(5,2) ■ caa23*((snl-0.6D0*aa23)*xl0+area*yl0) 
hmt(5,3) * -3.*caxlO - hmt(5,2) 

hmt(6,l) * caa31*((-«s2-0.6D0*aa31)*x20-area*y2O) 

hmt(6,2) * -cax20 

hmt (6,3) * -3.*cax20 - hnt(6,l) 

do 2000 j - 1,3 

sum * (2.D0/9. )*(hmt(l , j)+hmt(2, j) -Hunt (3, j)) 

hqt(l,j) * sum - (4 .DO/3 . )*hmt (1 , j ) 
hqt(2,j) » sum - (4. DO/3. )*hmt(2, j) 
hqt(3,j) * sum - C4.D0/3. )*hmt (3 , j) 
sum * (2.D0/9. )*(hmt (4, j)+hmt(5, j)+hmt(6, j>) 

hqt(4,j) * sum - (4 .DO/3 . ) *hmt (4 , j ) 
hqt(5,j) ■ sum - ( 4. DO/3. )*hmt(5 , j ) 
hqt(6,j) * sum - ( 4. DO/3. )*hmt(6 , j ) 

2000 continue 

kfac * 1 ♦5D0*f/area2 

ell * kf ac * dm< 1,1) 

e22 * kfac * dm(2,2) 

e33 * kfac * dm(3,3) 

el2 * kfac * dm(l,2) 

el3 * kfac * dm(l,3) 

e23 * kfac * dm<2,3) 

kqh(l , 1) * 2*(ell*y30**2-2*el3*x30*y30+e33*x30*+2) 
kqh(l ,2) » ( (el3*xl0~ell*y 10) *y30+(el3*y 10-e33*xl0)*x30) 
kqh( 1 ,3) * ((el3*x20~ell*y20)*y30+(el3*y20-e33*x20)*x30) 
kqh(l ,4) * 2*(el3*y30**2-(e33+el2) *x30*y30+e23*x30**2) 
kqh(l,5) * ((el2*xl0~el3*yl0)+y30+(e33*y!0-e23*xl0)*x30) 
kqh(l ,6) =* ((el2*x20-el3*y20)*y30+(e33*y20-e23*x20)*x30) 
kqh(2, 1) * kqh( 1 , 2) 

kqh(2,2) * 2*(ell*y 10**2-2*el3*xl0*y 10+e33*xl0**2) 
kqh(2,3) * ( (el3*xl0~ell*yl0) *y20+(el3*yl0-e33*xl0) *x20) 
kqh(2,4) * ( (e33*xl0 -el3*yl0) *y30+(el2*yl0-e23*xl0) *x30) 
kqh(2,5) * 2*(el3*yl0**2-(e33+el2)*xl0*yl0+e23*xl0**2) 
kqh(2,6) * ( (e33*xl0-el3*yl0)*y20+(el2*yl0-e23*xl0)*x20) 
kqh(3 , 1) » kqh (1,3) 
kqh(3 ,2) * kqh (2 ,3) 

kqh(3 ,3) * 2*(eil*y20**2-2*el3*x20*y20+e33*x20**2) 
kqh(3 ,4) * ((e33*x20-e!3*y20)*y30+(el2*y20-e23*x20)*x30) 
kqh(3,5) * ((el2*xl0-el3*y!0)*y20+(e33*yl0-e23*xl0)*x20) 
kqh(3 ,6) =» 2*(el3*y20**2-(e33+el2) *x20*y20+e23*x20**2) 
kqh(4 , 1) « kqh( 1 ,4) 
kqh (4 ,2) * kqh(2,4) 
kqh(4,3) * kqh(3,4) 

kqh (4, 4) - 2*(e33*y30**2-2*e23*x30*y30+e22*x30**2) 
kqh(4 ,5) * ( (e23*x!0-e33*yl0)*y30+(e23*yl0-e22*xl0)*x30) 
kqh(4 ,6) * ( (e23*x20-e33*y20) *y30+(e23*y20-e22*x20) *x30) 
kqh (5,1) * kqh (1,5) 
kqh(5 ,2) » kqh(2,5) 
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kqh(5,3) ■ kqh(3,5) 
kqh(5,4) * kqh(4,5) 

kqh(5,5) ■ 2*(e33*yl0a*2-2*e23*xl0*yl0+e22*xl0**2) 
kqh( 5 , 6 ) ■ ((e23*xl0-e33*yl0)*y20+(e23*yl0-e22*xl0)*x20) 

kqh( 6 ,l) ■ kqh(l, 6 ) 
kqh( 6 , 2 ) ■ kqh( 2 , 6 ) 
kqh(6,3) - kqh(3,6) 
kqh(6,4) ■ kqh(4,6) 
kqh( 6 ,5) ■ kqh(5,6) 

kqh( 6 , 6 ) * 2*(e33*y20**2-2*e23*x20*y20+e22*x20**2) 

kth(l.l) » 0.0 

kth(l, 2 ) ■ 0.0 

kth( 2 , 2 ) ■ 0.0 

kth(l ,3) » 0.0 

kth(2,3) * 0.0 

kth(3,3) » 0.0 

do 3500 j * 1,3 
do 3200 i ■ 1 , 6 

w(i) * kqh ( i , 1 ) *hqt ( 1 , j ) + kqh(i, 2 )*hqt( 2 , j) 

% + kqh(i,3)*hqt(3, j) + kqh(i,4)*hqt(4, j) 

t + kqh(i,5)*hqt(5, j) + kqh(i, 6 )*hqt( 6 , j) 

3200 continue 

do 3300 i * 1 , j 

kth(i, j) « kth(i.j) + hqt(l,i)*w(l) + hqt( 2 ,i)*w( 2 ) 

* + hqt(3,i)*w(3) «• hqt(4,i)*w(4) 

< + hqt(5,i)*w(5) + hqt( 6 ,i)*w( 6 ) 

kth(j ,i) * kth(i, j) 

3300 continue 

3500 continue 

s(l) ■ kth(l.l) + kth(l , 2 ) ♦ kth(l, 3 ) 

s( 2 ) ■ kth( 2 , 1 ) ♦ kth( 2 , 2 ) + kth( 2 , 3 ) 

s(3) - kth(3, 1 ) kth(3,2) ♦ kth(3,3) 

ca ■ 0.25D0/area 

xyij(l) a ca*x32 
xyij (2) * ca*y32 
xyij (3) * ca*xl3 
xyij (4) = ca*yl3 
xyij (5) a ca*x 21 
xyij ( 6 ) a ca*y 21 
do 4000 j » 1,9 
1 * ls(j) 

do 3600 i a i f 3 

if (j .le. 6 ) then 

w(i) 3 s(i)*xyij (j) 
else 

w(i) a kth(i, j- 6 ) 
end if 

3600 continue 

sum = w(i) + w ( 2 ) + h ( 3 ) 
do 3700 i * i t j 

k a ls(i) 

if (i .le. 6 ) then 

sm(k,l) a smOc.l) + suia*xyij(i) 


o o 


236 


CA. Felippa, 5 . Alexander / Membrane triangles with corner drilling freedoms — III 


el ae 

am(k f l) * sm(k,l) + w(i-6) 
and if 

sm(l,k) * sm(k,D 
3700 continue 
4000 continua 
raturn 
and 

C-EKD FORTRAN 


C*DECK SM3MHFF 

C*PURP0SE Form HO aatarial stiffness of 9-dof membrane FF-1984 triangla 
COAUTHOR C. A. Falippa, June 1984 
O VERSION Saptambar 1986 
C 3 EQUIPMENT Machina indapandant 
C 3 KEYWORDS finita alamant 
O KEYWORDS material stiffness matrix 

C*KEYWORDS triangla membrane high-ordar free formulation FF 1984 
C 3 BL0CK ABSTRACT 
C 

C SM3MH forms the high order stiffness matrix of the Bergan- 
C Falippa membrane triangle (CMAME, vol 50, pp 25-69). A faster 
C reformulation (Finita Element Handbook Series, Pinaridga 
C Press, pp 139-152) of the original implementation is used. 

C 

C*END abstract 
C 3 BL0CK usage 
c 

C The calling sequence is 

C 

C CALL SM3MHFF (X, Y, DM, F, LS, SK, H, STATUS) 

C 

C The inputs are: 

C 

C X (3x1) array of x coordinates of triangla nodes 

C Y (3x1) array of y coordinates of triangle nodes 

C DM (3 x 3) matrix relating membrane forces to strains 

C F Factor by which stiffness entries will be multiplied. 

C LS (9x1) array of stiffness location pointers 

C (sea SM3MB for examples) 

C SM Incoming material stiffness array. 

C M First dimension of SM in calling program. 

C 

C The outputs are: 

C 

C SM Output stiffness array with higher order stiffness 

C coefficients added in. The (i,j)-th entry of the 

C (9 by 9) HO. membrane stiffness is added to 

C SM(K,L), where K*LS(I) and L 3 LS(J). 

(Drilling freedoms are 7,8,9 internally). 

STATUS Status character variable. Blank if no error 

C detected. 

C 
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OEND USAGE 
OBLOCK FORTRAN 

subrout in* SM3MHFF 

^ (x, y, dm, f, la, am, m, status) 

C 

c ARGUMENTS 

C 

charact *r* (*) at atus 
integer Is (9), m 

doubla pracision x(3) , y(3) , dm(3,3), f, sm(m,m) 

C 

c LOCAL VARIABLES 

C 

doubla pracision xc(3>, yc<3) , dxc(3), dyc(3), hh<3.9) 

doubla pracision sqh(3,3), qx<3,3), qy<3,3). r<3.3> 

doubla pracision area, ar*a2, lambda, cj, sj, csj 

double pracision all, al2, *13, *22. *23, *33, jxx, jxy, jyy 

doubla pracision dat, gamma, ggg, mu, mux, muy, mumu, tau 

double precision sum, si, s2, s3, s4, s5, s6, xO, yO 

integer i, j, k, 1 

C 

c LOGIC 

C 

status * > * 

area2 - (y(2)-y(l))*(x(l)-x(3)) - (x<2)-x(l))*(y(l)-y<3)) 

if (area2 .le. 0.0) then 

status • ’ SM3MHFF : Negative area* 

if (area2 .eq. 0.0) status ■ ’ SM3MHFF : Zero araa' 
return 
end if 

if (f .eq. 0.0) return 

*0 • (x(l)+x(2)+x(3))/3.0 

yO - (y(l)+y(2)+y(3))/3.0 

area ■ 0.5*area2 

lambda * 1.0/sqrt(area) 

xc(l) ■ lambda * (x(l)-xO) 

xc(2) * lambda * (x(2)-x0) 

xc(3) - lambda * (x(3)-x0) 

yc(l) ■ lambda * (y(l)-yO) 

yc(2) * lambda * Cy(2)-y0) 

yc(3) * lambda * (y(3)-y0) 

dxc(l) * xc(3) - xc(2) 

dxc(2) * xc Cl) - xc(3) 

dxc(3) - xc(2) - xc(l) 

dyc(l) * yc(3) - yc(2) 

dyc(2) * yc(l) - yc(3) 

dyc(3) - yc(2) - yc(l) 

ell » dm(l,l) * f 

e22 » dm(2,2) * f 

*33 ■ dm(3,3) * f 

*12 » dm(l ,2) * f 

*13 » dm(l ,3) * f 

*23 * dm(2 ,3) * f 
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2400 

2500 

C 


jxx ■ -2. *(xc(l)*xc(2)+xc(2)*xc(3)*xc(3)*xc(l))/3 .0 
jxy 3 (xc(l)*yc(l)+xc(2)*yc(2)+xc(3)*yc(3))/3.0 
jyy ■ -2.*(yc(l)*yc(2)+yc(2)»yc(3)+yc(3)*yc(l))/3.0 


do 2500 j i 

• 1,3 

mux * 

-3.0*xc(j)/2.0 

muy * 

-3.0*yc(j)/2.0 

Tim win ■ 

mux**2 ♦ muy**2 

mu * 

sqrt (fflumu) 

gamma - 

2 . 0/mu 

tau * 

0.25DO*(dxc(j )**2+dyc(j )**2-gamma**2) 

Sgg * 

(mumu-3 . 0*tau) ♦gamma* lambda/ 24 . 

<=j * 

mux/mu 

* 

muy /mu 

r(l , j) » 

-lambda * (cj*xc( l)+sj*yc(l) ) + ggg 

r(2, j ) - 

-lambda * (cj*xc(2)+sj*yc(2) ) + ggg 

r(3, j ) - 

-lambda * (cj*xc(3)+s j*yc(3) ) + ggg 

csj * 


qx(j,D ■ 

-0.5*<;sj*cj 

qx(j ,2) 3 

-0.5*s j**3 

qx(j,3) 3 

-csj*a j 

qy<j,l) 3 

0. 5*<: j **3 

qy(j,2) 3 

0.5*<;s j*sj 

qy(j,3) 3 

C3j*Cj 

si 3 

•ll*qx( j , 1) ♦ «12*qx(j ,2) + el3*qx(j,3) 

s2 3 

• 12*qx( ;j , 1) ♦ a22*qx( j ,2) + e23*qx(j,3) 

s3 » 

•13*qx( j , 1) ♦ e23*qx( j ,2) + a33*qx(j*3) 

s4 * 

•ll*qy ( j , 1) + el2*qy(j ,2) + el3*qy< j ,3) 

s5 * 

•12*qy( j , 1) ♦ e22*qy ( j ,2) ♦ «23*qy< j ,3) 

s6 - 

•13*qy(j,l) ♦ e23*qy ( j ,2) + e33*qy(j,3) 

do 2400 i » l,j 


sqh(i, j) ■ jxx 
♦ jxy 


continue 

continue 


jyy 


(qx(i, l)*sl+qx(i ,2)*s2+qx<i,3)*s3) 
(qx(i,l)*s4+qx(i,2)*s5+qx(i,3)*s6 
♦qy(i,l)*sl+qy(i,2)*s2+qy<i,3)*s3) 
Cqy(i,l)*s4+qy(i,2)*s5+qy<i,3)*s6) 


hh(l,7) 3 
hh(2,8) * 
hh(3,9) 3 
hh(l,9) 3 
hh(3,7) 3 
hh(2,7) - 
hh(l ,8) - 
hh(3 ,8) - 
hh(2,9) 3 
det 3 
do 2700 i 
hh(i.7) 
hh(i,8) 
hh(i,9) 
sum 3 


r(2,2)*r(3,3) 

r(3,3)*r(l,l) 

r(l,l)*r(2,2) 

r(l,2)*r(2,3) 

r(2,l)*r(3,2) 

r(2,3)*r(3,l) 

r(3,2>r<l,3) 

r(3,l)*r(l,2) 

r(l,3)*r(2,l) 


r(2,3)*r(3,2) 
r(3, l)*r(l ,3) 
r(l,2)*r(2,l) 
r(l,3)*r(2,2) 
r(3,l)*r(2,2) 
r(2,l)*r(3,3) 
r(l ,2)»r(3,3) 
r(3 ,2)*r(l ,1) 
r(2,3)*r(l , 1) 
r(l,l)*hh(l,7) + r(l,2)*hh(2,7) + r(l ,3)*hh<3,7) 
- 1,3 

■ -hh(i.7)/det 
» -hh(i,8)/det 

■ -hh(i,9)/det 

-0 . 25D0*lambda* (hh ( i , 7 ) +hh ( i . 8 ) +hh(i , 9) ) 
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do 2600 j * 1,3 

hh(i,2*j-l) * -su»*dxc(j) 
hh(i,2*j ) * -suin*dyc(j) 

2600 continue 

2700 continue 
C 

do 4000 j ■ 1,9 
1 - ls(j) 

al - aqh(l,l)*hh(l,j) + aqh(l,2)*hli(2, j) ♦ aqh<l,3)*hh(3, j) 

s2 ■ aqh(l ,2)*hb(l, j) ♦ sqh(2,2)*hh(2, j) ♦ aqh(2,3)*hh(3, j) 

a3 ■ aqh(l ,3)*hh(l, j) ♦ aqh(2,3)*hh(2, j) ♦ aqh(3,3)*hh(3, j) 

do 3500 i ■ l,j 
k - ls(i) 

sm(k,l) * sm(k t l) + (sl*hh(l,i) ♦ s2*hh(2 # i) ♦ s3*hh(3,i)) 
am(l,k) * sa(k,l) 

3500 continue 

4000 continue 
return 
end 

OEND FORTRAN 
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PARAMETRIZED VARIATIONAL PRINCIPLES FOR 
MICROPOLAR ELASTICITY 

Carlos A. Felippa 

Department of Aerospace Engineering Sciences and Center for Space Structures and Controls, 
University of Colorado, Boulder, CO 80309-0429, U.S.A. 

( Received 6 August 1991 ; in revised form 12 March 1992) 

Abstract — A parametrued six-field variational principle for micropolar compressible linear elas- 
ticity is presented. The primary variables are symmetric and skew stresses, symmetric and skew 
strains, micropolar rotations and displacements. The governing functional is characterized by six 
free parameters. The connection between this formulation and the functionals with relaxed stress 
symmetry and independent rotations fields proposed by Reissner and Hughes-Brezzi for classical 
(non-polar) linear elasticity is examined. It is shown that the Hughes-Brezzi functionals are special 
cases of the parametrized functional but that the Reissner functionals are not. The former may be 
interpreted as a regularization (consistent stabilization) of the Reissner functionals that places them 
within the framework of micropolar elasticity An eight-field parametrized principle that accounts 
for couple stresses is briefly described in the Appendix. 


1. GOVERNING EQUATIONS 

Consider a compressible linear micropolar body under static loading that occupies the 
volume V. The body is bounded by the surface S , with outward external normal n r The 
surface is decomposed into S:5 d u5 t . Displacements are prescribed on S d while surface 
tractions are prescribed on S x . Rectangular Cartesian coordinates will be used throughout. 
The four unknown volume fields are the displacement vector u h the infinitesimal strain 
tensor y ih the stress tensor t f> , and the (antisymmetric) microrotation tensor d ir The stress 
and strain tensors are not symmetric. The symmetric and antisymmetric parts of the stress 
tensor are cr /y and s ij9 respectively. The symmetric and antisymmetric parts of the strain 
tensor are e u and <p iJy respectively. The antisymmetric tensor of infinitesimal rotations (also 
called macrorotations) is a>, y . 

The problem data include : the body force field b { per unit of volume in K, body couples 
Ci per unit volume in V , prescribed displacements d t on S d > and prescribed surface tractions 
if on S t . 

The governing field equations for an isotropic micropolar continuum without couple 
stresses are written below following Novacki (1970), with some notational changes. In the 
following equations, <5 /y is the Kronecker delta, £ ljk denotes i he permutator symbol (e !/k - + 1 
or — 1 if /, y, k are distinct and form a positive or negative permutation, respectively, of 1, 
2, 3 ; else e ijk = 0), A and p are the Lame coefficients, and k is a micropolar modulus that 
relates the antisymmetric tensors (f> t/ and s fJ . In addition, a comma denotes the partial 
derivative with respect to the space coordinate whose index follows. 

Strain-displacement and rotation-displacement equations in V: 

7 !/ H/,1 @ij €(j "h Q)jj —* Ojj €(j 4" ? 

«i.y), 

2 ( Ay "I - y yi ) 2 (Hy .i W/j), 

<t> u = 2 (7iJ-7„) = 2 (U/.i-UtJ-Oij ■-= CU.j-d.j. (1) 

Constitutive equations in V : 

r, = (n + K)y„ + (p- K)y t , + a<5„ y kk = a u +s ih 
- K^y + tyi) = 2ne,, + /.5, j e kk , 

S, = 2(t,/-T ; y) = 2K<t>, r (2) 
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Equilibrium equal ons in V\ 

^ ■ »./ "b Gji.j ~b Sjij H" bj — 0, ^jk = 0. 


(3) 


Stress boundary conditions on 5, : 


(4) 


Displacement boundary conditions on S d : 


= d h (5) 

The foregoing equations apply if the presence of the couple stresses m l} is neglected. The 
variational treatment is extended to that case in the Appendix. 

For completeness, and to facilitate correlation with other references, eqns (l)-(5) are 
restated below in direct (index-free) tensor notation : 


y — Vu 0 = e-ha> — ^ = e + <£, 

c o = ](V -- V T )u = skew (Vu), 

e = i(V f V T )u = symm (Vu) = symm y, 

<j> = to- 0= :(V- V T )u — 0 = skew(Vu~ 0) — skewy, 
t = (^+/c)y + (/* — K)y T + /J trace Y = *-hs, 

<x = symm t = 2/*e + /.I trace y, 

s = skew t = 2 k ()>, 

div x + b = div(<x-hs) + b = 0, 

2 axial x -he = 0. 

= t on S t , 
u = d ;>nS d . 


in V (6) 


Here an underlined bold symbol denotes a second order or higher tensor. This convention 
is used to distinguish tensors from their vector/matrix representations introduced in Section 
2.1. No such distinction is needed for vectors such as u. 


2. NOTATION 

2.1. Matrix notation 

To facilitate the construction and manipulation of variational matrix expressions, 
stresses and strains will be arranged as column vectors constructed from the respective 
tensors. The arrangement rules vary according to the symmetry properties and are best 
illustrated by specific examples. 
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a = 


<*12 
J* 13 


<*\2 

22 

*23 




r e,i' 

a Z2 


e 22 

*33 


e w e \2 *13 


*33 

« 

*23 

r 5= 

^12 ^22 *23 

= e = " 

> 

2*23 

0*31 


-*13 *23 * 33 - 


2 * 3 , 

.* 12 . 


>, 2 . 


(7) 


where <t 31 — cx, 3 and e 3! = * i3 . The factor of 2 in e maintains the equivalence of the stress- 
strain inner products ; cf. (12) below. 

For antisymmetric (skew) stress and strain tensors : 



0 

*^12 

3 


‘^ 23 'j 


0 

0 12 

0n 



s — 

~ S \2 

0 

^23 

= S = < 

**31 

>. 0 = 

—4> 12 

0 

02 3 

= 0 = < 

20, , 


- ^13 

^23 

0. 


< s 1 2. 


-~<t> 13 

~<t>2 3 

0 _ 


[20 J 


( 8 ) 


1 

II 

I 

1 

ct> 0 

9 12 
0 

01,' 

3 

= 0 = • 

20 2 ; 
20, , 

te 

ii 

0 

-tu l2 

CU, 2 

0 

03,3 

a> :3 

= «, = < 

2ct> 23 ] 
2a, „ 


L-e.j 


0 . 


^20,2. 


--^13 

— cu 23 

0 _ 

1 

kJ 


(9) 

where s 3I = —s , 3 and <^ 31 = — 0i 3 . The factor of 2 applies only to kinematic skew 
(rotational) tensors, and again maintains inner product equivalence; cf. (12) below. 

For general (unsymmetric) stress and strain tensors : 



T | j 


r -\ 




/ 1 1 


t 22 


722 


T33 


733 


T i 1 T , 2 T , 3 


*23 


7 1 1 y 1 2 y 13 


723 

r = 

r 2 , r 2 2 r 2 3 

3 T = « 

T31 

>. y- 

721 722 723 

= y = < 

731 


- T 31 t 32 r 22- 


*12 


-73, 732 733- 


7,2 


*32 


732 


*13 


7,3 


L T 21 ^ 


k. 72! > 


( 10 ) 


With these conventions operations between tensors of equal type can be easily trans- 
lated to matrix form. For example, the inner products 

? : 5 = s : 0 = s if <f>„ = s T 0. (11) 

Problems arise, however, in combining different types. For example, t = <r-hs is an in- 
consistent matrix operation because vectors a and s have different dimensions. This difficulty 
can be circumvented by introducing "uncompressed” versions, in which components of 
symmetric and skew tensors are arranged as general tensors : 


SAS 29:22-C 
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<7 2: 
*23 

= i *3, 

* \i 
*13 
*l\ 

.*12 J 


*S = < 


' 0 ^ 
0 
0 
^23 
^31 
^12 
~‘ y 23 
-•*31 
~“ S \2J 


*e - < 


*11 

e 12 

*33 

*23 

*31 

*12 

*23 

*31 

.*12 J 




' 0 ^ 
0 
0 

023 
031 
012 
-023 
— 031 
-012 J 




( 12 ) 


Furthermore, t = *t and y = *y; thus no distinction is needed there. This convention will 
let us consistently expand expressions such as the inner product of total stresses and strains : 


= T T y = (*<r+*s) T (*e + *0) = ff T e+s T f 


(13) 


2.2. Matrix form of governing equations 

Using the matrix notation of Section 2.1, field equations (l)-(3) may be represented 
as follows : 


Strain-displacement equations : 

7 = + e = Du, 0 = <o-0 = Ru-0. 

Constitutive equations : 

t = V+*s, a = Ee, s = G0. 

Equilibrium equations : 

D T <r + R T s+b = 0, 2s + c = 0. 

In the above equations. 


(14) 

(15) 

(16) 


D = 


'd/dx, 

0 

0 

0 

3 / 0 x 2 

0 

0 

0 

3/3x2 

d/dx. 

d/dx, 

0 

0 

d/dx 3 

3/8x 2 

. d/dx , 

0 

d/dx, 


R = 


' — d/dx 2 

0 

djdxi 


d/dx, 

— d/dx j 
0 


0 1 

d/dx, 

-d/dx. 


(17) 


are the symmetric gradient and curl operators, respectively, in matrix form, and 


E = 


A-h 2/i g g 0 0 0 

It X + 2g g 0 0 0 

K g X+2 g 000 

0 0 0 g 0 0 

0 0 0 0 g 0 

') 0 0 0 0 g J 


G = k 


'1 0 0 
0 1 0 
Lo 0 1. 


(18) 


In the sequel E and G are not restricted to these isotropic forms but can be arbitrary non- 
singular symmetric matrices. This allows anisotropy in the constitutive equations, subjected 
however to the restriction that the pairs (<r, e) and (s, 7 ) remain constitutively uncoupled. 
For future use, introduce the constitutive matrix C that relates t to y : 
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r = Cy, C = 
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2.3. Reduction to classical elasticity 

Micropolar elasticity reduces to classical linear elasticity if the coupled body force c 
vanishes. If so, the second equilibrium equation 2s+c = 0 shows that s = 0, and 
r = <r+s = (T is symmetric. Under the assumption that G is non-singular, the second 
constitutive equation in (16) gives <£ = G _l s = 0, and y = e+<£ = e is symmetric. 
Furthermore, 0 = <o, that is, microrotations and continuum-mechanics rotations coalesce. 

2.4. Field dependency 

For the investigation of variational methods in Sections 3 and 4, the field-dependency 
notational conventions used by Felippa (1989a, b,c, 1992) and Felippa and Militello (1989, 
1990) are followed. An independently varied field will be identified by a superposed tilde, 
for example u. A dependent field is identified by writing the independent field symbol as a 
superscript. For example, if the displacements are independently varied, the derived sym- 
metric strain and stress fields are 


e" = Du. = Ee" = EDu. (20) 

Using this convention, tildeless symbols such as u, e and a are reserved for the exact or 
generic fields. If a symbol derives from two independently varied fields, both fields appear 
as superscripts : for example <f> ue = Ru-0. 


2.5. Integral abbreviations 

Volume and surface integrals may be abbreviated by placing domain-subscripted 
parentheses and brackets, respectively, around the integrand. For example : 


(/)/=|/dF, [/]/=£ 


* 

/dS, [/] 5d ^ 

Js d 


dt( 


fdS, L/V=’ 


fdS. (21) 


If f and g are vector functions, and p and q tensor functions, their inner product over V is 
denoted in the usual manner : 


( f ig)r - ^f9idV = j\ T gdK, (p,q)^ = j p^q^dV = f p T q dV, (22) 


and similarly for surface integrals, in which case brackets are used. 


3. GENERALIZED STRAIN ENERGY FOR CLASSICAL ELASTICITY 

The method used to construct parametrized micropolar variational principles in Section 
4 represents a generalization of the corresponding principles of classical linear hyper- 
elasticity, which are summarized in this section. These principles have the general form 

n = U-P. (23) 

Here U is the generalized strain energy, which characterizes the stored energy of deformation 
and P is the forcing potential, which characterizes all other contributions. The conventional 
form of P is 


P c = (b, u) „ + [u -d, (f n ] Sd + [t, u] v (24) 

where <r„ = <r T n, n being the unit external normal on S. The other two forms of P, called 
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P d and P { for displacement-generalized and traction-generalized, respectively, are studied 
by Felippa (1989a, b,c). These (mesh-dependent) forms are of interest in hybrid finite 
element discretizations. As the forcing potential is not affected by parametnzation. attention 
will be focused on L . 

For a compressible material, the generalized strain energy introduced in Felippa and 
Militello (1989, 1990) has the following structure : 

U = i/n (<*, +7i2to e)„+y', 3 to z u )v+ + i/33 to, e u )v, 

(25) 

where y , j through y 3 . are numerical coefficients. The three independent fields are stresses <r, 
strains e and displacements u. Following the matrix notational conventions stated in Section 
2.4 the derived fields that appear in (25) are 


= Ee. - EDu, e° = E ' e“ = Du. (26) 

As an example, the V of Hu-Washizu’s functional is obtained by setting; 12 = - l,y' l3 = 1. 
y '22 = 1, all others being zero : 

U H (af. e, u) = + + r‘,e' r ) l - = i(<r%e) K + (<r.e“-e)^. (27) 

Equation (25) can be rewritten in matrix form as 


t/.i 

<% | 

{*] 

|T 

' y.ii 


1 ,1 

1 ^ 

> 


2 j 

V 1 

U 

1 

-symm. 


where I denotes the 6 x 6 identity matrix. The 


Vi:I 7nl 
y 22 I 723 I 
7*3 3 1- 



(28) 


functional-generating symmetric matrix 


7 *i i 

y 1 2 

7 i i 

y 12 

722 

7 2 1 

Jl 3 

7*23 

73 


(29) 


is seen to fully characterize (25) and consequently, once the forcing potential P is 
selected, the functional (23). (To justify the symmetry of J note, for example, that 
./ntoO v * i/ntoe'Op+l/ij^OK, etc.) 

On replacing (26) into (28), U may be expressed in terms of the three independent 
fields as 




yuE y 1 2 ^ y 1 3 o 

y 1 2 1 72 : E 72 3 ED 


i dK 


LuJ L7uD t j, 3 D T E y,jD T EDj[uJ 
Using (30) the first variation of U may be presented as 

SO = (Ae, <5<r),, + (A<x, tie),/ — (div <r\Su)y + [a' n , <5u] A -, 

where 


(30) 


(31) 


A e - j\ 1 C 7 +j, : e+j n e u , A<r =y'i:<T+y' :: <r‘ +y 3 <r". a' = j\ i d+j li a i! +j ii o u . (32) 


The last term in (32) combines with contributions from the forcing potential variation. 
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For example, if P is the conventional forcing potential (24), the complete variation of 
IT = U-P* is 

<5n c = (Ae, <5<?V + (Atf, <5e),, — (div <x' + b, <5uV + [<r' — t, <5u]^ t — [u — d, <5ff„] 5d . (33) 

Using P d or P' does not change the volume terms. Consequently the Euler equations 
associated with the volume terms of the first variation 

Ae = 0, A<t = 0, div <r'+ b = 0 (34) 

are independent of the forcing potential. For consistency of the Euler equations with the 
field equations of classical elasticity one must have Ae = 0, A«r = 0 and a' = a if the assumed 
stress and strain fields reduce to the exact ones. Therefore 

7i i +7i2 +7i3 = 0, 712+722+723=0, j , 3 +y ' 23 +y'j 3 = 1 . (35) 

Because of these constraints, the maximum number of independent parameters that define 
the entries of matrix J is three. The specialization of these functionals to conventional and 
parametrized forms is discussed by Felippa and Militello (1989, 1990). 

Insofar as E 1 appears in (30), this development is valid only for compressible elasticity. 
Extensions of this variational principle to cover incompressibility are discussed by Felippa 
(1992). 


4. GENERALIZED STRAIN ENERGY FOR MICROPOLAR ELASTICITY 

For a micropolar elastic material without couple stresses the variational principle is 
structurally similar to (23) : 


n m = u m ~p m . 


(36) 


where U m now also depends on s, and 9, and P m may be P c m , P d m or P l m . The following 
generalization of U to U m is postulated : 


U m 




r - ■> 

a 

T 

"7 Ills 

7 1 2 1 6 7 1 3 ^6 

0 0 0 ■ 


r e ff " 



<r e 


7 * 1 2^6 

722^6 723^6 

0 0 0 


e 

1 

1* 

<T U 


7 1 3 ^ 6 

723^6 733^6 

0 0 0 


. e u 

2. 

•< 

V 

S 

► 

0 

0 

0 

744 I 3 745 I 3 74*13 

< 

> 

¥ 



S* 


0 

0 

0 

745 I 3 755 I 3 75*13 





c J 


0 

0 

0 

74*13 7*56^3 766 I 3 . 




(37) 


where I 6 and I 3 denote the identity matrices of order 6 and 3, respectively, and the new 
aWi ived fields are 


P = G 's, s* = G<£ <f> u0 = Ru-0, s u * = G<f> u 6 = G(Ru -0). (38) 

The block structure of the kernel matrix in (37) results from the inner product orthogonality 
(14) of symmetric and antisymmetric tensors. The symmetry of the j coefficients is an 
assumption that remains to be verified. 

On substituting (38) and (26) into (37), U m is expressed in terms of the six independently 
varied fields <f , e, fi, s, and 0 : 
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u. 


-u 


a 

T 

e 


U j 

< 

> 

s 


f 


J 4 



7. E - 1 

7 1 2^6 

j\3& 

0 

0 

0 

7 1 2^6 

7: :E 

ill ED 

0 

0 

0 

y.jD T 72 3 D t E 

733D t ED 

^“766® T GR 

746 ® T 

756R t G 

-76 6 R T G 

0 

0 

746® 

744 G 

745 I 3 

— 746^3 

0 

0 

75&GR 

745 I 3 

755 G 

~756G 

0 

0 

— 7 66 GR 

“746 1 3 

-756G 

US J 


f dV. 


(39) 


The kernel matrix in the above quadratic form must be symmetric, a condition that verifies 
the symmetry assumptions in (37). As for the forcing poential, the conventional form 
changes to 


P c m = (b, u), +((c,0~V + [u-d, t„] Sd 4- [t, a] s< = P c + {( c,0) K + [u-a,s,L 


(40) 


Similarly, the generalized forcing potentials P% and P „ are obtained by augmenting P d and 
P', respectively, with [fo 0V+[u — d, s]^. [The ( in the c term arises from the presence of 
factor 2 in the definition (9) of the microrotation vector 0.] 

The first variation of U m is 


5U m = (Ae,<5ff) K +(4ff,deV-(DV + R T s',i5u) K 

+ (A<f>, (5 s) y + (As, <5*^) y (s', 56) v + \a’ n + s' , <5 u„] 5 , (41) 

where Ae, A a and <x are the same as in (32), and 

A<£= 744^+74 ^+j46<t> ue , As =jt i s+j 55 s* +y 56 s“", s' =j 46 s+j 56 s* +j 66 s ue . (42) 

Note that (D <j + R s ) = div a + div s = div t', where t' = *<r' + *s'. The first variation 
ofn m = u m -p c m is 


5n m = (Ae, 56) y + (Aff,5e) y - (div T' + b,5u)„ + (A^,,)s) K 

+ ( As, <5<£) y - [ (2s' + c, 50) v + [x' n — t, (5 u] St - [u — d. <5f„] 5d . (43) 

Following the same argument as in Section 3, it is found that consistency with the field 
equations requires, in addition to (35), that 


744+745 +746 — 0, 745+755 +756 — 0, 746 +756 +766 = 1- (44) 


It follows that the parametrized functional of micropolar elasticity 

n m = U m {a, e, u, s, S) - P m , (45) 

depends on 12-6 = 6 free parameters through U m . Specific instances of (45) are char- 
acterized by the functional-generating symmetric matrix 
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j II >u j u 0 0 0 

j 12 hi ill ooo 
in iii iii ooo 
0 0 0 >44 >45 >46 
0 0 0 >45 >55 > 56 

.0 0 0 >46 >56 >66 

subjected to the six constraints ( 35 ) and ( 44 ). The non-zero 3 x 3 blocks in characterize 
weightings for symmetric and antisymmetric fields, respectively, and one is free to “mix or 
match”. For example, 

0-110 00 
-1100 00 
1 0 0 0 0 0 

0 0 0 0 -1 1 

0 00-110 
0 0 0 1 0 0 

represents the choice of the Hu-Washizu principle for both symmetric and antisymmetric 
fields. 

The variational principles of Reissner ( 1965 ) and Hughes and Brezzi ( 1989 ) will be 
now examined in light of the preceding developments. 

5. NON-POLAR FUNCTIONALS WITH INDEPENDENT ROTATIONS 
5 . 1 . The Reissner functionals 

Reissner ( 1965 ) proposed a functional of Hellinger-Reissner type for classical (non- 
polar) elasticity (c = 0 ) in which u, x and 9 are to be treated as independent fields. In this 
functional the stress symmetry condition s = 0 appears as a weak condition with 9 playing 
the role of multiplier. In the present notation the functional, herein called n R , = 
U Ri — P\, can be written as 

U u = -l(f,E-'dV + (f,Vfi-flV, n = / >e + [u-a,§,] v (48) 

where Vu is the gradient of the displacement vector. Expanding inner products, noting that 
t t (Vu— 9 ) = x T f-* = (*<r+ *s) T (*e" + *<f>"' << ’), and making use of ( 13 ) yields 

Uri = — 2 (<r, e‘’)p + (<f, e“)|/-l-(s, 0“®)^ 

= -i(i,e # ),+j(<f,e“) K + j( ( f' ) e) K +j(s,^), + j(s rf >'),. ( 49 ) 

This corresponds to taking 

-101000 
0 0 0 0 0 0 

1 0 0 0 0 0 

0 0 0 0 0 1 

0 0 0 0 0 0 

0 0 0 1 0 0 

It can be seen that the first consistency condition in ( 44 ), namely >44 +>45+ J 4t = 0 , is violated. 
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Consequently n RI is not a valid functional for micropoiar elasticity. Inspection of (50) 
reveals that conditions (44) can be met by simple changingy 44 to - 1, and that is precisely 
the regularization of Hughes-Brezzi described in Section 5.2. 

Reissner also proposed a second functional n R2 - U R2 -P‘ R of Hu-Washizu type in 
which 


U R2 = 4(e, Ee), +(<r,e“-yV + (s. 4> ut> -<p) v 

= ft®*, e) + i(<r, e“ - e) »■ + { (a* - a*, e°) y + i(s, #*-$)„ + 1 ( s “* (51) 

which corresponds to the J m of (47) except that y 55 = 0. Now the second consistency 
equation in (44) is violated. Thus this second functional is also inconsistent with micropoiar 
elasticity, but may be corrected by changing j S5 to 1 . 

5.2. The Hughes-Brezzi functionals 

Hughes and Brezzi (1989) investigated the possible application of the Reissner func- 
tionals to construct finite elements with “drilling” degrees of freedom for classical elasticity 
Their analysis shows that the first Reissner functional would lead to unstable discrete 
approximations. The physical cause of this instability is that deviations from stress sym- 
metry do not produce strain energy. To circumvent that difficulty, they proposed stabilizing 
£/ r , by adding a penalty-like term of the form 


1 

(52) 


where ic > 0 is a pseudo-modulus with dimensions of stress (in their paper this modulus is 
called 7 , a symbol usee here for total strain). Although / c plays the same role as k in the 
micropoiar theory, for the intended application it is a fictitious quantity to be chosen bv 
numerical experiments. The term (52) can be encompassed in the present framework by 
choosing G = kI 3 , which allows that term to be written as Adding this to U R , 

yields the first Hughes-Brezzi functional : 


^HBI = — 2 (f,C 'f) K + (f, Vu — 9 )y 

= i(s,^ s ) l ,-(-l(<> ! ,e“) K -f-l(ff",eV-l-|(s,0 rf )^-i- (53) 

This befits the form (37 ) with the generating matrix 



- 1 

0 

1 

0 

0 

O' 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

0 

0 

-1 

0 

1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

0 

0 


whose coefficients satisfy (35) and (44). Thus the stabilization procedure has also the effect 
of rendering the functional consistent with micropoiar elasticity. 

For the second Reissner functional, the stabilization term added to C R , is i(s* $) v 
which effectively transforms the first term in (51) from (e.EeK- to (y,Cy) t , the resulting 
is (47). 

An obvious generalization of this “repeating block” rule is 
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'} II 

J\1 

j 13 

0 

0 

O' 

j 12 

j 22 

j 23 

0 

0 

0 

j 13 

jl 3 

j 3 3 

0 

0 

0 

0 

0 

0 

j II 

y 1 2 

y 1 3 

0 

0 

0 

j 12 

jl2 

j 23 

0 

0 

0 

j \ 3 

h 3 

j 33. 
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(55) 


with the coefficients satisfying (35). This three-parameter family permits symmetric and 
antisymmetric stress and strain fields to be merged into total stresses and strains. The 
resulting functionals n(f, y, fi, d ) may be viewed as having at most four independent fields. 
Note, however, that this choice is but a special case of (46). 


5.3. A two-field functional 

The simplest generating matrix with the block structure (55) is 

"0 0 0 0 0 O' 

0 0 0 0 0 0 

0 0 10 0 0 

Jm= 000000 ' 

0 0 0 0 0 0 

_0 0 0 0 0 1 _ 

The resulting two-field functional is n A = C/ A — P c , with 

U A (uJ) = {(a\e u )r + <f> uB )r. 

This may be viewed as a generalization of the minimum potential energy functional, to 
which it reduces if the second term is dropped. It can be obtained from a more general 
functional for elastoplasticity proposed by Atluri (1980), who recommends taking k = 4^ 
in s u0 = K<fi ut * . Hughes and Brezzi (1989) also investigated the functional (57) but made no 
recommendation on k . 


(56) 


(57) 


6. CONCLUSIONS 

The functional n„ = U m - P m extends the parametrized functional II = U— P of classi- 
cal linear hyperelasticity to include three more independently varied antisymmetric fields : 
skew stresses, skew strains and microrotations. This extension is made here in the context 
of micropolar elasticity without couple stresses. 

Another application of these functionals is the construction of finite element inter- 
polations for classical linear elasticity in which the rotational field 0 is varied independently 
from the displacements. The objective is to relax stress symmetry into a weak condition. It 
is in this context that the functionals of Hughes-Brezzi have been proposed. A membrane 
element with drilling freedoms based on these functionals has recently been constructed by 
Ibrahimucgovic (1990). The present study indicates that the Hughes-Brezzi functionals 
fit the framework of micropolar elasticity if fictitious modulus /c is identified with the 
micropolar modulus k. 

The Hughes-Brezzi functionals can be readily generalized into a three-parameter family 
defined by (55), in which the same weighting is applied to symmetric and antisymmetric 
fields. However this is just a subspace of the six-parameter functional (45) characterized by 
the J m matrix (46), which allows such weights to be separately chosen. 
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APPENDIX: PARAMETRIZED FUNCTIONAL FOR A MICROPOLAR MEDIUM WITH 

COUPLE STRESSES 

In this Appendix the preceding variational formulation is extended to account for the presence of couple 
stresses m H . Two changes in the field equations occur. The angular-momentum equilibrium equation gains a 
divergence term : 


m jtJ+ E ijk Z jk +Cj = 0. (Al) 

The constitutive equations must be augmented by a relation between the couple stresses and microrotation vector 
derivatives, which for the isotropic case is 

m t) = M ( A.* + *20v + *A,- (A2) 

Here 7t u n 2 and jt 3 are constitutive coefficients with dimension of force, and for compactness we have used the 
microrotational vector components 0, = 2tf 23 , 0 2 = 2 0 3 , and 9 y — 29 12 in accordance to the convention of eqn 
(9). The gradients of 9, will be denoted by Xo = which may be interpreted as “curvatures**. 

In addition, the boundary conditions (4)-(5) are augmented with 

m ti n t = m ni - oj on S„„ 9, ~ 0 on ( A3) 


where S:S ro uS 0 . 

Next, define the vectors and matrices 


m - [m u m 21 /n 33 m 2} m ]2 m 32 m ]2 m 2 ,} r , 

X “ !Xn Xi 2 X33 X23 X 3 1 X12 Xj2 X 1 3 X:i} T > 


*4 

*1 

*1 

0 

0 

0 

0 

0 

0 


~ dfdxi 

0 

0 

It \ 

1*4 

* 1 

0 

0 

0 

0 

0 

0 


0 

djdx 2 

0 

*1 


*4 

0 

0 

0 

0 

0 

0 


0 

0 

d/dxi 

0 

0 

0 

*2 

0 

0 

*3 

0 

0 


0 

0 

dfex 2 

0 

0 

0 

0 

TC 2 

0 

0 

*3 

0 

. Q - 

cfdx 3 

0 

0 

0 

0 

0 

0 

0 

71 2 

0 

0 

*3 


0 

cidx x 

0 

0 

0 

0 


0 






0 

cfdx 3 

0 

*3 

0 

7t 2 

0 

0 




0 

0 









0 

0 

die . r, 

0 

0 

*3 

0 

0 

K 2 

0 














dlcx , 

0 

0 

0 

0 

0 

0 

0 

*3 

0 

0 

K : 





in which tt 4 = + Matrix H can be generalized to account for anisotropy without difficulty. Little is 

known experimentally about couple stress constitutive behavior, however, even in the isotropic case. 
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With the foregoing definitions, the matrix field equations that include the effect of the couple stresses are 

X * Q0 m = Hx, Q T m + 2s + c — 0. (A5) 

The first two are appended to the kinematic relations (14) and constitutive equations (15), respectively, whereas 
the latter replaces the second of (16). 

A parametrized variational principle that accounts for couple stresses is easily obtained by including two 
independently varied fields: couple stresses m and curvatures %. Functionals U n and P Q m are augmented with 
couple stress terms 

U mc , = U m + U w = I* 4- P% 9 ( A6) 

where 

777^9 7 79^9 fX*'! 

MU y.»i* | i f dv < * A7 > 

;ymm. y„I,J 1-x® J 

= [w, 0) Sm +[«-«, m,,] v (A8) 

The derived fields in (AT) are m x = Hx, l"' = H~ 'm, x° = Q# and m" = HQO; also l, denotes the 9 x 9 identity 
matrix. 

The first variation of 4- P Q „ CS is 

= (Ae, £d) K 4(A<r,<5e)r — (RV + b, <5u)^4(A<k<5sV 

4 (&s,5$) v - i(Q T m' + 2s'-l-c, 58) y + [T n -t,£u] Si 

(A9) 

where m' = ;' 79 A+ j g9 m l + j 99 m d . The consistency conditions are (36), (45) and 

777 +y 7 g 4*779 = 0, 7t» + 7*8 + 7*9 = 0, 779+7*9 4*799 = 1. (A10) 



It is seen that extending the variational principle (45) to accommodate couple stresses brings three additional free 
parameters, for a total of nine. This may be reduced to three free parameters, however, by extending the rule (55) 
with another 3x3 repeating block. Note that if one chooses j 99 = 1, others zero, U„ = i((FQ T HQ£h, and no 
additional independent fields other than those in (45) appear. 

The couple-stress theory of elasticity attracted theoretical attention in the 1960s but it is rarely used in practice, 
particularly in static situations. For modeling micropolar and oriented media the simpler equations of Section 1 
are more common. This is especially true in homogenization of filamentary composite materials, where the body 
couple c and the micropolar modulus k can be estimated from component-level non-polar data complemented by 
statistical and periodicity arguments [see for example. Berglund (1977)]. 

Although couple stress models can be generated in the continuum limit of regular and defective- lattice 
theories [see for example, Askar (1985)], the difficulties in characterizing and measuring moduli such as tt,, n : 
and 7t j are significant, and the theory has to be regarded as experimentally inconclusive. Furthermore the additional 
boundary conditions (A3) are not easily interpreted physically. Consequently the main development of the paper 
focuses on the zero-couple-stress case. This has the additional advantage that the reduction to the classical non- 
polar case for finite element development is easily accomplished. 







